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Foreword

The tremendous research and development effort that went into the

development of radar and related techniques during World War II

resulted not only in hundreds of radar sets for military (and some for

possible peacetime) use but also in a great body of information and new
techniques in the electronics and high-frequency fields. Because this

basic material may be of great value to science and engineering, it seemed

most important to publish it as soon as security permitted.

The Radiation Laboratory of MIT, which operated under the super-

vision of the National Defense Research Committee, undertook the great

task of preparing these volumes. The work described herein, however, is

the collective result of work done at many laboratories, Army, Navy,

university, and industrial, both in this country and in England, Canada,

and other Dominions.

The Radiation Laboratory, once its proposals were approved and

finances provided by the Office of Scientific Research and Development,

chose Louis N. Ridenour as Editor-in-Chief to lead and direct the entire

project. An editorial staff was then selected of those best qualified for

this type of task. Finally the authors for the various volumes or chapters

or sections were chosen from among those experts who were intimately

familiar with the various fields, and who were able and willing to write

the summaries of them. This entire staff agreed to remain at work at

MIT for six months or more after the work of the Radiation Laboratory

was complete. These volumes stand as a monument to this group.

These volumes serve as a memorial to the unnamed hundreds and

thousands of other scientists, engineers, and others who actually carried

on the research, development, and engineering work the results of which

are herein described. There were so many involved in this work and they

worked so closely together even though often in widely separated labora-

tories that it is impossible to name or even to know those who contributed

to a particular idea or development. ( )nly certain ones who wrote reports

or articles have even been mentioned. But to all those who contributed

in any way to this great cooperative development enterprise, both in this

country and in England, these volumes are dedicated.

L. A. DuBkidge.





Preface

I
N the engineering application of low-frequency currents, an impor-

tant step forward was the development of the impedance concept

and its utilization through the theory of linear networks. It was almost

inevitable that this concept would be generalized and become useful in

the application of microwaves. This volume is devoted to an exposition

of the impedance concept and to the equivalent circuits of microwave

devices. It is the intention to emphasize the underlying principles of

these equivalent circuits and the results that may be obtained by their

use. Specific devices are not discussed except as illustrations of the

general methods under consideration. These devices and the details of

the design procedure are treated in other volumes of this series. The
solutions of the boundary-value problems which give the susceptances

of microwave-circuit elements are likewise omitted. The results of such

calculations that have been performed up to the present time are com-
piled in Vol. 10, the Waveguide Handbook

,
and these results are used

freely. Although the work of the Radiation Laboratory at MIT was
the development of military radar equipment, the principles discussed

in this volume can be applied to microwave equipment of all kinds.

The publishers have agreed that ten years after the date on which
each volume of this series is issued, the copyright thereon shall be relin-

quished, and the work shall become part of the public domain.

New Haven, Conn.,

February
,
1947.

The Authors.
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CHAPTER 1

INTRODUCTION

By E. M. Purcell

1*1. Microwaves.—The microwave region of the electromagnetic

spectrum is commonly taken to include frequencies of 109 cycles per second

and higher. The upper frequency limit exists only as an active frontier

lying, at the time of writing, not far below lO 11 cycles per second. It is

not necessary here to attempt to fix the boundaries more precisely.

Instead, it may be asked why it is profitable and proper to single out for

special treatment this section of the r-f spectrum. The answer to this

question will provide a broad definition of “microwaves” and may serve

to indicate the scope And purpose of this book.

The distinguishing features of this region of the spectrum are most

striking from the point of view of the electrical engineer. Indeed, from

the point of view of the physicist concerned with the properties of matter

and radiation, boundaries such as those suggested above would appear

wholly arbitrary. If he were obliged to choose a name for the region, his

choice might suggest very long, rather than very short, wavelengths. In

the centimeter wavelength range, the interaction of radiation with matter

appears to afford, with certain notable exceptions, less abundant evidence

of the structure of molecules and atoms than the spectroscopist finds at

much shorter wavelengths. On the other hand, in the study of the dielec-

tric constants and magnetic permeabilities of matter in the bulk no special

distinction is made between microwave frequencies and much lower radio

frequencies. This is not to suggest that the microwave region is unin-

teresting to the physicist but rather that its aspect and extent are various,

depending on the nature of the problem at hand. The engineer, however,

is concerned with the techniques of producing, controlling, transmitting,

and detecting electromagnetic energy, and in the microwave region these

techniques take on a novel and characteristic form. )

The low-frequency end of the microwave spectrum marks roughly

the point at which many of the familiar techniques of the radio-frequency

art become difficult or ineffective. Perhaps fortuitously, perhaps inevita-

bly, approximately at this point those methods and devices which exploit

the shortness of the wavelength become practical and effective. A simple

resonant circuit, for example, for a frequency of 30 Mc/sec might consist

of a coil and condenser, as in Fig. Tla.

1



2 INTRODUCTION [Sec. 11

It is not hard to show that if all linear dimensions of this circuit were

reduced by a factor of 100, the resonant frequency would be increased by

the same factor, to 3000 Mc/sec. This method of scaling is not practical

for reasons other than the ridiculously small size of the resulting object.

In the circuit shown in Fig. IT 6, the resistance of the wire forming the

coil is ten times as effective in damping the oscillations of the circuit;

that is, the Q of circuit b is one-tenth that of circuit a. Moreover, the

amount of energy that can be stored in the circuit without dielectric

breakdown—often an important consideration—is smaller for circuit b

Fig. 1*1.—Resonant circuits at low frequencies and at microwave frequencies.

by a factor of about 1000. It would be better, of course, to reduce the

number of turns in the coil, as shown in Fig. ITc where the inductance of

a single turn is combined with the capacitance of a gap of reasonable

size. One further step leads to the reduction of the area of the single

turn and to the widening of the condenser gap, as shown in Fig. lTd.

Thus the disadvantages of circuit b have been overcome to a con-

siderable degree. The circuit d differs from 6, however, in one important

respect: its physical dimensions are not small compared with its resonant,

wavelength. Consequently, the circuit, if excited, will lose energy by
radiation; the condenser now acts as an antenna, and the circuit behaves

as if a series resistance had been inserted to absorb energy and damp the

oscillations. This loss of energy can be avoided by enclosing the entire

circuit within conducting walls, which might be done in the manner
shown in Fig, 1-le where the two conductors of circuit d have become
coaxial cylinders which, provided certain requirements on the thickness

and conductivity of the walls are met, confine all electric and magnetic

fields to the region between the two cylinders. Another possible solution

is shown in Fig. IT/. This resonant circuit is simply a hollow metal
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cylinder. It will merely be asserted here that if the dimensions of the

cylinder are correctly chosen, the cylindrical cavity will display an elec-

trical resonance at the desired frequency.

The forms of the resonant circuits e and / are characteristic of micro-

wave devices, which are usually distinguished by two features: (1) the

physical size of the circuit elements is comparable with the wavelength

involved, and (2) the electromagnetic fields are totally confined within

conducting walls, except where it is desired that energy be radiated into

space. As has already been suggested, the second of these features is an

unavoidable consequence of the first. It is worth remarking that the

features of the circuit of Fig. IT b which made it impractical in the micro-

wave region and which led to devices comparable to a wavelength in size

will eventually be encountered again as higher and higher frequencies are

reached. It will no longer be possible, even by the use of microwave

techniques, to design circuits of convenient physical size that permit

transmission of high power or storage of much energy or that have

reasonably low loss. /These difficulties are not equally fundamental, nor

will they necessarily become acute at the same point in the spectrum.

Nevertheless, considerations of this sort will ultimately determine the

practical upper frequency limit of what is here called the microwave

region and will stimulate the search for other methods of handling electro-

magnetic energy.

In this book, then, the word “microwave” will be used to imply, not

necessarily a particular range of frequencies, but a characteristic tech-

nique and a point of view. A resonator of the form of Fig. IT/ comes
within the scope of this book, even if it is 20 ft in diameter, with a cor-

responding fundamental resonant frequency of 40 Mc/sec. It may be

regarded as more or less accidental that the methods of analysis and
measurement to be discussed find their widest application at centimeter

and millimeter wavelengths.

1*2. Microwave Circuits.—The example of the resonant circuit, dis-

cussed above in rather oversimplified language, will already have sug-

gested to the reader that the application of the ordinary low-frequency

terminology of inductance and capacitance (and even the word circuit

itself) to the objects of Fig. 1-ld, e, and / is of uncertain validity. In

the progression from circuits a and b through to /, the concepts of capac-

itance and inductance lose their identity. In the hairpin-shaped reso-

nator d, for instance, although it is both useful and meaningful to regard

one end of the structure as a condenser and the other as an inductance,

these concepts cannot be made quantitative except by an arbitrary and
artificial convention. Inductance and capacitance are thoroughly dis-

guised in the cylindrical resonator/. To a varying extent, the notions of

current, voltage, and resistance have likewise lost their uniqueness.
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Evidently, if the electrical properties of such structures are to be investi-

gated, a direct analysis of the electromagnetic field must be made.

In the study of low-frequency circuits, it is possible to avoid an

analysis of the field only because all relevant properties of a circuit ele-

ment, such as a coil or condenser, can be described by one or two num-
bers, and different elements can be combined in various ways without

impairing the validity of the description. A simple coil is characterized

by two quantities: inductance and resistance. These two quantities

suffice to determine, at any frequency, the relation between the current

flowing at the terminals of the coil and the voltage between these ter-

minals. Since current and voltage have here a perfectly definite mean-

ing, and since the relation of one to the other at any frequency is all that

need be known, it is not necessary to inquire into the structure of the

complicated magnetic field surrounding the coil unless, on occasion, it is

desired to calculate, rather than to measure, the inductance of the coil.

To be able in this manner to avoid solving Maxwell's equations for each

new structure saves an enormous amount of work and makes feasible

the analysis of quite complicated circuits. Examples in which this

abbreviated description in terms of inductance, capacitance, and resist-

ance is inadequate are, however, not hard to find, even at ordinary radio

frequencies. The apparent inductance of the coil of Fig. 1-la would, in

fact, be found to vary noticeably with the frequency. To attribute this

variation, as is the custom, to the effect of the
“
distributed capacitance

”

of the windings is to acknowledge that the behavior of the coil and the

associated electromagnetic field cannot be exactly described by a single

number, except at a single frequency. In this special case, for purposes of

circuit analysis, the statement that the coil is a linear device with two

terminals presenting a certain impedance Z is a complete and accurate

description. At microwave frequencies the problem is to analyze an

electrical structure that cannot be broken down into such simple elements

and for which it is not apparent that voltage and current have a unique

meaning.

There is at least one way out of this difficulty. Renouncing all

attempts to describe circuits in terms of voltage, current, and impedance

and restricting the emphasis to those quantities wrhich appear explicitly

in the equations of the electromagnetic field, the generality of Maxwell’s

equations can be utilized. Each new problem could then be stated as a

boundary-value problem; that is, a solution of Maxwell's equations satis-

fying certain prescribed conditions appropriate to the particular circuit

at hand would be sought. Although it would be easy to state the prob-

lem in this way, in all but the simplest cases the actual solution would be

hopelessly difficult. Furthermore, any modification of the original cir-

cuit would usually lead to an entirely new problem. It would not be
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possible to combine several elements in a new way and to predict and

understand the behavior of the combination without re-examining in

detail the behavior of each element. If no course other than this were

open, it is likely that knowledge of this art would consist of a meager

collection of completely solved special cases, together with an extensive

assortment of practical devices, designed by trial and error and imper-

fectly understood.

Fortunately, the situation is not nearly so hopeless. In the first

place, the foregoing discussion has overemphasized the complexity of

microwave circuits. If electronic devices and antennas are excluded, the

components of microwave circuits consist chiefly of cavity resonators

and transmission lines of various types. The analysis of the electrical

properties of cavities of various shapes has received much attention in

recent years, especially in connection with the development of velocity-

modulation tubes. A cavity resonator by itself is a rather simple device,

:n the sense that the properties that are usually of interest can be

described by a very few parameters, much as the properties of a low-

frequency resonant circuit are summarized in the statement of the reso-

nant frequency, the value of Q, and the impedance at resonance. The
uniform transmission line is perhaps even more familiar to most engineers.

It will be part of the purpose of this book to show how the standard meth-

ods for the analysis of uniform transmission lines can be applied to the

propagation of energy through hollow pipes of various sorts—in other

words, to generalize the notion of a transmission line. This is not diffi-

cult. It can be said that certain isolated elements of the microwave cir-

cuit problem are rather easily handled. The main problem is encountered

when things are connected together or when nonuniformities are intro-

duced into a previously uniform line. In the following chapters methods

for attacking this problem will be worked out.

The direction that the development of microwave circuit analysis

and design techniques takes is strongly influenced by (1) the kind of

measurements that can be made at microwave frequencies, (2) the nature

of the question to be answered, and (3) the existing well-tried and power-

ful methods for the solution of low-frequency circuit problems, from which

it is, naturally, expedient to borrow as often as possible.

1*3. Microwave Measurements.—At microwave frequencies neither

the circuit elements to be examined nor the measuring apparatus itself

can conveniently be made small compared with a wavelength. This

circumstance calls for new experimental techniques and, more important

for this discussion, shifts attention from the conventional circuit quan-

tities of voltage, current, and resistance to other quantities more directly

accessible to measurement.

At very low frequencies, the voltage between the two conductors of a
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two-wire transmission line might be measured at some point along the

line by connecting an a-c voltmeter, of either the dynamometer or the

iron-vane type, between the two conductors. This becomes impractical

even in the audio-frequency range because of the inductance of the coil

through which the current must flow. It is then necessary to resort to

instruments in which the high-frequency circuit more nearly approaches a

simple resistance element, the current through which is measured by indi-

rect means—perhaps by a thermal effect or by the use of a rectifier.

For example, a fine wire of suitably high resistance might be stretched

between the conductors, its rise in temperature as a result of the Joule heat

developed determined by measuring its d-c resistance, and the result com-

pared with the temperature rise produced in the same environment by a

known direct current passing through the wire. With suitable corrections

for the difference between the d-c resistance of the wire and its resistance

at the frequency in question, this method is sound and reliable up to

frequencies for which the length of the wire is an appreciable fraction of a

wavelength. At frequencies higher than this the inductance of the wire

cannot be neglected, which is another way of saying that the wire itself is

becoming a transmission line. The current that flows in the wire is not

the same at different points along the wire, and it is not surprising to find

that the average temperature rise of the wire is not related in a simple way
to the voltage between the two terminals. Since the wire must necesr-

sarily span the distance between the two conductors of the main trans-

mission line, it is clear that a fundamental difficulty stands in the way of

any attempt to devise an instrument which may be legitimately called a

“voltmeter” when applied to circuits whose dimensions are comparable

with a wavelength.

The root of the difficulty goes deeper than the foregoing remarks

suggest. The potential difference between two points ordinarily means

the line integral of the electric field strength, JE • ds, taken at one instant

of time, along some path joining the two points. This concept is unique

and useful only if the value of the line integral is independent of the path.

When the path necessarily extends over a distance not small compared

with a wavelength, the line integral is not, in general, independent of the

path, and the significance of the term “voltage” is lost.
'

This suggests that attention be directed to the electric field. Al-

though it is not common engineering practice to measure the electric

field strength at a point in absolute terms, it is not hard to think of ways
in which it might be done. For instance, a tiny dielectric rod might be

suspended in the field in such a way that the torque tending to line it up
with the field could be directly measured. From a knowledge of the

shape of the rod and the dielectric constant of the material of which it is

made, the value of the field strength in volts per meter could be computed.

Usually it is much more convenient and just as useful to measure the
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ratio of the electric field strengths at two points in a system. A familiar

example of this procedure is the use of a “probe” to examine the varia-

tion of the field strength along a coaxial transmission line. This probe

usually consists of a short length of auxiliary line, the central conductor of

which projects through a small hole into a slot in the outer conductor of

the transmission line under examination. The other end of the auxiliary

line terminates in some detecting device of a rectifying or of a thermal

type. If precautions are taken to ensure that the probe itself causes

only a negligible disturbance in the line under test, the excitation of the

auxiliary line will be proportional to the field in the main line, which

allows comparison of the field at one location in the main line with the

field at some other point.

In much the $ame way, relative measurements of the magnetic field

strength can be made, and these, in turn, may be considered to replace

the measurement of current. In microwave circuits, current usually

appears as a volume or surface current density, and whereas these quanti-

ties have a perfectly unique meaning, it is more natural to associate with

the field the related quantities that can be measured.

( The usual measurements of field quantities just described are relative

ones. The quantities that are customarily measured in absolute terms

arre frequency or wavelength, and power. The r-f power delivered to a

load can be measured directly by calorimetric means; the rate of evolution

of heat in some object is inferred from its temperature rise and may be

indicated in various ways. To be sure, absolute measurements could be

made, if necessary, of other electrical quantities. A method of measur-

ing the electric field strength has already been suggested; it would also

be possible in principle and, in certain instances, in practice to measure

the radiation pressure associated with the electromagnetic field at a

boundary. However, it is approximately correct to say that the watt is

the only electrical unit that is of direct importance here.

In the microwave region both frequency and wavelength can be

measured with great precision. The determination of wavelength

involves the accurate measurement of one or more lengths associated with

a simple resonant circuit such as a cylindrical cavity or a transmission

line. Microwave frequencies, on the other hand, can be compared

directly with lower frequencies by standard methods of frequency multi-

plication. This rather cumbersome and inflexible method is preferred

where extreme absolute accuracy is required, as in the establishment of

frequency standards. For most work, the measurement of wavelength is

much more convenient. Moreover, the physical quantity wavelength is

directly and intimately associated with the dimensions of the microwave

circuit, and it becomes natural to think in terms of wavelength rather

than frequency.

Although this book is not directly concerned with the extensive sub-
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ject of microwave measurement techniques—to which Vol. 11 of the Series

is devoted—the reader will more readily understand the emphasis and
approach adopted in the following chapters if the situation just described

is kept in mind. For example, the term impedance will be used again and

again to denote a dimensionless ratio (the normalized impedance) and only

rarely to denote the ratio of a potential difference in volts to a current in'

amperes.

-s i-4. The Aims of Microwave Circuit Analysis.—A microwave circuit

is a region enclosed by metallic walls of any shape and communicating

with the exterior only by way of a number of transmission lines or wave •

guides, which may be called the terminals of the circuit. This definition*

is not so narrow as it might at first appear, for it is easy to extend th‘?

notion of transmission lines as terminals to include waveguides carrying

many modes, and even antennas.
1

The final object of microwave circuit analysis, as of low-frequency

circuit analysis, is to provide a complete description of what goes on at

the terminals of the circuit. Suppose that a given circuit has certairf

arbitrarily selected impedances connected to all pairs of terminals but

one. If we are able to predict correctly the impedance that will be

measured at the remaining terminal pair—no matter which terminal

this happens to be and no matter what the frequency—our description of

the circuit can be said to be complete. The methods by which such a

prediction can be made, once the properties of the component parts of

the circuit are given, and the various ways in which the results of the

analysis can be expressed are the main topics of this book.

The properties of the circuit elements will not be derived ab initio
,
foi4

the most part. Such problems involve extensive theoretical calculations.

The results, however, of such calculations, as well as numerous experi-

mental results, are summarized in Vol. 10, the Waveguide Handbook .

The limitation in scope of the present volume is thus characteristic of a

book on network analysis in which one would not expect to find a deriva-

tion of the inductance of a coil of a certain shape. This illustration failS

to suggest, however, the variety and novelty of the problems that can bb

solved and the degree to which the usefulness of the methods to be

described here is enhanced by the availability of solutions to thos •

problems.

One often has to deal with a circuit whose complete description cai -

not easily be deduced. Nevertheless it may be possible to make certain

restricted statements, based on very general considerations, about the

behavior of the circuit. Such observations prove very useful, not onb

in reducing the number of parameters that have to be determined exper.

mentally to complete the description of the circuit, but in disclosing basi.

similarities between circuits superficially different and in avoiding vai:
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efforts to contrive circuits having properties prohibited by one of these

general principles. For these reasons much attention will be devoted in

this book to those general theorems which can be shown to apply to

certain classes of circuits. One topic, for example, will be the properties

of a lossless three-terminal-pair junction, by which is meant an enclosure

of arbitrary shape, with perfectly conducting walls, provided with three

outlets.

1*5. Linearity.—It is probably obvious that the program outlined

does not include nonlinear circuit elements in its scope. The situation in

(his respect is similar to that which prevails at lower frequencies, except

that, at least until now, the need for general techniques of nonlinear

;^rcuit analysis has been less acute in the microwave region. The micro-

yave oscillator, the gas switch, and the crystal detector are the only

nonlinear microwave devices of present importance, and each of these

must be treated in a special way and is so treated elsewhere in this series.

It is, of course, just this restriction to linear circuit elements which makes

possible the sort of analysis with which we shall be concerned.

1*6. Dissipation.—The reader will find that much more attention is

devoted to dissipationless networks than would be justified in a study of

^ow-frequency circuits. It is one of the attractive features of the micro-

wave region that most microwave circuit elements show such a small loss

t^hat the error made in assuming that all conductors are perfect conduc-

tors is usually negligible—except, of course, in the case of highly resonant

circuits. The reason for this, broadly speaking, is that low-frequency

circuit elements and microwave circuit elements do not differ much in

physical size, and the Q of elements of the same size varies directly as the

square root of the frequency, if skin resistance only is concerned. Ferro-

magnetic materials are not employed as a rule, and the dielectric materials

are used sparingly.

1*7. Symmetry.—One other conspicuous feature of microwave cir-

cuits is the symmetry properties possessed by many widely used circuit

< lements. By simply joining a number of similar waveguides together

ip a geometrically symmetrical way, it is relatively easy to construct a

circuit whose low-frequency equivalent would consist of a complicated

zyetwork of accurately matched elements. In other words, geometrical

and electrical symmetry are here naturally and closely allied. The

;
psult is to stimulate the investigation of symmetrical networks of

many types, including those with as many as four or even six terminal

jjairs, and to simplify the analysis of many useful devices.
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ELECTROMAGNETIC WAVES

By C. G. Montgomery

THE FIELD RELATIONS

2*1. Maxwell’s Equations.—In electromagnetic theory, the inter-

action between charges and their mutual energy is expressed in terms of

four field vectors E and B, D and H. The first pair define the force on a

charge density p moving with a velocity v by the equation

F = P[E + (v X B)].

The vectors E and B satisfy the field equations

curl E = — —
, div B = 0. (1)

The second pair of field vectors are determined by the charges and
currents present and satisfy the equations

curl H = J + — > div D = p, (2)

where J is the current density and p the charge density. The set of

Eqs. (1) and (2) is known as Maxwell’s equations of the electromagnetic

field. Sometimes the force equation is included as a member of the set.

The connection between D and E, and B and H, depends upon the

properties of the medium in which the fields exist. For free space, the

connection is given by the simple relations

D — €oE| B = poH.

For material mediums of the simplest type the relations are of the same
form but with other characteristic parameters

D = eE, B = pH,

The symbol € denotes the permittivity of the medium, and p the perme-

ability. For crystalline mediums which are anisotropic
,
the scalars € and

p must be generalized to dyadic quantities. Then D and E no longer have

the same direction in space. This more complex relationship will not

be dealt with here. If the medium is a conductor, then Ohm’s law is

10
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generally valid and

J = <rE,

where a is the conductivity. The properties of the medium are thus

expressed in terms of the three parameters <r, €, and ju. Each of these

parameters may be a function of frequency, but the variation is usually

small and will nearly always be neglected. These parameters are, more-
over, not functions of the fields. The conductivity varies from 10~u

mho per meter in the best insulators to 5.8 X 10 7 mhos per meter for pure

copper. The quantity e/e0 is called the specific inductive capacity. It is

denoted by k e and usually lies between 1 and 10. For most substances,

/li/mo is very close to unity, but may be as great as 1000 for soft iron .

In this case, /z/mo is also a function of H. For a medium in which € and

H are constant and Ohm’s law applies, the field equations become

curl E = — MS curl H = <rE + «
at at.

div (/zH) = 0, div (*E) = p.

The units in which these equations are expressed are rationalized

units; that is, the unit electric field has been so chosen as to eliminate the

factors of 4tt that occur when Maxwell’s equations are written in electro-

static units, for example. The practical rationalized system, the mks
system of units, will be used here. Thus E and B are measured in volts

per meter and webers per square meter respectively, H in amperes per

meter, D in coulombs per square meter, p in coulombs per cubic meter,

and J in amperes per square meter. In the mks system n and € have

dimensions, and have numerical values that are not unity. For free

space n and « will be written as p 0 and c 0 ,
and these quantities have the

values

go = 1.257 X 10~ 6 henry per meter,

«o = 8.854 X 10~ 12 farad per meter.

The velocity of light in free space is 1/VWo and is equal to 2.998 X 10 8

meters per second. A quantity that frequently appears in the theory is

-y^zT*. For free space, this is equal to 376 /7 ohms. The mks system of

units is particularly suitable for radiation problems. As will be shown

later in this section, a plane wave in free space whose electric field ampli-

tude is 1 volt per meter has a magnetic field amplitude of 1 amp per

meter, and the power flow is £ watt per square meter. Of more impor-

tance, perhaps, is the fact that in practical units, the values of impedance

encountered in radiation theory are neither very large nor very small

numbers but have the same range of values as the impedances encoun-

tered in the study of low-frequency circuits. The dimensions of quanti-

ties in the mks system may be chosen in a convenient manner. To the
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basic dimensions of mass, length, and time is added the electric charge

as the basic electrical dimension. Table 21 shows the dimensions and

practical units for the quantities that are of most importance. It is of

interest to note that no fractional exponents occur in this table. It is

this circumstance, in fact, which urges the adoption of the charge Q
as the fourth basic dimension for physical quantities.

Table 21.—Dimensions and Units of Electrical Quantities

Quantity Dimensions Practical unit

Length L Meter

Mass M Kilogram

Time, t T Second

Power ML*T~* Watt
Charge Q Coulomb
Current, I QT Ampere
Resistance, R ML2T~ lQ

~2 Ohm
Electric potential, V ML2T~2Q~ l Volt

Electric field, E MLT~2Q~ l Volt/meter

Displacement, D L~2Q Ooulomb/square meter

Conductivity, <r Mho/meter
Dielectric constant, e M-'L-*T*Q* Farad/meter

Capacitance, C Farad

Magnetic intensity, H L~ lT~ lQ Ampere/meter

Magnetic induction, B MT-'Q-
1 Weber/square meter

Permeability, m MLQ~ 2 Henry/meter

Inductance, L ML 2Q~* Henry

Maxwell’s equations are to be applied with the following boundary

conditions at the junction of two mediums, provided that J and p show no

discontinuities at the boundary

E t = E\ H t = H '

t ,

tEn = t'Ei „Hn = /H'n> j

(4)

where the primed symbols refer to one medium and the unprimed ones

refer to the other. The subscripts t and n refer to the tangential and

normal components of the fields at the surface of discontinuity. When
a current sheet is present, the boundary condition must be modified to be

H t
— H'

t
= K (5)

for the discontinuity in H across the boundary, where K ia the surface

current density. If a surface charge of density £ is present, then

*En - t'E‘n = l

For perfect conductors, <r becomes infinite, and a finite current can

be supported with a zero electric field. The magnetic field also vanishes
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within the conductor, and the boundary conditions are

E t = 0, Hn = 0, H t = K (6)

Such a surface may be callecraTsheet of zero impedance or an electric wall .

For certain calculations it is convenient to employ the complementary set

of boundary conditions

0. Ht = 0. (7)

A surface that imposes these \boundary conditions is called a sheet of

infinite impedance or a “magnetic wall .” In practice, a good conductor

is a close approximation to an electric wall which imposes Conditions (6).

No materials exist for which Conditions (7) are satisfied, and those condi-

tions are employed as a means of expressing certain symmetry conditions

on the field.

There remains one additional fundamental equation which expresses

the conservation of charge

div J + ft
= °- (8)

In fact, it is logical to consider that the fundamental equations consist

of the curl equations of Eqs. (3) together with Eq. (8). From these three

equations, the two divergence equations can be easily derived.

• The set of field relations is now complete and self-consistent. If the

charge density p and the current density J are given, the equations can

be solved and the field vectors obtained at all points. Conversely, for a

given configuration of conductors and dielectrics, a possible field and the

currents and charges necessary to maintain that field can be found. This

latter procedure is the one which will be more often adopted, principally

because it is by far the simpler. By a combination of such elementary

solutions, a situation of any degree of complexity can be represented.

For fields that vary harmonically with time, Maxwell’s equations take

a simpler form, •

E = Eeiu,t
f

H = He'" 1

,

where the amplitudes of E and H are to be regarded as complex numbers
and thus include the phases of the field quantities. Equations (3)

become

curl E = —jnuH, curl H = J + jo*E = (<r + jwe)E, (9)

the other pair of equations being unchanged. If such simple harmonic
solutions are obtained, solutions with an arbitrary time dependence can

be constructed by means of the usual Fourier transformation theory.

The monochromatic solutions, however, are the solutions of greatest

interest.

In many cases, it is convenient to modify this notation and obtain a
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form of Eqs. (9) that is apparently even simpler. If «i « t — jVr/w, the

second of Eqs. (9) becomes simply

curl H = ju* iE. (10)

In fact, Eq. (10) may be regarded as more general than Eqs. (9), since

the form of Eq. (10) is a suitable representation of any loss of energy that

is proportional to the square of the electric field, such as, for example,

that part of the dielectric loss which is to be explained by permanent
dipoles whose motion is restricted by the viscous nature of the dielectric.

2*2* Poynting’s Vector and Energy Theorems.—In the study of very-

high-frequency phenomena, it is convenient to think in terms of the elec-

tromagnetic fields rather than in terms of the flow of currents and charges.

The field should be regarded as containing energy which flows along a

transmission line in the field rather than in the currents. This concept

is helpful in two ways. First, at very high frequencies the flow of current

on a surface is not divergenceless. The displacement currents are large

in magnitude and difficult to visualize effectively. Second, a close rela-

tionship exists between a waveguide transmission line and a radiating

antenna. In order to obtain a good physical picture of energy transfer, it

is necessary to invoke the intermediate action of the electromagnetic fields

rather than to try to conceive of interaction at a distance between currents

on the surfaces of conductors. Philosophical difficulties may be created

in the minds of some people by this emphasis on the picture of a physical

quantity, such as energy, existing in empty space. It is better to dis-

regard these difficulties, at least for the moment, in order to gain, from

the field picture, greater insight into the problems at hand.

The amount of energy that exists in an electromagnetic field may be

found by considering the manner by which energy can be transferred

from the field into mechanical work, by means of the forces and motions

of charges and charged bodies. Thus from the force equation given in

Sec. 2*1, expressions for stored electric and magnetic energy can be

deduced. This will not be done here; rather, the discussion will be

confined to the concept of the flow of electromagnetic energy through a

closed surface.

If from Eqs. (3) the following expression is formed,

H • curl E — E * curl H = div (E X H),
then

div (E X H) = -E . J - mH - «E •

The integral of this expression over a volume V, bounded by the surface S,

gives

j'WxK.ds-
- Jr

t.jjr-?
j Jr

(^.K- + l*in),n-. <n)
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This equation is taken to represent the conservation of electromagnetic

energy in the volume V . The first term on the right is the work done per

second by the impressed forces (currents)
; faE

2
is the electric energy per

unit volume; and ?nH 2
is the magnetic energy. The left-hand term is

then the flow of energy through the surface S enclosing the volume V.

It is in th^ form of the flux of a vector

S = E X H, (12)

which is taken to be the density of energy flow and is called Poynting’s

vector. It is recognized that this identification is not unique, since, for

example, the curl of any field vector may be added to S without affecting

s

I H
S

Fio. 2*1.—Energy dissipation in a wire.

the validity of Eq. (11). The arbitrariness in the interpretation of S
will, however, not lead to difficulty, since only the surface integral of S
will be used.

As an example of the use of Poynting's vector, let us consider a cur-

rent flowing through a long wire that has a finite conductivity. For the

closed surface, let us choose a small cylinder enclosing the wire as shown

in Fig. 2*1. The electric field on this surface will be constant and parallel

to the wire. The magnetic field lines will be circles about the wire, and

the field strength will be H = I/2wr
,
where r is the radius of the cylin-

der. Poynting’s vector will be perpendicular to the cylindrical surface

and directed toward the wire. Its value will be

S
El
2ttt

If l is the length of the surface, then the normal flux of S will be simply

Ell. This represents, then, the rate of energy flow into the wire, and it is

just what would be calculated from more elementary considerations of

the Joule heating produced by the electric current.

It is known that this energy is transferred to the wire by collisions of

the electrons with the atoms of the wire. It is useful, however, to dis-

regard considerations of this mechanism and to think of the energy as

being stored in the electromagnetic field and flowing into the wire at the

definite rate given by Eq. (11),

In a similar manner, for periodic fields represented by complex quan-

tities, the following expression can be formed

H* curl E - E • curl H* = div (E X H*).
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From Eqs. (9), after transformation to the integral form and division by

2, there results

i J (.EX H*)„ dS = - l j E • J* dV

+ yjoi fv
(€|B|* - m|H|

2
) dV. (13)

The real part of the first term on the right is the average work done per

second by the impressed currents, and this must be equal to the power
flowing across S . The average electric and magnetic energies stored per

unit volume are respectively ^e\E\ 2 and $n\H
|

2
. Thus a complex Poynting

vector may be defined as

S = |E X H*. (14)

The real part of the normal flux of the vector S through a surface is the

average power flow through the surface. It is to be noted that Eq. (13)

is not derivable from Eq. (11) but represents an entirely distinct energy

theorem!
~~

2-3. Solutions of Maxwell’s Equations.—General solutions of Max-
welFs equations can be expressed in several forms. Perhaps the one that

gives the simplest physical picture is the solution in which E and H are

expressed in terms of the retarded potentials which, in turn, are related to

the magnitudes of the currents and charges present. Much more
information may be obtained by considering particular solutions and

deducing the properties of more complex situations from the behavior of

the simpler ones. Since the equations are linear, a linear combination of

particular solutions is also a solution. A series of cases of increasing

complexity, leading up to the case of the propagation of energy through

metal pipes, will now be considered.

Electromagnetic fields and energy propagation will be spoken of in

terms of waves. This means simply that E or H will be expressed in

terms of the coordinates and will have a time dependence of eiut . Since

E and H are complex numbers, their absolute values or moduli are called

the “amplitudes” of the waves, and their arguments the “phases” of

the waves.

If a metal surface is present in a field, E t is zero or very small over the

surface of the metal. The Poynting vector S can have only a very small

component into the metal, and only a small amount of energy flows

through the surface. Thus it is possible to enclose an electromagnetic

field within a metal tube and transmit power from place to place without

too much loss. Some loss will be present, to be sure, since currents must
flow in the tube walls to maintain the fields, and some power will there-

fore be converted into heat. Let us investigate, then, the conditions

necessary for propagation of this type to take place.
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Either E or H can be eliminated from Eqs. (9) by taking the curl of

the equations and employing the vector identity

curl curl E = grad div E — V 2E.

Since the divergences of the field quantities are zero,

V2E + wVE = 0,

and an identical equation for H is obtained. These equations are known
as the wave equations and must always be satisfied, whatever boundary
conditions are imposed. The wave equations are then necessary condi-

tions on E and H. They are
r
pot

T
however

, sufficient ; the fundamental

Maxwell's equations must be satisfied, and they are not derivable from

the wave equations. Maxwell's equations give the necessary connection

between E and H.

It is helpful to classify the particular solutions of Maxwell's equations

according to whether or not components of E or H exist in the direction of

propagation. Let us take the z-axis in the direction of propagation.

First, it can be shown that no purely longitudinal waves may exist. Let

us take Ex = Ev = Hx = Hv = 0. Then

it? • it dE„ dEx
curl, E = -JmH. = _ - _ = 0,

1 TT dZ/y 6Hx
curl, H = joxE, = — -— = 0,

and all components vanish. Second, purely transverse waves exist in

which neither E nor H has longitudinal components. Such waves are

called transverse-electromagnetic (TEM

)

waves or principal waves.

Third, transverse waves may exist in which only E has longitudinal

components. Such waves are called transverse-magnetic (TM

)

waves or

E-waves. In a fourth class are waves in which only H has longitudinal

components. These are called transverse-electric (TE) waves or H-waves.
This classification is inclusive, since all possible solutions of Maxwell's

equations may be built up of linear combinations of elementary solutions

of the latter three types. The TEM-waves will first be discussed; then

the TE- and TM-cases will be considered.

PURELY TRANSVERSE ELECTROMAGNETIC WAVES

2*4. Uniform Plane Wave9.—A wave is said to be plane if the equi-

phase surfaces, at a given instant of time, are planes. A wave is uniform

if there is no change in amplitude along the equiphase surface. Let the

xy-plane be taken as the equiphase surface. Then d/dx = d/dy = 0,

and Ef and HM must be zero. A uniform plane wave is therefore said to



ELECTROMAGNETIC WAVES18 [Sec. 24

be a transverse-electromagnetic (TEM

)

wave. Equations (9) reduce to

— = -jwnHy, — = - (cr + JW€)EX .

If Hy is eliminated,

- jw(r + ME. = 0.
( 15)

An identical equation exists for Hy . These equations are known as the

“ telegrapher’s ” equations.

The solution of Eq. (15) is Ex = Een*, where E may be taken as

real, and

7 = — w 2
cm = a + j0. (16)

The quantity y is called the
*

‘propagation constant '' of the wave; its

real part a is called the “attenuation constant”; and the imaginary part

0 is called the “phase^gonstemt.” The sign of the square root in the

expression for y is to be taken so that a is positive for a wave traveling

in the positive z-direction and negative for a wave in the negative z-direc-

tion. The phase velocity v of the wave is then «//?, and the wavelength

X = 2tt/0. The quantity 0 is called the “wave number” although,

strictly speaking, it is the number of radians per unit length and not the

number of wavelengths. If the conductivity of the medium, <r, is small,

0 « <a y/e\u and v « 1/\/€/x. If a is not negligible, the exact expressions

are

a = [-Jo)m(V
/
°' 2 + uV — a*)]-',

0 — [i«M(V* 2 + «V + a*)]
1
'*.

The solution of the second telegrapher’s equation is

*r

The ratio Ex/Hv is called the “wave impedance” and may be denoted

byZ„. -r~
~

v.
J ufJ,

<T + jut
(17)

When <r — 0, Zw

not equal to zero,

= y/n/t) and for free space, Z„

1
Zw =

vV2 + «v (ft +ja).

= 377 ohms. For fl-

it is to be noted that, for TEM-waves, Zw depends only on the properties

of the medium. The expression for Zu given by Eq. (17) is a combination

of the constants of the medium which often occurs. It is called the
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“ intrinsic impedance ” and is denoted by f. Thus

v ^
S

\<T +JC06

For the special case of 7
7

#Af-waves,

=
f.

The inverse of f is the intrinsic admittance and is denoted by rj.

Since y may be positive or negative, depending on the sign of the

square root in Eq. (16), Ex can be written in the general form

Ex = + E»e**z
,

and a similar equation can be written for Hv . These equations represent

two waves traveling in opposite directions.

A general solution of Maxwell s equations may be built up out of a

set of elementary uniform plane waves, the directions and amplitudes

being chosen in such a way as to satisfy the boundary conditions. This is

an excellent artifice for some purposes, but because the description of the

field in these terms becomes quite complicated except in the simplest

cases, this method will not be discussed further here. In a similar

manner, the six components of E and H might be replaced by wave
impedances = Ei/Hj}

i
, j referring to some coordinate of the space

that is being considered.

In general, the problem is not simplified in this way. However, in

certain cases the wave mpedance is a useful concept, and a complete

description of a situation may often be obtained in terms of .wave impede

ances and propagation constants. A very important example is the

treatment of the problem of rieSection and refraction of plane waves at

the boundary between two mediums. For a complete discussion of this

problem the reader is referred to other texts. 1

2*6. Nonuniform Transverse-electromagnetic Plane Waves.—Let us

remove the restriction that the fieldl be uniform in a transverse plane,

but let H t = Et = 0. The electromagnetic equations may be broken

up into two sets, the first of which governs the propagation in the

2-direction

dEx

dz

dHx

dz

= jo)nIIv ,

= (cr + jo)i)Ey,

dEy

dz

dHy
dz

= junHx ,

= — (o' + jue)Ex .

(18)

The second set governs the distribution of E and H in a transverse plane

1 See, for example, S. A. Schelkunoff, Electromagnetic Heaves, Van Nostrand, New
York, 1943, Chap. 8, p. 251.
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BE, dEy -

dx
+

dy
U

’

d£, _ dEj,

dy dx

'

From the first of these sets, identical equations in any of the four

variables Ez,
Ey ,
Hx ,

or Hy can be obtained by elimination. For example

= ju>y(<r + jut)Ex .

djh dff,

dx ^ dy

djh
By

dHy

dx

(19)

The solution may be Ex = E{x,y)e~^‘ where y has the same value as

before. It has been shown, therefore, that all plane TEM-waves have

the same propagation constant and hence the same velocity and attenua-

tion as uniform plane waves. Moreover, Hy = (jo>n/y)Ex,
and

= /-Hy \ tr

3W
+

= f.

Hence the wave impedances of all plane TSilf-waves are identical, and

equal to the intrinsic impedance of the medium.

If Ev had been found from Maxwell's equations, and if it had been

assumed that Ev — E(x,y)e~yz
,
then the wave impedance would have

been found to be

ZVx
Ev
Hx

-f.

This may appear to be a contradiction, but the situation is readily under-

stood if the z-component of the Poynting vector is formed

S. = i(E X H*)* = UEZH* - EUH*)

= i(ZrvHyH

*

- ZyxHxH*),

Sx = IZwQH,
|

2 + \Hy \>) = iZjH| 2
.

The negative sign for the wave impedance is thus merely the result of

the choice of the positive directions of the coordinate axes and represents

no significant new fact.

The field distribution in the transverse plane is governed by Eqs.

(19). They show that either E or H or both can be derived from a scalar

potential or from a stream function. Let, for example,

so that

Ez =

E = — grad
<t>

d<f>

dx
Ey= ~

dy’

where <t> is a scalar potential. The curl equation is therefore satisfied,
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The other equation for E gives

21

^ 4-^ =0
dx 2 ^ dy 2 •

Thus E is determined as though the field were a static one, and all of

the techniques for solving static problems become available. Since

Tjxy —
E* _Hy
Ey Hi

or the electric lines of force must be perpendicular to the magnetic lines

of force. However, the electric lines are perpendicular to the lines

<t>
= constant; hence the equipotential lines must represent magnetic

lines.

One very important consequence of these conditions may be shown

easily. Suppose that there is a cylindrical metal tube whose wall is

represented by the curve <t>
= a. Now if

<f>
has no singularities within

the region bounded by^ = a, then <f> must be a constant throughout the

region and E must be zero. Therefore no purely transverse electromag-

netic wave can propagate down a hollow pipe. If there is another con-

ductor, however, within the region <t>
= a, then a finite value of E is

possible, since <j> may have singularities within the inner conductor which

allow the boundary conditions to be satisfied. This mode of propagation

will be studied in more detail in Sec. 2*7.

Suppose that there is a field distribution representing a 7T?ilf-wave.

Then without disturbing the field, a conductor can be inserted along any

curve <t>
= constant so that it is everywhere perpendicular to the electric

lines. This is a useful device and will often be employed.

A stream function may also be employed to specify the fields. If

then the equation

Hx

dHx

dx
^

dA Hy

dA
~ w dx

1

II:*l

tel
i d*A d 2A
dy dx dy dx dy

is satisfied. Hence A must be determined by the equation

<3
2A
dx 2 + ^4 = °.

dy 2

The scalar A may be regarded as the 2-component of a vector A whose

other components are zero. Then

H = curl A.

For this special case A might be considered as the vector potential or the

Hertz vector.
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2*6. TJEAf-waves between Parallel Plates.—If there are two infinite

conducting planes at y = 0 and y = b (Fig. 2-2), the electric field must

be normal to these planes and the magnetic field must be entirely tan-

gential. The solution of Maxwell’s equations given previously for

uniform plane waves is the solution in the region between the planes. It

was found that

E E
Ev = Ee-^e’*', Hx = = - -

which hold for 0 ^ y ^ 6
;

for y outside this region, Ey — Hx = 0.

Fig. 2*2.— Infinite conducting planes.

Conductors perpendicular to E have been inserted along lines <t>
= con-

stant, and this has not altered the values of the fields. As before

7 = j y/why ~ jwy<r.

Currents must flow in the plates to maintain the fields. They are

determined by the boundary condition expressed in Eq. (5). The linear

current density that flows in the direction of propagation is therefore

EK = -Hx = j

The power flow between the plates in the z-direction is found by calcula-

tion of the Poynting vector

If 7 = a + jp,

S, - 5 (E X H*) x

&
El J- e-(T+T*)»
2 r

s. Ell
2 r e~ia‘.

If S. is integrated from y = 0 to y = b, then the power flow across a unit
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length in the ^-direction is

P-6Re(S.)-f

where Re (f *) represents the real part of the intrinsic impedance. If the

medium is lossless,

r = Re (f)
=

The power is thus attenuated at the rate of 2a per unit length.

This power flow may be expressed in terms of the currents in the con-

ducting plates and quantities that may be called impedances. Thus

P = $KK*b Re (f).

To make this analogous to the power flow in a low-frequency circuit, an

impedance may be defined that is different from the intrinsic impedance

f and might be called the “current impedance ” Zh

Zi = b Re (f).

It should be noted that the dimensions of this quantity are not ohms but

ohm-meters. In a similar and wholly arbitrary fashion an impedance

may be defined in terms of voltage. Let us take V for the voltage accord-

ing to

=/: Ey dy — bEy

Since there are no longitudinal components of the fields, this integral is

independent of the choice of path of integration between the plates.

Thus V is uniquely defined. The “voltage impedance” may now be

defined as

Zy — Re b Re (f *),

and is thus equal to Z/. It should also be noticed that a third kind of

impedance may be defined by

V
K

bEy
fix

= 6f.

Thus, for this simple case of a parallel-plate transmission line, there are

several definitions of impedance that lead to the same result, in a fashion

identical with that which prevails for low-frequency transmission along

a wire. For the more complicated modes of propagation it will be found

that these simple relations are no longer true.

2*7. TEM-waves between Coaxial Cylinders.—Another simple case

of considerable interest is the propagation of waves between conducting
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coaxial cylinders. The fields are no longer uniform, but a TEM-w&ve is

permitted because the electrostatic potential may have a singularity

within the inner conductor. Let the inner and outer radii be a and b

respectively (Fig. 2*3). Then

Et = H, = Hr = E+= 0,

and the equations

dEr

dz
= —jofiHt,

dH+

determine the propagation in the 2-direction with

the same propagation constant 7 and wave imped-

ance as those obtained in general for TEM-waves.

The transverse variation of the fields is determined from

Fig. 2 3.—TEM-
waves between coaxial

cylinders.

or

1 d
/ TJ \ 1 dHr f . . .r,

r Tr
(r^} “ 7

= {c +

dr
(rHJ = 0,

and rHf is therefore a constant. It is convenient to express this constant

in terms of the total current / flowing on the conductors. There is

flowing on the outer conductor a current density K
}

The current / is then

and hence

K = //*(&).

Kb d<f> = 2r6ff*(6),

H+
I

2tr

The total current on the inner conductor is also J.

field is

Er =
I I jo>M

2irr \ cr + jax

The radial electric

The directions of Er ,
H and / for a wave traveling in the 2-direction are

shown in Fig. 2*3.

The Poynting vector is

and the total power is

Re (f) |/|
2

ln
b

4t a
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As in the preceding section, several impedances can be defined

25

Z:
Re GO . b

2x o

V
I

= Zy,

which are again equal only because of the simplicity of the field con-

figuration. The impedances defined here are all measured in ohms.

Here also the integral in the definition of V is unique, since the fields are

entirely in the transverse plane.

The fields can also be expressed in terms of the fields at the surface of

the center conductor. Let these fields be Ea and Ha . Then

Er =
*

r
Ea ,

Hr = Ha .

r

The total power flow is then

wa*E2
a In -

P - Re i%--ERfT'
In terms of the coaxial impedance Z7 = Zv = Z 0 ,

P = 2ir
2a 2Z 0//2 = 2-71-

2a 2
Z o

[Re(f)] !

El

A coaxial line, operated in this mode of transmission, is thus very similar

to a low-frequency circuit. The voltage V
y
the current /, and a unique

characteristic impedance Z 0 can z
be defined.

It should be pointed out that

this is not the mode of transmis-

sion for a single wire with a finite

conductivtiy in free space, in the

ordinary low-frequency approxi-

mation. In the case of a single

wire, the electric field is in the di-

rection of the wire and the mode of

propagation is a transverse-mag-

netic mode with respect to the di-

rection of the wire.

2*8. Spherical Ti?Jlf-waves.

—

T ran s verse-electromagnetic
spherical waves are analogous to

plane waves. In the spherical co-

ordinates r, 8
, 4 ,

shown in Fig. 2*4, the vector operations are defined by
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(curl A

)

r =

(curl A)e =

1

r sin 6

1

r sin 0

}

;

~ sin fll (rA*)
j>

M (8m 6A *] ~ 1$
dA

id*

div A

(curl A), = i
[l (rA.) -

-//];

- T-U. f
-

r2 sin 6 L
sin 9 l (rM r) + r 1 (sin M,) + r^d0 ]

If H r = E r = 0, the curl equations of the electromagnetic field reduce to

jw/irHe = (rU*), j^rH^ = — (r#*),

(a+i«€)rJS# = --(rH*), (a + j<*)rEt = jr (rHe).

If these are compared with the set of Eqs. (18), it is seen that they are

identical provided that

rE+ and r//* are replaced by i?„ and Hxy

rEe and rH* are replaced by Ex and //„.

The divergence equations are

55
(sin 6E») + 1 tf* = 0, ^ (sin 0ff ,) + 1 tf* = 0.

Te
(sm = aV Te

(s,n = h '

These are again exactly analogous to Eqs. (19) and show that either E
or H or both are derivable from either a potential function or a stream

function. It can therefore be concluded that spherical TEM-waves have

the same wave impedance and propagation constant as plane TEM-waves.

2*9. Uniform Cylindrical Waves.—The solutions of the electromag-

netic equations for the special cases of purely transverse waves will be

completed by considering uniform cylindrical waves. Thus

1 = 1 = 0
B<t> dz

’

Er = H r = 0.

The electromagnetic equations break up into two independent sets, as

before,

~ = jmHt>
1 (rtf*) = (<r +jcot)rtf,, (20)
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(r#*) = —jutirH, — (<r + ju*)E

Only the first set, Eqs. (20), will be considered. Elimination of H+
results in

d2Ei . dEz . ( \
• \ w nr

~d?'
+

Hr
~ + J^rbe = °-

If this equation is divided through by a new variable x = yr, it becomes

d2Ez
,

1 dEz „+ x'te~
E’

= °-

The solution of this equation is a Bessel function of order zero with the

argument jx 1 Any pair of independent solutions may be chosen, in

terms of which the fields may be expressed. Let us take

^

Ez = AH^(jx) + BJo(jx),

where A and B are arbitrary constants and H (

0
l)

is a Hankel function of the

first kind

//i)
l)W - jo(x) +jNoCr).

To find the physical meaning of these solutions, let us consider them
separately. If

E z = ANK'tiz) = AHpijyr),

then

H. = = ~T ^V’(jnr),3W d(jyr) f

from Kqs. (20), and the wave impedance Zw is

Ez _ 7 HTO
H* " Vu' ^ imtir)

For large values of r, the asymptotic forms may be inserted. Then

and
Zrc =

If 7 is separated into its real and imaginary parts,

7 = « + jPj

1 See, for example, Eugene Jahnko and Fritz Emde, Tables of Functions with

Formulas and Curves, Dover Publications, New York, 1943, p. 146.
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then

E, = C e~are->^,

H* = -£yl?r~eri*,

where C is a new real constant. These are the equations of a cylindrical

wave traveling outward and attenuated at the rate of a per unit length.

The wave impedance is the same as for a plane wave, the negative sign

being necessary because of the choice of the positive direction of the

coordinates. For small r, both E and H become infinite and must be

produced by an energy source at a finite radius.

The second solution is

E\ = BJo(jx) = BJo(jyr),

H* = ^Tr Mjyr) = X /,0V) ’

and the wave impedance is

z. =
ri
Mjyr)
J i(jyr)

.
A gain, for large values of r,

Thus this solution does not represent a propagating wave unless some loss

is present. If 7 is purely imaginary, Zw is likewise purely imaginary and

no propagation of energy takes place. It should be emphasized that for

neither solution is Zw independent of r, although for the outward-travel-

ing wave it approaches a constant value. All the cases in which the

electromagnetic vectors are purely transverse to the direction of propaga-

tion have now been described briefly. The longitudinal modes will be

described in the portion of this chapter following Sec. 2T0.

2*10. Babinet’s Principle.—Maxwell’s equations have a symmetry in

the electric and magnetic fields that is extremely useful in the discussion

of electromagnetic problems. One aspect of this symmetry can be

expressed as a generalization of Babinet’s principle in optics. If E and

H in Maxwell’s equations are replaced by new fields E' and H', according

to the relations
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(22)

it is found that E' and H' also satisfy Maxwell’s equations. The bound-

ary conditions must be altered accordingly. On a metal wall, the

tangential component of E vanishes; therefore the new boundary condi-

tion should be that the tangential component of H' vanish over this same
surface. The electric wall in the unprimed system must be replaced

by a magnetic wall in the primed system. Likewise magnetic walls in

the unprimed case are to be replaced by electric walls. When the

boundary conditions consist of the specification of a radiation condition,

no change is required for the transformation. Poynting’s vector is

S = E X H = -H' X E' = E' X H' = S'

^nd is therefore invariant.

A simple example of the application of Babinet’s principle is afforded

by the reflection of a wave from a metal plate. At normal incidence, if

the plate is perfectly conducting, a pure standing wave is set up, with

planes of zero electric field parallel to the plate and spaced one-half

wavelength apart. The magnetic field is a maximum at the metal plate

and has planes of zero intensity wherever the electric field is a maximum.
If E is replaced by H', H by — E', and the metal plate by a magnetic

wall, another possible field configuration is obtained. The new solution

is obviously identical with the old

one if one imagines a magnetic

wall placed one-quarter wave

length in front of the electric wall.

A second example can be found

in the propagation of the TEM-

mode between parallel plates.

Since H is transverse to the direc-

tion of propagation, magnetic

walls perpendicular to H can be

-1

[
E

|
H ‘

1 1 r'
1

1

1

i

i

i

(a) (b)

Fig. 2-5.—Babinet’s principle applied to

the TEM-mode between parallel plates.

The electric walls are indicated by solid lines;

the magnetic walls by dotted lines.

inserted as indicated schematically in Fig. 2*5a. Application of Babinet’s

principle leads to the situation shown in Fig. 2*56. This is obviously the

same mode of propagation as the original one, but rotated 90° about the

direction of propagation.

Although these two examples of the application of Babinet’s principle

are rather trivial, they serve to show that in order to apply the principle

it is necessary to have a system with a high degree of symmetry. All

the magnetic walls must exist by virtue of the symmetry. Many more
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fruitful examples of the application of this principle can be given for waves

propagating in pipes.

ELECTROMAGNETIC WAVES WITH LONGITUDINAL COMPONENTS

2*11. General Procedure.—In the preceding sections it has been

shown how the wave solutions of Maxwell's equations may be divided

into three classes: solutions where both E and H are transverse to the

direction of propagation, solutions where only E is longitudinal, and

solutions where onlyH is longitudinal. Several cases of purely transverse

propagation were also discussed. The longitudinal modes may now be

considered. The general procedure will first be outlined and then

will be applied to the specific cases that are most commonly met in

practice.

Let us first investigate the solutions in which E is entirely transverse.

These solutions represent transverse-electric waves (TE-waves), or

f/-waves. The conductivity of the medium will be omitted explicitly

from the equations and will be assumed to be contained in the imaginary

part of the dielectric constant e. If Ez is taken equal to zero, Maxwell’s

equations, written in cartesian form, are

dH,
dy

dE
dz

_ djl

]

dz

v = jwHx ,

- = juxEX}

dEv dEx

dE
dz

dHx

dz

= —jwnHv ,

dH z

dx
= jcoeEy

dx dy
= —jufJLHz,

dHy dHx

dx dy

for the curl equations, and
: dl* 4- = O

dx dy

dHx
I
dHy dHz _ ~

dx
“h dy ^ dz

(23)

(24)

(25)

(26)

(27)

(28)

for the divergence equations.

If plane waves are specified, and if it is assumed that the variation

with z of the five components of E and H are given by e"**, then the field

components take the form Ex(z) = e~'r9Egy and similar expressions are

written for the other components. This ambiguous notation should

cause no confusion, since Ex = Ex(z) will be used only in Eqs. (23)

through (28) ;
elsewhere Ex will be a function of x and y only. Substitut-

ing this, Eqs. (23) become

— yEv = juyHx , yEx = jwyHv . (29)

From these equations the first important result is obtained. The wave
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This result is significant. The set of lines in the transverse plane that

give the direction of the transverse electric field E t at any point have the

slope dy/dx = Ey/Ex . A similar statement is true for the magnetic

lines of force. Thus Eq. (31) is equivalent to

(dy\

and the lines of electric and magnetic force are therefore mutually per-

pendicular in the transverse plane.

If the assumed variation with z and the values of Ex and Ey given by
Eqs. (29) are inserted in Eqs. (24), it is possible to solve for dHg/dx and

3Ht/dy
,

dHt _ __ 7
2 + h

».'’y
+
T
.v* (32)

r, D y. .

dy 7

Equations (25) and (28) become equivalent, because of Eqs. (29), and

lead to

"!'• + - jH. - 0.
dx dy

Substituting for Hx and Hy from Eqs. (32),

+ (7
2 + coMtf, = 0. (33)

The remaining equations yield no new results. The procedure is thus

straightforward. A solution of Eq. (33) for Hz is found; from Eqs. (32),

Hx and Hy are determined; and from these values and Eqs. (29), Es and

Ey are obtained. Thus all the components of the field are determined

from a single scalar quantity Hz . It should be noted that Eq. (33) is

just the wave equation for //, derived in Sec. 2*3.

To apply this to a waveguide of a particular shape, it is necessary to

find an Ht that satisfies the proper boundary conditions at the walls of

the guide. If the walls are perfect conductors, E t must vanish over the

surface. These boundary conditions will give rise to a relation connect-

ing 7 and w and the dimensions of the waveguide. The form of this

relation will depend upon the shape of the cross section of the guide.
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If a quantity kc is introduced, defined by

k2
c = y

2 + w 2
€m, (34)

then the numbers k 2 are the characteristic values, or eigenvalues, of Eq.

(33). To each value of k2 there will correspond a function Hz ,
a char-

acteristic function, from which may be derived the other components of

the fields. Some special cases will be treated in detail below.

The wave impedance Za can be written in a more useful form when
the dielectric is not lossy. Since y = j(27r/X0 ),where \ is the wave-

length in the waveguide,

Zh = £ f, (35)

where X is the wavelength in the dielectric medium for a TEM-wave.
The equations that Hz must satisfy are identical in form with those

which apply to the velocity potential governing the propagation of sound

waves. Sound waves are essentially simpler in nature than electro-

magnetic waves, since they can always be derived from a scalar field.

Many electromagnetic problems require the vector representation.

Let us now consider the transverse-magnetic waves, or E-waves. The
procedure of solution is entirely analogous to that of H-waves. It is

assumed that H z = 0 and that the remaining components are proportional

to e~T. A reduction of the equations results in expressions similar to

Eqs. (33), (32), and (29). The results are

d 2Ez d 2Ez (1_ + _T + (7 + co tfiE. = 0,

dEx _
dx

dE, =
dy

z;=
E*

7
2 +

y

7
2 + o)

2
«M

7

7 _
Jwm

Ex

E„

Ey

Hx

'

(3(5)

(37)

(38)

Thus Et is again perpendicular to H t ,
and four components of the fields

are determined from one, Ez . The boundary conditions again determine

a set of characteristic numbers k2 with the associated functions E x and

hence a relation between y and o>. The wave impedance may also be

written in terms of X* as

Z

*

=
l~

r, (39)

when no dielectric losses are present.

.
It is now obvious that any field can be represented as the sum of TE-,

TM-, and TEM-modea. The TM-mode portion is given by the values of
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EX} EV) HX1 and Hv determined from the value of Et by Eqs. (37) and

(38). In a similar way, by the use of Hz ,
the TE-mode portion can be

separated out by means of Eqs. (29) and (32). The remainder of the

field will then be purely transverse. It has already been shown that no

TEM-mode is possible in a hollow pipe with no central conductor.

Hence, any field in a hollow waveguide, however complicated, may be

represented by a combination of TE- and TM-modes.
Once an expression for the fields has been found, the energy flow down

the hollow pipe can be computed by integrating the value of Poynting’s

vector over the cross section of the waveguide. The power flow P is

found to be

p "5Itekj/ Wxs-s*'*2-) / W'"*,

where Zw has been written for the E- or H-mode wave impedance, as the

case may be. To maintain the fields in a hollow pipe, currents must flow

in the walls, and the surface current density is equal to the tangential

component of the magnetic field. For .E-modes, the tangential com-

ponent of H is equal to the total magnetic field at the guide walls. Since

H is purely transverse, K is purely longitudinal. If a small slit is cut in a

waveguide such that it is parallel to K
,
the field in the guide is not dis-

turbed and there is no radiation from the slit.

2-12. The Normal Modes of Rectangular Pipes.—Let us consider a

waveguide of rectangular cross section, which has dimensions b in the

^-direction and a in the ^-direction, as shown in Fig. 2-6, and which has

V

Fig. 2*6.-—Coordinates for a rectangular waveguide.

perfectly conducting walls. Let us first consider the TE-modes. Equa-

tion (33) for Hz is obviously separable in rectangular coordinates and leads

to simple sinusoidal solutions. Let

Hz = cos kxX cos kvy ,

where the separation constants kx and ky are related by

k* = k* + k* = y 2 + cchfi.
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The quantities kx and ky are called the wave numbers in the x- and

y-directions, respectively. Following the standard procedure, it is found

that

Hx

Hv

Ex

Ey

ykx

k* + k*

yK
kl + kl

ju^ky

kl + kl

junkx

kl + kl

sin kxX cos kvy,

cos kxX sin kyy ,

cos kxX sin kvy,

sin kxX cos kvy .

The boundary conditions must now be applied.

When y = 0 or y = b, Ex = 0 and ky — mr/b
,
where n is an integer.

Also Ey = 0 when x = 0 or x = a, and kx = rmr/a
,
where m is an integer.

It is clear that n and m may take on any values, including zero, except

that both n and m equal to zero is excluded. Thus y is given by

* -(?)*+

In order to have propagation down the pipe, y2 must be negative; hence

no waves are propagated below a certain frequency. If no losses are present

in the medium, that is, if t is purely real, then there is a sharply defined

critical frequency wc ,
which is given by

(40)

The existence of this critical frequency, or cutoff frequency, is character-

istic of all longitudinal waves in pipes, in both TE- and TM-modes. The
value of the critical frequency depends upon the mode under considera-

tion, that is, upon the values of n and m and the dimensions and shape of

the hollow pipe. It is more customary to formulate this in terms of

wavelength. If is the wavelength in the waveguide, then

and

or

(41 )
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where

k
=
(i) + (S) (42)

and Ac is calbi the cutoff wavelength. A little consideration will show
that Eq. (40) is universally applicable for both types of modes and all

shapes of pipe; only Ac differs in the different cases. The value of X in

Eq. (41) is the wavelength of a plane TEM-wave in the medium that fills

the hollow pipe. In terms of X0
,
the wavelength of a TEM-wave in

free space,

Eq. (41) becomes

It will be noted that the cutoff wavelength defined in this way is inde-

pendent of the dielectric material filling the waveguide; the critical

frequency defined in Eq. (40) is not.

For frequencies below the critical value, y becomes real and the

waves are attenuated. For very low frequencies,

- (t)' + (")’•

For m = 1 and n = 0, y = ir/a
,
which corresponds to an attenuation of

27.3 db in a distance equal to the width of the pipe.

A pair of values of n and m suffice to designate a particular mode
that is called, according to the accepted notation, a TEmn-mode. The

mode that has the lowest critical frequency for propagation is the

TEio-mode, if a > 6. The critical frequency is

7

r

(Oc — —

f

efxa

and the cutoff wavelength is

Xc — 2a.

This lowest mode is called the dominant mode. Equations for the fields

and diagrams showing theJines of electric and magnetic force for various

modes may be found in Sec. 2T9.

It is of interest to examine in more detail the case of the lowest H-mode

in rectangular guide, since this is by far the most important case. The

fields in the guide have the values

(44)

(45)
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Hv = E. 0,

„ 7-7 .2a . txHx — y— sin /CxO: = ? — sin —

>

An fl

Ey =
. . .2a \a . tx .2a tx— V- sin A;*# = —J -T- -v

- sin — = —j~Z H sm — > |X\€ a X0 a'

//* = cos Avr = cos
7r^

(46)

where it is assumed that there are no losses and hence y is purely imagi-

nary. The power flow is

P = \z„ f\H.\'dS = J?Z H , (47 )

for a unit amplitude of Hz . In terms of the maximum value of \Ey \,
this

becomes

P _ ab \EvV
4 Z B

'

Since Hx = 0 at the side walls of the guide, the current density on the

side walls has only a ^-component which is independent of y and which is

of unit amplitude if H , has unit amplitude. The current in the top and

bottom of the guide has both longitudinal and transverse components

TXKx = cos —

>

a

„ .2a . txK z = j — sm — (48)

Fio. 2*7.—Lines of current flow (solid

lines) for the lowest //-mode in rectangular

waveguide. The dotted lines are the mag-
netic lines.

The transverse current Kx is thus

zero at the center of the top and

bottom walls, and a longitudinal

slit can be cut here without dis-

turbing the field. Figure 2-7

shows the lines of current flow on

the top and side of the rectangu-

lar waveguide. It should be

noticed that the flow is not diver-

genceless; the circuit made by fol-

lowing a current line can be com-

pleted only by including the

displacement current on a portion

of the path. The total longitudi-

nal current is
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An impedance may be defined on the current basis,

„ _ 2P _ 7T
2 b „

Zl P 8 a
’

In a similar fashion, an impedance may be defined on a voltage basis.

The voltage is defined as V = bE, and

7 V *

9
b 7Zv =

2P
= 2

a
Zh ‘

Thus impedances Zw ,
Zh and Zv are all different, and there is no unique

way to define a useful quantity in the nature of an impedance for a single

waveguide. This point will be discussed at length in later chapters.

The general solution of Maxwell's equations in terms of plane waves

may be used with profit for the particularly simple case of the dominant

H-mode in rectangular guide. Let us consider two plane wavefronts

inclined at an angle 0 to the 2-axis, with the electric field in the direction

of the y-axis, as shown in Fig. 2*8.

y = 0 and y = 6, they will cause

no distortion of the fields, since

they are everywhere perpendicular

to the electric field. Now, if ver-

tical metal walls are placed at

x = 0 and x = a, the plane waves

will be successively reflected at a

constant angle 0 and will thus be

propagated down the guide. If the plane waves are taken to be in phase at

the point A, then the electric fields of the two waves add to produce a

maximum intensity at this point which we shall call E. The electric field,

at a point such as B
,
is equal to the sum of the amplitudes of the two waves

taken in the proper phase and is

p j?
“ cMABros d)/r _|_ _ cos d)/c

2 2

If conducting plates are inserted at

Fio. 2-8.—Propagation of the dominant
H-mode in rectangular waveguide in terms
of plane waves.

where c is the velocity of the plane waves and AB is the distance between

the points A and B. Since AB = (a/2) — x,

Eu = E cos
<

air n 2tt“ cos 6 — x - cos 0
X X >

Now by the choice of cos 0 = X/2a, Ey reduces to

EV
- E sin

7rx

a

which is just the value for the //-mode field. In a similar manner the
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components of the magnetic field can be found, and they will agree with

the //-mode values. Thus the //-mode field has been decomposed into

that of two plane waves and a useful concept in describing some of the

properties of the //-mode is gained. The point A moves with the

velocity

c \g= C ~r~>
sm 6 X

which is just the value of the phase velocity of the //-mode waves.

The results for the rectangular waveguide may be applied to the

higher modes between parallel plates. If the height of the guide, 6, is

allowed to become very large, the solution for parallel plates, when the

electric field is parallel to the plates, is obtained. A series of modes

exists, for all integral values of n excluding n = 0, corresponding to the

TEon-modes in the rectangular guide.

The TM-modes may be treated in a very similar manner. The
equation for Ez is again separable in rectangular coordinates, and the

following values are found for the fields:

where as before

E x = sin kxX sin k vy,

ykxEx = —
|

X
j," cos sin kyy ,

ykEy = -
£ 2

sin kxx cos kvy,

Hx = j ^q—p sin kxX cos kvy,

Hv = ~j
a)tkx

W+kl cos kxX sin kvy,

kl = k\ + k\ = 7 2 + arep,

ky =
mr

kx =

(49 )

The modes are designated as 7
7

il/mrt-modes, and it is evident that the

lowest mode is the TMn-mode, since the zero values of m and n are

excluded. The cutoff frequencies are given by Eq. (40), and the cutoff

wavelength of the lowest mode is

x _ 2a6
A<j / *

Va 2 + b2

This wavelength has the simple geometrical

interpretation shown in Fig. 2*9.

2*13. The Normal Modes in Round Pipes.

To treat the case of waveguides of circular

cross section, it is convenient to employ cylindrical coordinates r, 6
,
z and

of the TMii-mode.
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to choose the axis as the direction of propagation. For TM-modes, the

wave equation for Ez is

d 2Ez

dr2

1 dEz 1 d 2Ez

r dr r d6 2 + (y
2 + CaUii)E t = 0. (50)

If the variables are separated by taking

the equation for © is

Ez = 72(r)©(0),

a 2©
d$2 + x

2© = o,

where x
2

is the separation constant. The solution is

© = e**, (51)

and hence x must be an integer or zero. The complex form of the func-

tion © is interpreted to mean that two solutions are possible: One is

© = cos x0; the other is 0 = sin x#- Thus the modes are degenerate

in pairs. The two modes may be thought of as two states of polarization

of the field.

The equation for R is

where k 2 = 7 2 + This becomes Bessel’s equation in the canonical

form by the substitution x = kcr. The solution for Ez is therefore

Ez = e^Jx (k cr), (53)

where Jx is the Bessel function of the first kind of order x- The solution

ATx (fc cr), the Bessel function of the second kind, is excluded because of the

singularity at r = 0. The boundary conditions may be applied immedi-

ately, since Ez must vanish at r = a, the radius of the tube. Thus kc is

determined by

Jx (kca) =0, \

or \ (54)

kcd J

where txn is the nth root of the Bessel function of order x- The cutoff

frequencies are then determined by

(55)

The smallest value of txn is toi = 2.405. Other values are given in Table

2*2 at the end of this section.
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The other components of the fields are determined in a manner

analogous to that of the rectangular case. Thus,

(56)

Er = Z EH e ,
Ee — — ZeH t ,

ZE = ^-

JO)6

The TM-modes are distinguished by the subscripts TMxn ,
and the low-

est TM-mode is the TAfoi-mode. Equation (41) is valid for these modes
if the values of Xc given by

(57)x c =
ty

are used.

The T£-modes are treated in the same fashion. The solution of the

wave equation for H z leads to the same solution as that for Ez in the TM
case:

Hz = eixBJ x (k f r), (58)

but the boundary conditions are determined from Ee
,
which is

This component of the field must vanish when r — a.

of J'
,
then

kcCi

The cutoff frequency is

and the cutoff wavelength is

«* = - (^nY
\ a )

\r =
2wa

If sxn are the roots

(59)

(60)

The modes are designated by TExn ,
and the dominant mode for round

pipe is TEn, for which su — 1.841. Table 2-2 gives other values of the

roots of Jx . It should be noted that the TJ5-modes also have two states

of polarization except when x = 0. The other components of the fields

are

Er

H r =
E$

Th
Hi

(61)

The principal formulas and pictures of the electric and magnetic lines

are collected together in Sec. 2T9.
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Table 2 2.—Roots of the Bessel Functions Jx and J*

Mode Root of Root = kca

TEU A 1.841

TM oi j 0 2.405

TEn A 3.054

TEox, TMn J'o, Jx 3.832

TEZX J'l 4.200

TMn Jt 5.135

TEit A 5.30

TE\2 A 5.330

TM 02 j 0 5.520

TM 31 J, 6.379

TEb[ A 6.41

TE22 A 6.71

TE 02, TM 12 J'o, Jx 7.016

2-14. Higher Modes in Coaxial Cylinders.—In the earlier sections of

this chapter, the principal, or transverse-electromagnetic, mode of

propagation between coaxial cylinders was investigated. It was shown

that this mode can exist for any frequency or, in other words, that the

cutoff frequency is zero. There also exist higher modes of propagation

which have nonvanishing frequencies of cutoff. These modes must

satisfy Eq. (50) or the equivalent equation for IIz . The Bessel function

of the second kind is here an admissible solution, since the origin is now

within the center conductor and is excluded. Thus it is necessary to

take a linear combination of the functions of the first and second kinds,

H z

Ez

= eix°[AJ x (kcr) + BNx (kcr)]. (62)

The boundary conditions for an E-mode are, then, that this quantity

vanish at r = a and r = b.

For the TM-modes, therefore,

A Nx (k ca

)

Nx (k cb)

Jx (kcb)'
(63)

(64)

B Jx {k ca)

The corresponding condition for 7’E-modes is

N'x (kco) N'x (k cb)

Jx (k ca) Jx (kcb)
’

The lowest mode is the TEio-mode, where kc is given by the first root of

J[(kcb)N[(kca) - J[(k ca)N[(k cb) = 0.

The value of this root is represented in Fig. 2- 10, where a quantity /,
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1.04 defined by the relation

f\c = (a + 6)7r, (65)

is plotted against a/6, where

(a + b)r is the mean circumfer-

ence of the two coaxial cylinders.

Thus as a/6 becomes nearer to

unity, the cutoff wavelength ap-

proaches this mean circumference.

This is exactly aswe should expect,

since the effect of curvature must
become small as a approaches 6

and the cutoff wavelength must
approach the value for the TE io-

mode in a rectangular guide whose

width is half the mean circum-

ference. As the radius of the cen-

tral conductor approaches zero,

the TE'io-mode between coaxial

cylinders goes smoothly over into the T#u-mode within a pipe of circular

cross section. The other components of the field of the TJ^io-mode are

derived as before. The values are

0.4 0.6 0.8 1.0

%
Fig. 2*10.—Cutoff wavelengths for the

TEio-mode between coaxial cylinders of

radii a and b. The curve is a plot of / vs.

a/b t
where /Xc = (a -f b)v.

H

.

= e>° (kc - ./; (k,
J)
N i(k cr)

j,

Er = ~ J

Jcf 7 hi
= 5 [

Jl^r)
Ar

> (*« b)
~ J

'i l)
Ni(kcr) j, (06)

*• -fw =
i?

eie
(*• t)

- j
* (*• i)

n
}

The next higher mode will be a 7W-mode and will have a cutoff wave-

length greater than the cutoff wavelength for the 2
7J?-mode by a factor

of approximately x/2.

2*15. Normal Modes for Other Cross Sections.—There are several

other cases in which it is possible to obtain a separation of the wave
equation for Hz or Ex . If the cross section of the waveguide is elliptical,

the fields are expressible in terms of Mathieu functions. The solutions

have been investigated in detail by L. J. Chu. 1 The solution for a

*L. J. Chu, “Electromagnetic Waves in Elliptic Hollow Pipes of Metal/'

J. Applied Phy*., 9, 583 (1938).



Sec. 2-15] NORMAL MODES FOR OTHER CROSS SECTIONS 43

guide with parabolic walls has been obtained. 1 An exact solution is

possible also when the guide cross section is an equilateral triangle. 2

Many miscellaneous shapes can be treated by proceeding in the reverse

order. Let us take for Ez any solution of the wave equation and plot its

(e)

Fig. 2*11.—Modes derived by insertion of conducting surfaces perpendicular to lines of

electric force.

contour lines, that is, the lines of Ex = constant. Now the boundary

condition for a TM-mode is that Ez vanish on the boundary. Hence

the contour Et = 0 may be chosen as the boundary of the cross section.

1 R. D. Spence and C. P. Wells, Phys. Rev., 62, 58 (1942).

1 S. A. Schelkunoff, Electromagnetic Waves, Van Nostrand, New York, 1943, Sec.

10-8, p. 393.
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The contour lines now represent the magnetic lines in the transverse

plane. The electric lines are then orthogonal to these magnetic lines.

In a similar way, if Hz is assumed to be a solution of the wave equation,

then the boundary of the waveguide for which this solution is valid is

normal to the lines Hz = constant. These contour lines represent the

lines of electric force in the transverse plane, and the transverse lines of

magnetic force are orthogonal to them. The cutoff wavelengths are

prescribed when the functions Hz or Ez are specified, since they contain

ke = 2ir/Xc as a parameter.

Moreover, if a solution for a simple case has been obtained, it is pos-

sible to derive other cases from it by inserting a conducting surface that

is everywhere perpendicular to the lines of electric force. If such a sur-

face includes a portion of the original boundary of the guide, the cutoff

wavelength will remain unchanged. Figure 2T1 shows several examples

of such derived modes.

It is always possible, of course, to solve the wave equation by employ-

ing all the well-known techniques of numerical integration, perturbation

methods, and so forth. There is a general relation between the cutoff

wavelength and the solution to the wave equation. The two-dimensional

Greeks theorem is

dUdV
,

WdV\
d „

dx dx
+

dy dy)
a V jp dl,

(67)

where the surface integrals are taken over the guide cross section and the

line integral around the boundary. Let us take V equal to V, and let it

represent either Ez or Hz . Then

v dU
dn

dl,

(68 )

but the first term on the right may be written k2JU2 dS, since U satisfies

the wave equation, and the second term on the right vanishes, since

either U or dU/dn is zero. Therefore,

«-£)-
L

(69)

V2 dS

This quantity is always positive; therefore, for any arbitrary shape, some

transmission mode is possible.

If some approximate form for U is known, Xc can be calculated from

this equation. It may be shown that this is a variational expression for
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kl; that is, the function U that results in the minimum value of k\ is

the correct value in the sense that it satisfies the wave equation and the

boundary conditions. Therefore, if any function for U is used, the value

of kl calculated from it will always be larger than the actual value that

is the correct solution to the problem. It is also possible to establish a

systematic method of successive approximations that converges on the

correct values of kc and U for the particular problem. This procedure has

been discussed in detail by J. Schwinger. An example of the results of

such calculations is shown in Fig. 2T2, which shows the cross sections of

several waveguides with flat tops and bottoms and semicircular sides.

The cutoff wavelengths are identical for all these shapes.

2*16. Transmission Losses.—Throughout the preceding sections it

has been assumed that the walls of the waveguide are made of perfect

conductors. A guide with real metal walls has a finite, although large,

conductivity, and this must be

taken into account. The alter-

ation appears in the boundary

conditions. It has been assumed

that the tangential electric field

vanishes on the surface of the con-

ductor. In the case of a real

metal, the tangential electric field

does not quite vanish but has the

small value determined by the

product of the conductivity and

the current density. The current

density is equal to the tangential

magnetic field at the metal surface.

Thus the electric field is altered by
the addition of a small component tangential to the metal. The mag-

netic field is also altered by the addition of a small field normal to the

metal surface, and this normal component of the magnetic field is of the

same order as the tangential component of the electric field. Therefore

some energy flows into the metal. The rate at which power is lost into

the metal per unit distance is

where H t is the transverse magnetic field and Zm is the wave impedance of

the metal. Since Ht varies as \H t
\

2 varies as e~iy+y
*u which is e~~az .

Therefore

dP

Fig. 2*12.—Various waveguide cross sections

having the same cuto*T wavelength.
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The propagation constant is thus no longer purely imaginary but has a

small real part. The change in the guide wavelength is, however, of the

second order of small quantities and can be neglected. The wave

impedance also becomes complex.

The amount of radiation into the metal is found by integrating the

Poynting vector over the surface of the waveguide, choosing the com-

ponent of S normal to the walls. This component is given by

Sn = ^tanZ/Jn.

Since is small, it is permissible to use for //un the value that it would

have in a guide of infinite conductivity. At the metal surface the tan-

gential component of the electric field must be

Euax ~ ZmHt»n

It will be recalled that

z- - <70
\ <T +

The attenuation constant a can then be calculated from the relation

a J_dP _1_

2P dz 2P
Re {Sn) ds

Re (Zm )

4P
2 ds,

where the element of area ds is a strip of unit length in the 2-direction.

For a good conductor, an approximate value of Zm may be used, since

o)€ <Kcr. By expansion, it is found that

For metals, a is usually greater than 10 7 mhos per meter, e is of the order

of 10~ 11 farad per meter, and hence even for frequencies corresponding to

o> equal to 10 13 per second, w€/<r is only 10” 5
. Thus even the first power of

w€/V may be neglected entirely, compared with unity, and

(72)

Hence

“-3

<

73 >

The attenuation constant a can be calculated explicitly in terms of the

dimensions of the guide and the mode, and the necessary expressions are

given in Sec. 2-19. A convenient way to express the metal losses is in

terms of a quantity 5 called the “skin depth,” defined by the expression

Re (5) = i Re (Zm)\H^ = \
Re (Zm)K* =
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Thus the metal losses are equal to those which would be produced by a

uniform current K flowing through a surface layer of conductivity a and

thickness 5. Therefore

and hence 5 is characteristic of the metal and of the frequency. Table

2-3 shows values of a for various metals, values of 8 for a frequency of

10 10 cps, assuming fx = juo, and the relative losses per meter in waveguides

constructed of the various metals. The propagation constant in the

metal is y = VjW<r ~ <*>
2
€ju, which, for large <t, becomes

7 = (1+j) = ](1 + j). (76)

Hence the fields within the metal fall off to 1/e of their value at the sur-

face at a depth equal to 6.

Table 2-3.

—

Skin Depth and Relative Loss of Various Metals

Metal
Conductivity <r,

mhos/meter

Skin depth 5 for

10 10 cps, meters

Relative loss

per meter

Ac 6.17 X 107 6.42 X 10“7 0.97

Cu 5.80 6.60 1.00

Au 4.10 7.85 1.19

Cr 3 84 8.11 1.23

A1 3.72 8.26 1.25

70-30 brass 1.57 12.7 1.92

P 0.9 17.0 2.5

Solder
,

0.71 18.5 2.8

For the dominant mode in rectangular waveguide (// io-mode), the

value of a is easily determined. From Eqs. (46),

|

Ht*a 1 = |//x|
2 + \Ht

\'~

4

a

2
. „ 7rx . „ wx= -y- sin 2

b COS 2

X;
.

a a

Equation (47) gives the value of P for this mode. The attenuation a

may therefore be written

r,i+
a

12a- b

26

a \2q/
(76)

Thus a is infinite for X = 2a and, for smaller values of X, decreases, passes

through a minimum, and increases again, approaching infinity as X



ELECTROMAGNETIC WAVES48 [Sec. 217

approaches zero. Figure 2-13 shows the calculated values of the attenua-

tion in a rectangular copper waveguide for four modes.

2*17. Cylindrical Cavities.—Suppose that a piece of waveguide of

length l is closed off by metal walls perpendicular to the axis of the guide.

If there are electromagnetic waves in the cavity so formed, they will be

reflected from the ends and will travel back and forth until they are all

dissipated in heating the metal. For certain frequencies, a cavity of this

Fig. 2-13.—Attenuation in rectangular copper waveguide for several modes; a =2 in.,

b = 1 in.

kind is said to be resonant; and in exact analogy with the vibrations of a

taut string fixed at both ends, these frequencies are given by the condition

that

(77)

where n is an integer and \0 is the wavelength in the guide. The discus-

sion of most of the properties of resonators will be found in Chap. 7.

Only the losses in the cavity will be discussed here. These losses are

most conveniently expressed in terms of a quantity called the Q of the

cavity. This quantity Q is defined as the energy stored in the cavity

divided by the energy lost per radian. If the losses occur only in the

cavity itself and not by transfer of energy to other systems, the perti-

nent quantity is the “ unloaded” Q, which is denoted by Q0 . This con-

cept is a natural extension of low-frequency terminology and is useful in

very much the same way, as will be shown in more detail later.
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If the cavity is of resonant length, the field pattern if) in the form of a

standing wave having nodes at the two ends and (n — 1) nodes along the

length of the cavity. The stored energy could be calculated by integrat-

ing, over the cavity, the quantities \tE2 and inH 2
. Likewise the losses

could be found by integrating the square of the tangential magnetic fields

over the walls and the ends of the cavity. This calculation has already

been performed in effect, however, and a value for Q0 may be derived

from the previous results. The standing-wave pattern of the fields may
be decomposed into two waves of equal amplitude traveling in opposite

directions. It will bfe shown in Sec. 2T8 that the waves carry energy

with the group velocity v0 . If this is assumed to be true, the energy

stored, W> is seen to be

w = —

>

V0
(78)

where P is, as before, the power flow in the waveguide. Since

= Z c
’

where X and c are the wavelength and the velocity in the dielectric

medium, the expression for the power flow may be written

W __ 2imP /X

A

2

“~w •

The energy lost in the walls, W i, can be written

TTr 4aPl 2naP\0W i = = .

w 0)

The energy lost in the end plates, W 2 ,
is given by

w’-iLi WdS’

where the integral is taken over the two ends,

to the quantity P by

(79)

(80)

This is directly related

U m*ds =
" J ends " w

where Zw is the wave impedance. The factor 8 is a combination of two

effects: a factor of 2 because the cavity has two ends, and a factor of 4

that arises because at each end the magnetic field is twice that for a

traveling wave and the second power of this field appears in the equation.

Therefore

w = 8P
2

0)&<rZw
(81 )
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The combination of these results gives

_L _ Ei 4. E?
Qo W W'

or

1 _ a\ 2 4X 2

Qo TrXp 7i7rX
2Zu,&r

(82)

(83)

For a longitudinal //-mode (TE-mode), Zw = (Xa/X)f; and for a longi-

tudinal J5-mode (TAf-mode), Zw = (X/X 0 )f. Thus Q0 is expressed in

terms of quantities already calculated. Values of Q0 for the various cases

are included in Sec. 2T9. It has been assumed here that the losses in

the dielectric material in the cavity may be neglected. In Chap. 11 the

dielectric losses will be taken into account.

248. Energy Density and Power Flow in Waveguides.—To complete

this survey of longitudinal electromagnetic waves, it remains to prove

some general theorems regarding the normal modes and to calculate the

power flow and stored energy in waveguides. It has been shown that the

fields for both E- and //-modes are completely determined once a single

component of the field is known. If either the longitudinal component

of the magnetic field for //-modes or the electric field for E-:modes is

designated by Vz,
this quantity is determined by

(V? + k*c)Vz = 0, (84)

where A*
2 = y2 + or***, and V] is the Laplacian operator in the transverse

coordinates [Eqs. (33) and (30)] with the boundary condition that on the

guide walls,

Vz = 0 for /?-modes, \

for //-modes,
(85)

where d/dn is the derivative in the direction normal to the guide walls.

The values of A*
2 are the characteristic numbers of the problem which

determine the cutoff wavelength

K =
2tt

Tc
(86 )

The cutoff frequency is

(87)

and the guide wavelength is given by

1 = 1-1
X 2 X 2 X2

’

(88 )

The transverse components of V arc

v« - — g
grad, V„ (89)
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where grad* is the gradient in the transverse coordinates. The remaining

relation necessary to determine the fields completely is

|Ei| = Zw |H,|, (90)

where the wave impedance Zw is

for //-modes,

for i^-modes.

(91)

It may now be shown that the characteristic functions found in

this way are othogonal. First, if the longitudinal components of two

//-modes are considered, it is to be shown that

J HzaH* dS = 0, (92)

where a and b refer to two distinct modes. By Eq. (84),

f
HlaIItb dS =

]_ ^ f
(II20V 2//zb - II dS.

By Green’s second theorem, this integral becomes

(93)

where the integral is taken over the curve bounding the guide and

vanishes by virtue of the boundary conditions [Eqs. (85)]. For the

transverse components,

H(„ . H«6 dS = Z
a

i2 / sriul < 11™ • Sra<1 < dS,
"ca^cb J

by Eq. (89). The integral on the right can be transformed, by Green’s

first theorem, to

f Hta dl — j
II.aV*II'b dS = J

If'a—^dl

+ A*
j

Il„H.b dS. (94)

The first integral vanishes because of the boundary conditions, and it has

just been proved that the second integral vanishes. Because the trans-

verse electric fields are proportional to the transverse magnetic fields,

the orthogonality of the electric fields also is proved.

The proof for two 7?-inodes is exactly analogous. For the longi-
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tudinal fields the integral in Eq. (93) again applies, with Et written for Hg .

The integral again vanishes because of the boundary condition Eu = 0 .

For the transverse components there is an expression similar to Eq. (94)

which vanishes in the same manner. For one //-mode (a) and one

2?-mode (6), the longitudinal components are orthogonal;

since
j

H,„H,b dS J
EiaE* dS = 0,

Eta = Htb = 0 .

(95)

For the transverse magnetic fields,

f
H,0 • H* dS = J grad« H,a • Zvn X grad, E* dS, (96)

where n is a unit vector in the 2-direction. The integral may be trans-

formed into

J
div* (//fan X gradi E&) dS - j

Hxa div< (n X grad* Etb) dS.

The first integral may be changed to a line integral which vanishes, since

n X grad* Et

b

is tangential to the guide walls. In the second integral,

divi (n X gradt Etb) = — n • curl grad E* = 0,

and hence the transverse magnetic fields are orthogonal. The proof for

the transverse electric fields is almost identical. Thus it is clear that the

longitudinal components of the electric and magnetic fields and the

transverse components are all separately orthogonal for any two different

modes.

It remains now to show that the energy flow for two modes contains no

mixed terms. If two //-modes are considered, the power flow contains

terms such as

P = J
X H£ • ndS =

J
H* X n X Hfi • n dS

= J
H,a • H,* dS = 0, (97)

as has already been shown. The argument is identical for two J?-modes,

and for one //-mode and one 2?-mode. Thus when several modes exist

at the same time in a waveguide, the flux of power of two modes can be

computed independently and added. It should be noted that this is not

true for the loss in a waveguide, since there can be a mixed term of the

form HtaH»b the integral of which does not vanish.

Expressions for the stored electric and magnetic energy in a waveguide
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will now be given. First, for H-mod^s, the electric energy is

= J \Et \* dS = J |grad« H,\* dS,

the factor being i because an average has been taken over the 2-direction.

Using Eq. (84), this becomes

W° = V~kjfwdS.' (98)

The energy associated with the longitudinal magnetic field is

Wf = kn j \H,\*dS, (99)

and the transverse magnetic energy density is

wr = l»J |

Ht \* dS= -
5 M

Jj /
\h,\> dS. (100)

The total magnetic energy is

w? + wr = 5 m (i - Jj) / l
h.\* ds = \v%f j |

m.\* ds, (ioi)

which is equal to the total electric energy. The rate of flow of energy is

P = EtHf dS»)
2 dS.

The velocity v by which energy is transported is the rate of flow of energy

divided by the energy density, or

1 7
y* - X 1

2
H

*?€/!*«* KV^ (102)

Now the phase velocity of //-waves is

_ CO

~ o
~ K 1

\ €M
(103)

while the group velocity is, using Eq. (88 ),

= rf« = _1 0 =
(10 V«m H + p'1

Thus the velocity of transport of energy is equal

~ A. 004)
V €M K
to the group velocity .

1

1 For a precise discussion of the five velocities (front, phase, signal, group, and

energy-transport velocity) that are associated with wave motion, the reader is referred

to an excellent article by L. Brillouin, Congrbs International d’Slectriciti, Vol. II, l*
6

Section, Paris, 1932.
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There are analogous expressions.for i?-modes

(105)

Here again, therefore, the total stored energy is equally divided between

electric and magnetic energy. It can be shown as above that the same

expressions for vpb, vUy and v hold for E-modes as for H-modes.
2-19. Summary of Results.—The survey of the classical electromag-

netic theory of both transverse and longitudinal waves has been com-

pleted. It remains only to summarize the results in a manner that will

be convenient for ready reference. For each of the modes that are of

practical importance, the specific form of the fields will be given, together

with the cutoff wavelength, formulas for the power flow and the attenua-

tion, and the expressions for the unloaded Q of a cavity n half-wave-

lengths long.

Coaxial TEM-mode.—The transverse cross section of a coaxial trans-

mission line operating in this mode is shown in Fig. 2*14. The fields are

Fig. 2-14.—Transverse cross section

of coaxial transmission line operating in

the TEM-mode.

given by

Ez = Hz = E* = Hr = 0,

Er — f 7T— ) H<f,
— ~—

y

* 2?rr * 2ttr

where I is the total current in either

the inner or outer conductor. The
power relations are

P = J- r In
47r a

The Hurmode (TEio-mode) in Rectangular Waveguide.—The field

configuration for this mode is shown in Fig. 2* 15. The equations for the

fields and the power relations are
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Fig. 2-15.—Field configuration Fig. 2- 16.—Cross section of waveguide for

for Hio-mode (7\Eio-rnode) ill rec- 77?20-mode.

tangular waveguide.

The H 20-mode (TE20-mode) in Rectangular Waveguide .—The cross

section of a waveguide carrying the 7
1

jB 2o“rnode is shown in Fig. 2T6.

The equations are
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The Eu-mode (TMu-mode) in Rectangular Waveguide.

—

The next

mode that can be propagated in a rectangular waveguide,
as the frequency

is increased
,

is the H0i-mode, pro-

vided that the dimensions are such

that 2b < a. The relevant equa-

tions can be easily obtained by set-

ting# = yanda = fcinthe//io-mode

equations. A further increase in

frequency allows the 2?n-mode to

propagate. The transverse fields
Fig. 2-17.—Transverse fields for the En- for this mode are shown in Fig. 2*17.

moJw
’ The fields are given by

Ez

Ey

\c

™ . tx . 7ry
E x = sm— sin

a b

• K TX . TV
—J qTT" cos — sin

2aX0 a b

rj • X* . TX TVHx = J nX V sm — cos
&oa a b

-i
sfc

8in ” cosv - -it * cos” 8inr
v+T2

, . 2 a3 + 68

“ V
ab{a2 + 6 2

)

J_ = J_ |_E
Qo T6<r ^ |a6( (a6(a2 + 6 2

)

p _ 1 abA 2

P -8 V
XK’

[-(ST’

••[-OTI-
The Hw-mode (TEn-mode) zn Round Waveguide .—The TZ?n-mode is

the dominant mode in waveguide of circular cross section. The fields

are shown in Fig. 2 18. The field and power relations are
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Hc = ei»Ji

Hr

H s

where «n is the first root of the Bessel function J\

;

su = 1.841, X„ = 1.706(2a),

P = ^ X JUsu) « 0.0322£ f,
4ir XX„

J_ 1

5c ^ a

i. = -L
Qo irSo

1 ^

1

s?, - 1
+ f

XX,

a L«ii — 1 ^ \Xc/ J
^ n L \X C/ J

The Eoi-mode {TMoi-mode) in Round Waveguide .—The lowest mode
with circular symmetry is the E^i-mode which is of considerable practical

importance. The fields are shown in Fig. 2- 19. The relevant equations

are

where f0 i is the first root of J 0 ;
it has the value

toi = 2.405, Xc = 1.306(2a).

The power relations are

p = ^^ nlWitto.)]* = 0.0620^ V,

The Hu-mode (TE21-mode

)

in Round Waveguide.—The next mode in

round waveguide, in order of decreasing cutoff wavelengths, is t^e H 21
-

mode. The fields are shown in Fig. 2 20. The equations for this mode
are
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H. = e*V2 1(**'0’

* - f*** (*>' ;)
* - -•»'£ ‘"•'i (•* ;)

S21 = 3.054,

p _ 1 K_ v gii_ni
* A \ \ i O

4ir XX„

X„ = 1.029(2a),

= 0.0500^ f.

“" i ,
;[;?rr 4

+
(i;)][

1 “ 09 ]
’

^jb'litapn + i^)] + »[‘ “09] !•

The Hoi-mode (TE0i-mode) in Round Waveguide .—The first H-mode
with circular symmetry is the TSoi-mode. The fields are shown in Fig.

2-21. The field equations are

* 601 — 3.832,

The power relations are

He = 0
,

X„ = 0.820 (2a).



Sec. 219] SUMMARY OF RESULTS 59

a =

Qo

121
8ir XX0

1

x5<7

r«(»oi) 0.0948 ^r,
H

It should be noted that the attenuation for this mode has the unique

property that it decreases continuously with decreasing wavelength.

Fig. 2-22.—Field configurations for rMn-mode in round waveguide.

The En-mode (TMn-mode) in Round Waveguide .—The chief impor-

tance of the En-mode lies in the circumstance that it is a degenerate

mode, having the same value of cutoff wavelength as the // 0i-mode. The
field configurations are shown in Fig. 2-22. The equations for the field

components are

Es — el6Jl^n

K = ^ (‘"h)

Bt = K
2xX,

/u = 3 .832
,

Xc = 0 .820 (2a),

p = b£0

1,[tuJ
'

i{tn)]i = °-0518
u'/-



CHAPTER 3

WAVEGUIDES AS TRANSMISSION LINES

By C. G. Montgomery

3*1. Some General Properties of Guided Waves.—In the previous

chapter, it was shown that waves may travel in hollow pipes in many
modes of transmission and that for each of these modes there is a cor-

responding cutoff frequency. For frequencies below the cutoff frequency

the energy in the mode is quickly attenuated; above the cutoff frequency

it is freely transmitted. The most important condition in practice is

that in which the frequency lies above the cutoff frequency for the lowest

mode but below the cutoff frequency for the next higher mode. The
lowest, or dominant, mode will then propagate

energy in the waveguide. Let us take as the

direction of propagation the positive 2-direc-

tion . Let us suppose that this traveling wave

Fig. 3-i.—Electromagnetic encounters an obstacle in the waveguide, such
waves incident upon and re- as a conducting wire placed across the guide.

guide. In the neighborhood of this wire, the so-

lution of MaxwelPs equations that corres-

ponds to the dominant mode will no longer suffice to satisfy the boundary

conditions. There must be, in fact, other modes present that are excited

by the currents flowing in the wire. These higher modes, however, are

not propagated, and their amplitudes die out rapidly in both positive and

negative 2-directions away from the wire. The actual fields near the

obstacle are determined, of course, by a solution of the electromagnetic

equations that satisfies the particular boundary conditions imposed by

the geometrical configuration. The higher modes can be regarded as

representing a kind of Fourier expansion of the fields near the obstacle.

For rectangular waveguide in which the Ti?io-mode is the dominant

one, the expansion is an actual Fourier series in terms of sines and cosines;

for more complicated cases it is a generalized expansion in terms of other

functions. One member of this expansion will be the dominant-mode

term representing a wave progressing in the direction opposite the inci-

dent wave, that is, a reflected wave. On the far side of the obstacle and

some distance away from it only the dominant mode exists progressing

in the positive 2-direction but having a reduced amplitude. Some of the

energy has been reflected; some may have been absorbed at the obstacle.

The resulting situation is illustrated schematically in Fig. 3*1

.

60
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To the left of the obstacle there is an incident wave of amplitude A
and a reflected wave of amplitude B. To the right there is a transmitted

wave of amplitude C. Each of these waves varies sinusoidally with

time, the transmitted wave being

Ce’ (tal-'

where the amplitude C is to be regarded as complex and hence contains

the phase of the wave. Only the case in which the losses along the wave-

guide can be neglected, and hence k is real and k = 2t/\0 ,
will be consid-

ered. At some distance from the obstacle, the field is completely charac-

terized by the amplitudes of the reflected and transmitted waves, and
for many purposes it is not necessary to enquire further into its nature.

It may be assumed without loss of generality that the amplitude A is real.

To the left of the obstacle there are two waves, of amplitudes A and B
,

traveling in opposite directions. The amplitudes A and B will be taken

proportional to the transverse electric field at some point in the transverse

plane. This is purely a convention
;
the transverse magnetic field could

have been chosen instead, and the only differences would be those of

sign in certain expressions which will be derived. The significance of

this will be seen later. These waves may be thought of as being repre-

sented by two radius vectors in the complex

plane, as in Fig. 3*2. Let </> be the argument of

B. The resultant of the two vectors is then

proportional to the total transverse electric

field. The incident-wave vector lies along the

real axis at t = 0, z = 0. For a constant value

of z
,
both vectors rotate together counterclock-

wise at a constant angular velocity co as t in-

creases. If t is constant, motion along the guide

in the direction of increasing z corresponds to a clockwise rotation of the

incident-wave vector about the origin and a counterclockwise rotation of

the reflected-wave vector.

The amplitude of the resultant wave will thus pass through a mini-

mum value when the vectors are oppositely directed, increase to a maxi-

mum, decrease to a minimum, and so on, as the obstacle is approached.

The incident and reflected waves may therefore be resolved into a travel-

ing wave and a standing wave. The distance toward the obstacle from

the first minimum in the standing-wave pattern is given by

This description can be expressed more precisely. The resultant

transverse field F is the sum of the contribution of two waves

Real axis

Fia. 3-2.—Vector repre-

sentation of waves in the

complex plane.
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where

F = Ae*(ut~ + jggj («<+**)

= ^[Ae-’” +

B = B xe>+.

The addition and subtraction of B results in

where

is real and

Fer*ut = De~JKM+]d + 2Bi cos (kz + <£),

D = \A - B xe-*\ = (A 2 + B\ — 2AB l cos *)*

0 = tan”*1

A
2?i sin 0
— Bi cos 0

The first term is the traveling wave of amplitude D, and the second term

is the standing wave of amplitude 2B U

It is easy to measure a quantity proportional to the amplitude of F
by inserting a small probe in the waveguide, and in this way the standing-

wave pattern can be measured. The methods for making such measure-

ments are discussed in detail in Vol. 1 1 of this series. The standing-wave

ratio will be denoted by r. It is given by

r = \F\

1
*1.

_ 1A
~\A

+ \B\ _A+B l

-\B\ A- Bi

Commonly, r is expressed as a ratio of fields at points along the wave-

guide, but it may also be expressed as a power ratio P, in decibels. The
connection is

P = 10 log io r 2 db, (2)

since power is proportional to the square of the transverse electric field.

The quantity P is not directly related to the ratio of power transfer at two
points but merely furnishes a convenient manner of expressing a ratio,

particularly when the ratio is large. The quantity r is always greater

than unity except when there is no reflected wave, in which case it has

the value 1. It is clear that since only the amplitude of the field is

measured, the standing-wave pattern has a period, with respect to z,

twice that of the incident wave, and that the distance between successive

minima is only one-half wavelength. Moreover, the time phase of the

standing-wave portion of the field is constant for a half wavelength and

then changes abruptly by t for the next half wavelength. One other

parameter is necessary to specify the standing-wave pattern. This other

parameter is conveniently expressed as the distance, measured in wave-

lengths in the waveguide, from some reference plane in the obstacle to

the first minimum, and will be denoted by d/\0 = (*/27r)d. This quan-

tity is dimensionless and is therefore sometimes called the “ phase ” of

the standing-wave pattern.
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Another parameter that is convenient for characterizing an obstacle

is the “ reflection coefficient.” This is defined as the ratio of the ampli-

tude of the reflected wave to the amplitude of the incident wave and is

denoted by T. It is given by

BeJK* B i

r = —— = — m
Ae~i“ A

e w
Thus T is a complex number whose magnitude B\/A varies from zero

to unity and whose argument is a function of position along the guide

and of the phase of the reflected wave. It is possible, of course, to

relate r to the standing-wave ratio

;

r _ A + fir

A — Bi

1 + —+ A _ l + |r|

j_B
i

~
1 - |lf

1 A

(4)

and

|r|
r — 1

r + 1

*
(5)

At the position of the minimum in the standing-wave pattern, the phase

of F is 7r, and

At the maximum, the phase is zero and F = +B\/A. If the phase of T

at the reference plane of the obstacle is 0
,
then

0 = 7T + 2ad “h <t>‘ (6)

The period of T with respect to z is 7r/x, or a half wavelength.

It has so far been tacitly assumed that it is unnecessary to consider

what happens to the reflected wave as it travels away from the obstacle

to the left. If it is absorbed in the generator that produces the incident

waves, there is no difficulty. Suppose, however, that the generator

reflects the wave with a reflection coefficient Ti. The wave reflected

from both the generator and the obstacle is traveling to the right with an

amplitude ITiA. This wave will be reflected from the obstacle a second

time and then again from the generator. The total amplitude A' of

the waves traveling to the right will be

A' = A + TTiA + r 2r\A + • •
•

,

which converges, since |rri| < 1 . The total wave amplitude traveling

to the left will be

A + r 2I\A + r 8I\A + * • • = TA’.

Thus the whole effect of a reflection from the generator is to change the



(Sbc. 3 2(j4 WAVEGUIDES AS TRANSMISSION LINES

amplitude of the incident wave from A to A', and the situation is other-

wise unaltered.

Some simple relations between the transmitted power and the reflected

power, in terms of r and r, may now be written. The fraction of the

power reflected, Pr,
is

The fraction of the power transmitted by the obstacle, Pif is

The insertion loss of the obstacle is defined as L = 1 — P* and is made up

of the reflection loss PT plus the power absorbed in the obstacle. It is

not possible to measure A directly because of the standing waves to the

left of the obstacle. It is possible, however, to measure the ratio of the

field amplitude on the right to the field amplitude at the maximum or

minimum of the standing-wave pattern; that is, the quantities

\c\

A + B i

or
\c\

A - B i

can be measured. Therefore,

L - 1 ~ p‘
- 1 - (xfk? (1 + |r|) ’

~ 1 “ (A

or

j = i
1C!

2 4r« \C\> 4

(A + Bi) 2 (r + l) 2 (A — Bi) 2 (r + l) 2
’ w

The input power to the obstacle, Pin
,
is

Pin = A 2 - B\ = (A + B0(A - B x ) = )PUx|PU.

Let us consider the simple case where the obstacle is a transverse

plate of metal entirely across the waveguide. The transverse electric

field is zero over such a plate, and the incident- and reflected-wave

vectors must be equal and opposite. Thus <f>
= ir, r=—l, 0 = 0,

r = oo, and d/\g is zero or If the obstacle consists of a transverse

magnetic wall over which Et is a maximum but Ht = 0, then <f>
= 0,

r = l, 0 = ir, r = oo, and d/\g is i. These two cases are called the

“short-circuit” and the “open-circuit” cases respectively.

3*2. Low-frequency Transmission Lines.

—

The reader familiar with

conventional transmission-line theory may by now have become sus-
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picious. Standing waves, short and open circuits, and other things usu-

ally associated with ordinary low-frequency circuits where currents and

voltages and not electric and magnetic fields are taken to be the funda-

mental quantities have been mentioned. These suspicions may be lulled

by establishing more explicitly the connections with low-frequency cir-

cuits. It should be emphasized, however, that up to this point only the

fact that there are waves traveling down a waveguide and being reflected

or transmitted by obstacles has been utilized, and therefore the results

are completely general. But one restriction has been made, namely,

that only the dominant mode can be propagated in the guide.

In a coaxial transmission line, energy is propagated in the principal

or TEM-mode. In Sec. 2*7 the expression for the fields and the equa-

tions that they satisfy have already been derived. It was found that if

losses are neglected,

dEr _
Hz ~ —junHt,

dH+
dz

—joeEr.

The solution of these equations is

Er= r
2irr

H+ =
I

2trr

where I is the total current flowing in the walls of either the inner or

outer conductor. These equations can be put into a slightly different

form. If the voltage across the line is defined as

V = Er dr,

this value of V is independent of the path of integration from the inner

to the outer cylinder provided only that the path be restricted to a trans-

verse plane, since H is purely transverse. If the equations are inte-

grated with respect to r over such a path, and if / is substituted for 2irrH+,

then

1

*

dV . a T dl . 2rr T7-=
Yz

= -Jox~
b
V.

In -
a

These equations are a special

equations

dV
dz

= -zi,

case of the general transmission-line

(9)

where Z and Y are the series impedance and shunt admittance per unit

length of the line. These equations are rigorously true for the coaxial
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line if

Z = jcoju Y=jue-

These values could have been found, not only from Maxwell's equations

directly as has been done here, but also from a calculation of the induct-

ance and capacitance per unit length between coaxial cylinders. For

transmission lines of other shapes, such as parallel wires, Eq. (9) is valid

if the usual low-frequency approximations are made. The values of

Z and V will, of course, be different; they will be those characteristic of

the particular line under consideration. The solution of Eq. (9) may now
be written as the sum of waves traveling to the right and to the left of

the point of observation

V = Ae~v* + B<t*, \

1 , ... 1 „ ... \ (ID
/ = ^ Ac-y* - w B^\

Ao Ao )

where Z0 is the characteristic impedance of the transmission line and

y is the propagation constant
;
thus

Jo = yjy
and y = VZV.

The transmission-line equations may be conveniently rewritten in terms

of these parameters, since

Z = yZ 0
, \

Y = f = yY o.

Equations (9) become

= —yZJ, = —yY0 V.

These equations represent waves of voltage and current, instead of elec-

tric and magnetic fields, but the discussion of reflection coefficients,

standing waves, and so forth, of the previous section is valid here also.

A new concept, however, has been introduced: the “impedance” at any

point on the line, which is the ratio V/I. This quantity is uniquely

defined. This is true for a coaxial line at any frequency for the principal

mode or for a more general type of transmission line at low frequencies

where the ordinary ideas of circuits and circuit elements are valid. No
unique definition of V/I in a waveguide can be made, since (1) the cur-
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rent for a given value of z is a function of the coordinates in the xy-plane

and (2) the line integral of the electric field is not independent of the end
points, even though the path of integration does lie in the transverse

plane. Impedance is such a useful concept,

however, that it is desired to retain its use

for waveguides, and some generalization

must be made. Before proceeding with the

generalization, the results that are valid at

low frequencies will be reviewed.

3*3. The Transformation of Impedances.

Let us consider a line terminated at z = / by

an impedance Z — Z(l), as in Fig. 3*3. Equations (10) are subject to

the boundary condition that

o—zzzzzzzzzzzzzzz
Incident wave

Reflected wave

O—VZZZZZZZZZZZZZZL

z= 0 Z = i

Fig. 3-3.—A transmission
line terminated by an im-
pedance Z(l).

Thus,

m
KD

Z(l).

Z(i) ' =
-j = z.

Ae-* + Be '<1

Aez:*1 — Hey1

' (15)

The voltage reflection coefficient is

IV
Z(l) - Zo

Z(l) + z0
(16)

The current reflection coefficient can be defined as the ratio of the reflected

current wave amplitude to the incident current wave amplitude. Hence

r, =
b

,,,, = Zo -m
A Zo + Z(l)

-Tv.

Some authors, in the discussion of transmission lines, prefer to use the

current reflection coefficient instead of the voltage reflection coefficient.

In this chapter the voltage reflection coefficient will be used, and the

symbol T will be understood to be equivalent to IV.

Equation (16) is the transformation equation of T along the line; now
the transformation equation for Z must be found. At z =0, the input

impedance is

Z\n — Z 0

A + B 1 +

A — B>
— Z o

-

B
A

1 -
B
A

The elimination of the ratio B/A
,
by means of Eq. (16), has the result

7 7 Z(l) + Z o tanh yl
in *°Z0 + Z(J)tanh7l' (17)
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It should be emphasized that Eq. (17) is a direct result of the boundary

conditions imposed on A and B by specifying a termination Z(l) on the

end of the line. It is worth while to restate more explicitly what has

been done. It has been shown that the total or transmitted voltage

across the load Z(i) is the sum of an incident and a reflected voltage wave,

and that the transmitted current is the sum of an incident and a reflected

current wave; that is

Vi + Fr = Vt , Ii + Ir = It .

These currents and voltages are separately related by means of the

impedance; thus

7, = Zoh Vr = -Z0Ir, Vt = Z(l)I t .

These two sets of equations state the boundary conditions in a form

that makes obvious the circumstance that the currents and voltages com-

bine additively at a boundary. It is possible to solve for

__ Vr __ Z(l) ~ Z 0 _ Ir _
Vi Z(l) + Z„ /,

, -

r - v‘- 2Z^) _ , r MuIr
Vi Z(l) + Zn

1+lv
- (18)

can be defined as the voltage transmission coefficient. When these

relations are combined with the fact that V and I transform along the

lines as waves with a propagation constant y, Eqs. (16) and (17) can

again be derived.

It is also possible to express the relationships between these quantities

in terms of admittances, which are simply the reciprocals of the corre-

sponding impedances. Thus

IV

The other ratio,

To =
Zo

Y(l) =
1

The formulas become

Tv =

Z(D

To - Y(l)

Yin =

'
To + m
r Y(l) + To tanh yl

Yin = To

Tv =

To + Y(l) tanh yl’

2F
° = ! + Tv.

T„ + Y(l)

(19)

(20)

(21 )

When it is possible to neglect the attenuation in the line, y is purely

imaginary; and if y = jx, the expressions become

(22)
rj rj Z(l) + jZ0 tan Kl

to 0 Z0 + jZ(l) tan d’
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v _ v + jjj.
tan -

0 F0 + jY(l) tan d

When the line is terminated by a short circuit, Z{1) = 0, Y{1) = <x>
)

Ztbort ~ JZq tflll kIj

F.bort = —jY0 COt kI.

For an open-circuited line, Z{1) = Y(l) — 0,

Zopen = jZ 0 COt kIj

Fopon = jY o tan kL

(23)

If l = X„/4, tan kI = tan t/2 = =<= and the input impedance and

admittance become

7 .

ta

Z(l)’

y _ IS.
" Y{1)

(24)

Thus a quarter-wavelength line inverts the impedance and admittance

with respect to the characteristic impedance or admittance.

One notable characteristic of all the expressions for T, T, and Y^
is that they can all be written in terms of relative impedances. For

example, Eq. (17) may be written

Z\n
+ tanh y

1

do

1 +
Z
-^~ tanh yl

It is just this circumstance which makes these expressions valuable for

use with waveguides, where Z0 cannot be uniquely defined. This

characteristic is really only a result of the wave nature of the solutions

to Maxwell’s equations, not of any special assumptions that have been

made. This point will receive further consideration later.

3*4. Power Flow.—The power flow into a line is, of course, given by
the real part of ^Fin /*, or

P = i Re (Fin/*) = i Re (Zin)|/in
|

2 = * Re (FOIE*! 2
. (25)

This result is not to be derived from the transmission-line equations but

represents a second physical property of the quantities V and /. It can

be proved in the low-frequency approximation for the ordinary circuit

equations. This will not be done, however. The result is fundamentally

a consequence of Poynting’s theorem. In the case of a coaxial line it is

possible to verify Eq. (25) by substituting for V and I the values of the

field strengths and integrating over the area of the line. It is more
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helpful to think of the equation as an expression of a physical character-

istic of the quantities V and I that they must satisfy in order to maintain

consistency with the fundamental electromagnetic equations. All the

remarks made in an earlier section relative to the power carried by the

incident and reflected waves in relation to the reflection coefficient and

the standing-wave ratio are still valid here.

3*6. The Combination of Admittances.—Let us suppose that an

admittance Y is shunted across an infinite line of characteristic admit-

tance F0,
as shown in Fig. 3 -4a, and that there is a wave incident from the

1 1

t

—
\ [yTyl

lLJ
, ^ 1 .

* p 1

:
i js* i

j

r
—

i i

J 1

(a) (b) (c)

Fig. 3*4.—The combination of admittances and reflection coefficients.

left to the right. The admittance to the right from a point just to the

left of Y is Y + Y0y and the voltage reflection coefficient is

p = i—

.

Y + 2Y0
(26)

Let us now regard Y as made up of tw o admittances Yi and Y 2 in parallel.

The total admittance is Y i + F2 + F0 ,
and the reflection coefficient is

r „ Ft + 2 2

Fi + F 2 + 2Ko

Thus the law of combination of admittances is simply additive. It is now
of interest to know the

.
law of combination of reflection coefficients.

Suppose that the Fi mentioned above is shunted across the line. Let

the reflection coefficient be a. Let fi be the reflection coefficient when F 2

is shunted across the line. The problem of how a and fi should be com-
bined to give the value of T above may be treated by considering suc-

cessive reflections of the waves.

Let us assume that the wave is incident first upon F i. There will

be an incident wave whose amplitude may be taken as unity, a trans-

mitted wave of amplitude x, and a reflected wave whose amplitude it is

desired to find. Let the amplitude of this reflected wave be y as indicated

in Fig. 3-4c. The wave of amplitude x is made up, of course, of all the

waves traveling to the right resulting from the successive reflections

between the two admittances. It may be regarded, however, as being

made up of the transmitted wave 1 + a from the first admittance plus

the sum of all the reflected waves from the second admittance which are
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again reflected from the first admittance; thus

71

Likewise

If x is eliminated,

x = 1 + oi + a0x.

7 = a + j&r(l + «).

(1 + a)
2

7 = a + 0
1 — a0

(27)

Thus the law of addition is a very complicated one indeed. To verify

this result, the expression —27/(1 + 7) may be formed, which is

27 _ 2a 20

1 + 7 “ 1 + « 1+0
From Eq. (26),

Y_ - 2r

Yo '
1 + f

Thus the law of additivity of shunt admittances has been verified from

the wave picture.

The argument just stated could have been carried through using the

concept of an equivalent series impedance that combined simply with

another series impedance. Again the reflection coefficients do not com-

bine simply. This is another aspect of the importance of the admit-

tance or impedance concept for use in waveguides, where neither currents

nor voltages may be uniquely defined.

3*6. Transmission-line Charts.—It has been shown, in the preceding

section, that a reflection in a transmission line can be described in several

alternative ways. Each of these ways is convenient for certain problems;

all are in common use. A reflection can be described by any of four pairs

of variables:

1. The standing-wave ratio and the position of the minimum, r and d.

2. The real and imaginary parts of an equivalent shunt admittance

Y/Yo = G/Y0 +jB/Yo.
3. The real and imaginary parts of an equivalent series impedance,

Z/Zo = R/Zo + jX/Zo.

4. The modulus and phase of the voltage reflection coefficient,

r = |iy*.

A fifth pair of parameters is sometimes used, namely, the modulus
and phase of the current reflection coefficient. Since it has already been

shown, however, that T/ = — Tv
,
this represents a more or less trivial

addition. It must be remembered that impedances and admittances

occur only as the ratio to the characteristic impedance and admittance

of the transmission line, and therefore all of these parameters are dimen-
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sionless quantities. The four pairs of parameters listed above are

related to one another by equations that have been stated in the pre-

ceding sections. Each of the complex quantities r, Z/Z 0} and Y/Y0 may
be regarded as a function of a complex variable, but this is not true of

the quantity rei,d . The fundamental relations that have been derived

above are

r - | rie* = h = ZlzlX,
1 1 z + z 0 y0 + v

r = l±JU f Kd = t^E.
i - |r|

a
2

These relations may be separated into their real and imaginary parts.

Thus,

r = i + |r| = VJr + i)» + x2 + V(fl - i )
2 + x*

i - jrj V(R + i )
2 + x 2 - V(R^ly + x*

V(g + i )
2 +T2 + V(g - i )

2 + b 2

(98)

V(G + l
)
2 + B 2 - V(G - l )

2 + B 2
v

Kd = * - - = - tan-1— - -
2 2 ft 2 + X 2 - 1 2

Kd = * — - = I tan- 1—
2 2 ft 2 + X 2 - 1

Irl - l__i - f
Cg ~ D* + * 2

- /:11 r+1 \(ft + l) 2 + X 2 \i

2X
<*> = 2wf + t = tan- 1

^ 2 + ^ 2

_ 1 . 2B
2
tan

(?2 + B 2 _ J

Y 2 l(G - l) 2 + 7T2

X 2 \{G + l) 2 + B2
’

f , ,
2B

1
tan ‘ G2 + B2 - l’

r _ l - |r| 2 G
r 2 cos2 Kd + sin 2 Kd l - 2|r| cos <t> + |r|

2 G2 + B 2
’

(1 — r 2
) sin Kd cos Kd _ 2|r| sin <t> -B

r2 cos2 Kd + sin2 Kd i - 2|r| cos <t> + |r|
2 G2 + B 2

r i - |r| 2 R
r2 sin2 Kd + cos2 Kd l + 2|r| cos <t> + |r| 2 R 2 + X 2

’

(r2 — 1) sin Kd cos Kd — 2|r| sin <f> -X
r2 sin2 Kd cos2

#cd

~
i + 2|r| cos <t> + |r| 2 R2

-f X 2

For convenience of notation Fo and Zo have, in the above equations, been

set equal to unity. The values of R, X, G, and B above are thus measured

relative to the characteristic impedance or admittance of the line.

The transformations represented by the above equations are con-

formal—the true values of angles are preserved in the transformation.

They are also bilinear transformations, that is, of the form

— aw + b
2

cw + d
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Thus it is possible to apply many general theorems which are well known
for transformations of this type.

These equations are sufficiently numerous and complicated that some
graphical method of handling them is almost essential. Fortunately,

a method exists that is convenient and easy to use, whereby these 24

relations can be represented by a single chart. This chart, designed by

P. H. Smith, 1 is illustrated in Fig. 3*5. The quantities |T| and <t> are

chosen as polar coordinates, and lines of constant R and constant X are

plotted. The region of interest is within the circle of unit radius, |T| = 1.

The family of curves R = constant, X = constant consists of orthogonal

circles. In terms of rectangular coordinates u and v in the T-plane, these

circles are given by

V R + 1/ (/? + D 2

(M _ i )
2 + _ iy

=

±.

The /2-circles all have their centers on the u-axis and all pass through the

point u = 1, v = 0. The X-circles all have their centers on the line

u = 1
,
and all pass through the point u = 1

,
v = 0. All values of R

1 P. H. Smith, Electronics, January 1939, January 1944.



74 WAVEGUIDES AS TRANSMISSION LINES [Sec. 3*6

from zero to plus infinity and all values of X from minus infinity to plus

infinity are included within the unit circle. Thus there is a convenient

means of transformation from |r| and
<f>

to R and X and inversely. If

the reference plane is moved nearer to the generator, that is, in the nega-

tive z-direction, the vector r rotates clockwise, making one revolution in

RprG
Fig. 3-6.—Impedance chart with rectangular coordinates.

•

half a wavelength. An auxiliary scale outside the unit circle, running

from 0 to 0.5 around the circumference, facilitates this transformation.

Curves of constant standing-wave ratio are concentric circles about the

origin which pass through the points r = R. The parameter d/\0 is

read on the external circular scale. The relation between impedance

and admittance is obtained in the following manner. A shift of reference

plane of one-quarter wavelength inverts the value of the relative imped-

ance; the shunt admittance equivalent to a series impedance is given,

therefore, by the point diametrically opposite the origin from the imped-

ance point at the same radius. Moreover, it is apparent from the trans-

formation equations that if |r| is replaced by — |r|, then R must be

replaced by G and X by B. Thus the same chart may be used for admit-

tances provided the value of 4> is increased by r.
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The use of a Smith chart is very similar to the use of a slide rule; many
tricks and short cuts are possible that are hard to describe but greatly

facilitate computations. The Emeloid Company, of Arlington, N. J.,

makes a chart of this kind, of celluloid, which is called the “ Radio Trans-

mission Line Calculator.”

Impedance charts of other varieties have been made and used, but
only one other is commonly encountered. In this version, R and X
are used as rectangular coordinates, and the lines of constant r and

d/\0 are plotted. The chart has the same form when G and B are used

as coordinates. The reflection coefficient cannot be read easily from the

diagram. The lines of constant r are a family of circles with centers on

the real axis, and the lines of constant d/\0 are circles centered on the

imaginary axis and orthogonal to the r-cireles. An outstanding difficulty

with a chart of this type is that the points of infinite R and X are not

accessible. This rectangular form of impedance chart is illustrated in

Fig. 3*6.

3-7. The Impedance Concept in Waveguide Problems.—It has been

shown in preceding sections that the properties of both waveguides and

low-frequency transmission lines can be described in terms of incident

and reflected waves. The state of the line or waveguide can be expressed

by means of reflection coefficients that are, with the exception of a con-

stant factor, sufficient to specify this state completely. In addition, it

has been seen that the rule of combination of reflection coefficients is

complicated even in the simplest cases.

On the other hand, the state of a low-frequency transmission line may
be expressed equally well in terms of a relative impedance or admittance,

that is, the ratio of the impedance or admittance to the characteristic imped-

ance or admittance of the transmission line. The impedance or admit-

tance combines simply with other impedances, and it is this property

which leads to a demand for an equivalent concept for the characteristic

impedance of a waveguide. It has been seen that the reflection coef-

ficient in a waveguide can be replaced, at least formally, by a relative

impedance that is completely equivalent and that expresses the state of

the fields to within an unknown factor. In any configuration of wave-

guides of a single kind, relative impedances or admittances may be

defined in terms of r and <f>
and combined according to the usual low-

frequency rules. It is not necessary to specify exactly what is meant by
the characteristic impedance of the guide.

Let us now consider the junction of two waveguides as illustrated in

Fig. 3*7. If radiation is incident upon the junction from guide 1, there

will be, in general, a reflected wave in guide 1. This reflected wave may
be described in terms of the reflection coefficient or in terms of an equiva-

lent relative shunt admittance or series impedance that^terminates guide

1 at the junction. Provided the losses in the neighborhood of the junc-
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Guide 1

tion may be neglected,
the power flowing in guide 2 must be equal to the

difference between the incident and reflected powers in guide 1. The

amount of reflected power will be determined by the actual electric and

magnetic fields in the aperture
,

which, of course, satisfy Maxwell s

equations and /the appropriate boundary conditions. In particular,

across any transverse plane, the tangential

electric and magnetic fields must be con-

tinuous. To complete the analogy with

low-frequency transmission lines, quanti-

ties analogous to the current and voltage

must be defined for waveguides, since it is

in terms of the values of current and voltage that the terminal conditions

must be specified. A few possibilities will be discussed.

The voltage and current should be linear in the magnetic and electric

fields, since it is desired that their product be a measure of the power.

Fig. 3*7.—Junction of two wave-
guides.

Thus let

ttnd

V = aEt + bHh

I — cEt dHt
,

where Eg and H t are some mean values of the transverse fields. Th
complex power is then

P = iVI* = ^(ac*\Et
\

2 + bc*H tE* + ad*EtH* + bd*\Ht \~).

The Poynting theorem states, however, that P is proportional to EJi *

and independent of \Et
\

2 and \H t
\

2
. Therefore

<zc* = bd* = 0;

hence either

a = d = 0, or b = c = 0.

Now if it is required tha^ the voltage be zero at a short circuit where

Eg = 0 and that the current be zero at an open circuit where Ht = 0,

then it is necessary that b = c = 0, and therefore

V = aEt ,
I = dHt .

The impedance at any point is then

V a Ej

I d Ht
and the power flow

P = iad*EtH*
t

.

(36)

(37)

It has already been shown that all properties of reflected waves can

be expressed in terms of a relative impedance, and no condition is imposed

on the proportionality factor of Eq. (36). The second condition [Eq.
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(37)] when applied to two guides such as indicated in Fig. 3*7 does repre-

sent, however, a new condition. Any mean value may be chosen for

Et and Ht, and in fact different values may be taken for two different

waveguides, provided only that the conservation of power at a junction

between two guides in ensured. This condition cannot be written

explicitly, since it depends upon the nature of the junction. It can be

seen, however, that if the current is identified, for example, with the

transverse magnetic field at the center of the waveguide, then the con-

stant of proportionality between the voltage and the electric field is

definite and is determined so that P = iVI* represents the true power

flow. It may be pointed out that the ratio between I and H t need never

be specified and may be chosen at will. If particular values of Et and H t

are chosen, then only the product ad* is determined, but neither a nor d

separately.

The situation is somewhat analogous to that arising from the insertion

of ideal transformers in a network. If an ideal transformer were con-

nected to each voltmeter and ammeter in a network in such a manner

that the product of the readings remained the same, the result would be

an effective change in the definition of impedance, all the power relations

being conserved.

3*8. Equivalent T-network of a Length of Waveguide.—If the con-

cept of impedance in a waveguide is to be useful, it is important to deter-

mine whether or not it can be used in the same manner as the impedance

in low-frequency circuits. It has al-

ready been seen that the reflections

in a long line are correctly described

in terms of an equivalent shunt ad-

mittance or series impedance. Now
the question is whether or not more

complicated structures can be repre-

sented by equivalent circuits. If a straight piece of waveguide is ter-

minated in such a way that the reflection is described by an impedance Zi

at the end of the line, then the equivalent impedance at the input terminals

of the line is

Fig. 3*8.—Symmetrical T-network.

7 — 7 Zi + jZo tan d
°Z 0 + jzx tan d

(3.17)

Now to find a simple network equivalent, the symmetrical T-network

shown in Fig. 3-8 may be tried. This network has two parameters Zi

and Z 2 in terms of which the line parameters Z 0 and d might be expressed.

For the network

Ztn
Z 2(Zi + Zi)

Zii + Z\ + Zj
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or

Zin —
7 4- 2

Z

2
, 7Zl

Z, + z2

+ Zl

1 + Zt

Z 1 + Z 2

By comparison with Eq. (3-17), the following identification can be made:

r, Zl + 2Z 2 __ + JZ\
^ ^

jZ o tan Kiy

1 _ . tan kI

Zi + Z 2 ^ z 0

If these equations are solved for Zi and Z2 ,
the result is, with some

trigonometric transformations,

Z i = jZ o tan

Z 2 = —jZ 0 esc d. (38)

These values are independent of Z\. Hence this equivalent circuit is in

all respects similar to the waveguide, and it can be used with confidence.

For easy reference, Table 3*1 presents the values of the circuit param-

eters for lines of commonly used lengths. The parameters refer either to

the T-form or to the x-form of the network. The equivalence of these

forms is discussed in Chap. 4.

Table 31.

—

Network Parameters of Lines of Various Lengths

Length of line

Series impedance of T-network

or shunt admittance of

T-network

Shunt impedance of T-network

or series admittance of

T-network

0 0 OO

V8 IW2 - 1) -j V2
X./4 j ~j
3X./8 j(V2 + 1) ~j \/2
X„/2 OO 00

5X„/8 ~j(V2 + 1) j V2
3X„/4 ~j j
7X./8 -j(V2 - 1) j V2
A

fl
0 00

In a similar manner, it would be expected that any configuration of

metal in a waveguide would have some equivalent-circuit representation.

If this equivalent circuit is known, all the techniques known at low fre-

quencies can then be applied to investigate the behavior of the waveguide

configuration, both by itself and in combination with other configurations.

The equivalent T-network that has been found for a straight length of
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waveguide has been shown to be equivalent only in a mathematical sense.

It has not been proved that the equivalence has any physical basis.

However, this physical basis will be established by arguments that are

given in Chap. 5. Chapter 4 will be devoted to a review of those ele-

ments of conventional circuit theory which will be most useful.

3*9. Transmission-line Equations for the Hio-mode.—It is possible

to express the field equations for a single mode of propagation in a wave-

guide in such a form that the correspondence to a transmission line is

made obvious. The dominant mode only will be considered, but the

extension to higher modes may be easily accomplished. The electric

field in a rectangular waveguide in the dominant #i 0-mode may be

written

Ev = A sin" V(z),

where V(z

)

expresses the field variation along the line and may be called

the voltage. Likewise the transverse magnetic field is

Hx = —A sin — I(z),

where I(z) may be called the current. Then from Eq. (2*46) the longi-

tudinal field is

IU = ,1
77T 7TX T7/ x— cos — V(z).

ccfia a

The relevant Maxwell equations are

djh
dz

dEy

dz
= jwtiHx

SH . .— = jmE,.

If the values of the fields are substituted in the first equation to find the

voltage and current, the result is

dV(z)

dz
-ju)fll(z).

This is one equation for a transmission line, upon identification of

jo)fx — yZ 0 = Z.
*

The second Maxwell equation results in

which is the second transmission-line equation, where
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4-=©> Tr, ‘ r-

The propagation constant 7 of the transmission line has the same value

as that of the waveguide

7
2 = ’

and the characteristic impedance is

7 7Zo — 3 Zh-
y

The constant A may be chosen to obtain the correct power-transfer

relation if

I S.dxdy = - f°
EyH* cte = ~ VI*.

Therefore __

It is important to emphasize the arbitrariness in the choice of con-

stants.* The value of A was chosen so that the complex power is }VI*.

Y

Fig. 3*9.-*Dominant mod© in rectangular waveguide.

The use of the same multiplying constants in the expressions for Ey and

Hx results in the characteristic impedance of the line being equal to the

wave impedance. Any other choice that preserved the power relation

would have been equally acceptable. A different value of the impedance

would have been obtained.
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The transmission-line equations can be derived in another manner.
Consider the waveguide in Fig. 3*9 operating in the dominant mode.
Let us choose for the voltage V(z) the integral of the electric field at the

center of the guide,

and for the line current a quantity proportional to the longitudinal cur-

rent flowing at the center of the broad face of the waveguide. This

longitudinal current is equal to the maximum value of the transverse

magnetic field

I(z) = aHx(z).

Let us consider the line integral of the electric field around the rectangular

path ABCD in Fig. 3*9. As the distances AB = CD become infini-

tesimal, the line integral approaches dV/dz. By Faraday's law (the

curl E equation)

dV __
jcojubl

dz a

If likewise the limit of the line integral of IIx is taken around the path

EFGH the result is

1 dl f
a

. TTX 1 . V [
a

. 7TX ,

-~r I sin — dx = lue -r / sin — dx —
adz Jo a '> J o a

2K t ,

where K t is the transverse current density across EF or GH. Its value is

hence

Kt = H z = 7;
cc/iab

dJ

dz

.
( C0€ 7

r

2

coga2b/

The impedance and admittance per unit length of the transmission

line are therefore

—jufib
Z =

Y = ~ja(-
coga2b/

The propagation constant of the line is given by

7* = ZY = - 0>hn +
and the characteristic impedance

1 (wg6) 2

w <M "
o2



82 WAVEGUIDES AS TRANSMISSION LINES [Sec, 3-9

The choice of a may now be made such that %VI* is equal to the complex

power.

J. Schwinger has shown that it is possible to proceed in an entirely

general way and transform Maxwell's equations directly into the trans-

mission-line equations whenever the boundary conditions are independ-

ent of the 2-coordinate. Such a general case need not be considered here.

The procedure that will be uniformly adopted here is as follows:

1. The voltage V is chosen proportional to the transverse electric

field in the waveguide.

2. The current I is chosen proportional to the transverse magnetic

field.

3. The constants of proportionality are normalized in such a way that

$VI* is equal to the complex power flow.

Thus, it is assumed that

Et(x,y,z) = V(z)t(x,y), (39)

Ht(x,y,z) = I(z)g(x,y)
9 (40)

where f and g are real and so normalized that

J
f X g • dS = 1. (41)



CHAPTER 4

ELEMENTS OF NETWORK THEORY

By C, G. Montgomery

4*1. Elementary Considerations.—In this chapter will be presented

some of the elementary results of network theory that are useful in the

study of microwave circuits. The approach will be in terms of what may
be called the low-frequency approximation to electromagnetic theory.

This approximation is the one usually employed in conventional circuit

theory, and the results are well known and available in many standard

textbooks. For the convenience of the reader and also to aid in a more

orderly presentation of the properties of high-frequency circuits, some of

the more useful material has been collected. This material is offered, in

general, without detailed proof of its correctness. Many of the results

are proved in Chap. 5 as special cases of more general theorems. In

other cases only the method of proof is outlined. The reader will find

himself already acquainted with a large part of this discussion.

In this chapter, the concept of an impedance element, or impedor, will

be considered as fundamental. An impedance element is a device that

has two accessible terminals. It may be a simple device, such as a piece

of poorly conducting material (a resistor), or it may be a very complicated

structure. It is required, however, that it be passive, that is, that no

energy is generated within the element. Charge may be transferred to

the element only by means of the terminals; and if a current flows into

one terminal, an equal current must flow out of the other. This is' the

first portion of the low-frequency approximation mentioned above.

Thus a conducting sphere is not an impedor, since it has only a single

terminal, but the equivalent impedance element can be supposed to have

one terminal at the sphere and the other terminal at the point of zero

potential or ground, perhaps at infinity. In the region between the

terminals of the impedance element there exists an electric field. The

potential difference, or voltage, between the terminals is defined as

the line integral of the electric field from one terminal to the other. The

second portion of the low-frequency approximation under which network

theory is here treated requires that this line integral be independent of

the path between the two terminals. The difference in voltage, for any

two paths, will be proportional to the magnetic field integrated over the

area enclosed between the two paths and to the frequency, and can be

made as small as desired by the choice of a sufficiently low frequency.

The ratio of the voltage across the terminals to the current entering and
83
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leaving the terminals is the impedance Z of the element. The reciprocal

of the impedance is the admittance Y of the element. Only the cases

where Z is independent of V or I will be considered, and for these cases

the impedance element is said to be linear. At low frequencies an imped-

ance element has a variation with frequency of the form

Z = — + R + juL, (1

)

where R, L, and C are positive constant parameters. The real part of

the impedance, R
,
is called the resistive part, or resistance; the imaginary

part of Z
y

[o)L — (1/«C)], is called the reactance . The parameters L
and C are the inductance and the capacitance of the element. The
capacitance C may be infinite, but in physical elements neither L nor R
is truly zero, although, of course, in many cases they may have negligible

values. The reactance is often denoted by the symbol X. At higher
frequencies, when the impedance elements of waveguide structures are

considered, this simple form of frequency dependence is no longer valid.

In a similar manner, the admittance Y can be broken up into its real

and imaginary parts,

Y=G+jB
f

where G is called the conductance and B the susceptance of the element.
An impedance element whose frequency dependence is given by Eq. (1)

is often broken up, for the convenience of the mathematical symbolism,
into two or three elements in series, one for the real and one for the imagi-
nary part, or one for each term with a characteristic frequency dependence.
Since the admittance is the ratio of the current to the voltage, if an
admittance is split into parts, the component admittances must be
combined in parallel. The currents through the separate elements then
add, and the voltages across them are equal. Thus if an inductance, a
resistance, and a capacitance are combined in parallel, the admittance
obtained is

The impedance of Eq. (1) has, on the other hand, an admittance made up
of the conductance

r - R /e

'
„ / i V R1 + x i

R 2 + ("
L -

5?)
and the susceptance

R 2 + UL - -
\

and the variation with w is characteristic of R
,
L, and C in series.
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Here is found the first illustration of the duality principle
,
which is of

great convenience in network theory. An impedance may be regarded

as the sum of several impedances in series, while an admittance is the sum
of other admittances in parallel. One quantity is said to be the “dual”
of another if, in a statement or equation, the two quantities can be

interchanged without invalidation of that statement or equation. Thus
it is seen that

Impedance is the dual of

Series is the dual of

Voltage is the dual of

Resistance is the dual of

Reactance is the dual of

admittance.

parallel.

current.

conductance.

susceptance.

The simple relation Z = V/I remains true if the quantities are all

replaced by their duals; that is, Y = I/V. Likewise the statement

“impedances are added in series” becomes “admittances are added in

parallel.” If the duality replacement is made in Eqs. (2), they become

R =

X =

G
G2 + B*’

-B
G2 + B 2

(3)

The duality principle results entirely from the fundamental symmetries

of Maxwell's equations. An equivalent formulation was discussed in

Sec. 2* 10 under the name of Babi-

net's principle.

Several impedance elements

and voltage sources may be con-

nected together to form a net-

work such as the one shown in Fig.

4*1. A network is composed of

branches that may be individual

impedance elements, such as CE
,
or may consist of several impedance ele-

ments in series, as the branch AC, or in parallel, as CD. The branches

are connected together at branch points, or nodes. , They form in this way
a collection of individual circuits or meshes such as CDEC or ACDFEBA.

If the impedances in the branches are known, it is possible to find the

currents in the network in terms of the sources of electromotive force or

applied voltages. The necessary relations are KirchhofPs laws. The
first law states that the algebraic sum of the voltage changes around any

circuit must be zero. This law may be regarded as an expression of the

law of conservation of energy for a charge that is carried completely

around the circuit. Explicit use is made here of the low-frequency

approximation that the line integral of the electric field is independent of



86 ELEMENTS OF NETWORK THEORY [Sec. 4-1

the path. Kirchoff’s second law states that the algebraic sum of the

currents flowing into each branch point must be zero. This law follows

from the conservation of charge, since charge cannot accumulate at the

branch point. A sufficient number of linear relations may be set up by
means of these two laws to make possible the determination of all currents.

A simpler set of equations is obtained if the currents in the meshes

are used as the unknown variables. These currents, which are indicated

in Fig. 4*1, are sometimes called the circulating currents. When circu-

lating currents are so chosen, Kirchhoff’s second law is automatically

satisfied. Thus there is a set of equations of the from

V\ = Znii 4~ Z\ 2i2 4- Z\zi$ -f*
• •

• 4“ Z\mim ,

V2
= Z2\i\ 4" Z 22^*2 4”

* *
* 4" Z2mimy

Vm = Zmlil 4“ Zm2i2 4“ * ’
* 4“ Zm rrJm

,

where ih i2, . . . ,
im are the mesh currents and v h v 2 ,

. . . ,
vm are the

applied voltages in each mesh. The coefficients Zu are called the self-

impedances of the mesh, and a coefficient Zt/ is the mutual impedance of

mesh i to mesh j. It is to be noticed that the directions of the currents

and the voltages in the meshes may be chosen in an arbitrary manner.

The convention usually adopted is that the relation between the voltage

and the current in any one mesh is such that the product i/Vj represents

the power dissipated in the positive real part of Zjj. The signs of the

currents are, however, completely arbitrary. This entails a correspond-

ing arbitrariness in the sign of the mutual elements of the network. For
certain cases uniform conventions will be adopted for the positive direc-

tion of the currents. It should be emphasized that although the signs of

the coefficients of the currents are indefinite, the network itself is not,

and the results of the calculations are independent of the choice of the

positive directions of the currents. The number of equations is, of

course, equal to the number of independent meshes, m, and can be deter-

mined from the relation

m 4" n = b 4~ 1, (5)

where n is the number of nodes and b the number of branches in the net-

work. This relation can be easily proved by a process of mathematical

induction. It is observed that this relation is valid regardless of how the

number of branches is chosen. Thus, in Fig. 41, EBAC may be called

one branch ending in the nodes E and C or two branches EBA and AC
with nodes at E, A, and C .

Suppose that there are two sets of applied voltages v\
l) and v\

2)
. These

voltages may be of the same frequency or of different frequencies. Let

and i\
2) be the corresponding sets of currents. Then, since Eqs. (4)

are linear, the currents i\
l) 4- t{

2) are the mesh currents when the applied
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voltages are + v^
2)

. This is known as the superposition theorem for

linear networks.

The fundamental set of network equations may be established on a

node basis rather than on a loop basis as are Eqs. (4). The independent

variables are the voltages of the nodes, and the dependent variables the

currents flowing in and out of the nodes. The equations thus obtained,

il — YllVl + y 12t>2 + • •
* + YlmVm,

1m 4 ml^l 1
" * *

*
|
Ymm^m,

(6)

are the duals of Eqs. (4). The coefficients Yu are the self-admittances

of the network, and Yu are the mutual admittances.

4-2. The Use of Matrices in Network Theory.—Many of the results

of network theory, both in the low- and high-frequency approximations,

can be written most conveniently and concisely by the use of matrix

notation. For the convenience of the reader, a summary of the rules of

matrix manipulation is presented in this section. Eqs. (4) are written as

v = Zi (7)

where Z is the impedance matrix of the system. It is a square array of

the coefficients of Eqs. (4),

zn Z 12 Z\z • Z im

Z 21 Z 22 Z2m

Z*m\ Zm 2 . • Zrrvm
j

The quantities v and i are also matrices consisting of one column only and

are more often called “ column vectors/f They are

V\

V 2

\

i 1

12

ft

Vm

y *
“

All matrices are distinguished by the characteristic sans serif type used

above; their components are printed in the usual italic type, since they

are ordinary scalar quantities.

The operation of combining Z and i is called multiplication. It is

defined by the following equation which holds for the multiplication of

any two matrices provided the number of columns of the first matrix is
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equal to the number of rows of the second matrix.
m

A = BC, An = ^ BinCni. (8)

n-1

It should be noted that CB BC, in general. When the product is

independent of the order of multiplication, the matrices are said to

commute. Matrices are equal only if each element of one is equal to

the corresponding element of the other. It is apparent that Eq. (7) is

the same as Eqs. (4) when the above rules are applied.

Addition, too, may be defined for matrices. The sum of two matrices

is the matrix whose elements are the sums of the elements of the two

matrices; thus

A = B + C,

Aij = Bn + Cij.

It is possible also to define a zero matrix 0 whose elements are all zero,

and the equation

A - B = O
means that

Aij = Bij, for all i and j.

Multiplication of a matrix by a scalar is therefore also defined as

cA = (cAij) = Ac.

Likewise, the unit matrix I may be defined, whose elements along the

diagonal running from the upper left-hand corner to the lower right-

hand corner are unity and whose other elements are zero,

TOO
0 1 -

0 0 1

or I%j — 5%jj

ij

where is the Kronecker delta. For any matrix

Al = IA = A,

A matrix that has elements only along the diagonal is called a diagonal

matrix. Two diagonal matrices always commute with each other.

If Eqs. (4) are solved for the ih i2 ,
. . .. ,

im in terms of v ly r 2 ,
. . . ,

vmf the resulting equations can be written as a matrix equation

i = Yv,
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where Y is the admittance matrix. If this equation is multiplied by Z,

Zi = ZYv = v.

Thus Y is the reciprocal of Z and can be written Y = 7r l
. The solutions

of Eqs. (4) for iy in terms of vh v2 , . . . ,
vm can be written by Cramer’s

rule as

i> = 3iT(Z) (VlZi> + ViZV ' ' '

where det (Z) is the determinant formed from the elements of Z and Zij is

the cofactor of the element Z*, in det (Z). Therefore it is evident that

the reciprocal of a matrix can be defined as

7-1 = (ZJi
)

det (Z)’
(9)

The matrix (Zji

) is formed by arranging the cofactors of the elements

Za in a matrix array and then interchanging the rows and columns.

This operation is called transposition and is described by the equation

Z = {Za), if Z = {Za).

Reciprocal matrices have the property

Furthermore, if

then

Also

AA- 1 = A~ lA = L

AB = C,

C-i = B-iA" 1
.

e = BA.

A column vector is also subject to the operation of transposition and
the resulting matrix is a row vector. Thus,

i
= T = (ii, i2

, iz, • • •)•

The product of a column vector and a row vector, taken in that order, is a

square matrix

aB * A,

where

An = Oibf .
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If the product is taken in the reverse order, the result is a scalar

j

4*3. Fundamental Network Theorems.—The fundamental physical

principles that form the basis of network theory are embodied in Max-
weirs equations for the electromagnetic field. These equations, together

with the force equation, the appropriate boundary conditions, and Ohm’s

law, would be sufficient for all further developments. Network theory is,

however, limited to some rather special cases of all those to which the

general electromagnetic equations may be applied. It would thus be

possible to formulate network theory from several specialized and

rather simple theorems or postulates which, in turn, are derivable from

the general equations. It will not be attempted here to erect this logical

structure, because the problems considered in waveguide networks are

more general than those treated by ordinary network theory. The dis-

cussion will be confined to a mere statement of the network theorems

without a rigorous justification for them. The more general point of

view will be adopted in Chap. 5. The choice of theorems that are to be

regarded as the primary ones, from which all the others can be derived,

and those which are corollaries to the primary theorems is, of course, to

some extent arbitrary.

The first network theorem, the superposition theorem
,
was stated in

the first section of this chapter. This theorem follows directly from the

linearity of Maxwell’s equations. The second important theorem is

called the reciprocity theorem. This theorem is most concisely expressed

by the statement that the impedance matrix of a network is symmetrical

;

the element Za is equal to the element Z^. This theorem follows from

the symmetry of Maxwell’s equations and will be proved in Chap. 5.

Since Y = Z-1
,
it follows that Y is also a symmetric matrix and Yu = F,».

The reciprocity theorem is often expressed by the rather ambiguous
statement that it is possible to interchange the position of a generator

and an ammeter without changing the ammeter reading. An inspection

of Eqs. (4) will convince the reader that the statement is vague but

correct.

The third important network theorem is called Th6venin’s theorem .

This theorem states that a network having two accessible terminals and
containing sources of electromotive force may be replaced by an electro-

motive force in series with an impedance. The magnitude of this electro-

motive force is that which would exist across the two terminals if they

were open-circuited, and the impedance is that presented between the

two terminals when all the voltage sources within the network are

replaced by their internal impedances. This equivalence is illustrated in
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Fig. 4*2. Let V be the open-circuit voltage of the network and Z the

impedance looking back into the network when the internal electromotive

forces are zero. Let Zl be the load impedance placed across the network

terminals. Then Th6venin’s theorem states that the two networks shown

in Fig. 4*2 are equivalent. To make this evident, let us imagine that a

source of voltage —V is placed in series with the load ZL . No current

will then flow in Zl. Now, invoking the superposition theorem, this zero

current may be considered as composed of two equal and opposite cur-

Fio. 4-2.—Equivalent networks demon- Fig. 4*3.—Circuit to illustrate Thfevenin’s

strating Th6vertin’s theorem. theorem.

rents, one excited by the external source and the other by the source

within the network. However, the value of the former current is

— V/{Z + Zl)
;
therefore, the current through ZL from the sources within

the network is V/(Z + Z L), which proves the equivalence.

As an example of the application of this theorem, let us consider the

circuit shown in Fig. 4-3. The impedance Z looking to the left of AB
when Vi is short-circuited is

Z = Zs +
Z\Z 2

Z\ + Z2

The open-circuit voltage at AB is

V = —Vl rjZ 1 + Z2

Hence

U = -
Vi*

Z<i

Z 1 + z. F1Z2

Zz + rj—W + Z L
Z1Z2 + Z2Z3 -f- Z\Zz + Zl{Z 1 4- Z 2)

Z 1 -f" Z2

Th^venin^ theorem is one of a class of similar relations, each of which

is particularly useful in certain applications. Let us consider, for

example, a network with two pairs of accessible terminals with the volt-

ages and currents as indicated in Fig. 4*4. The output voltage is

but

V2 — Z12I1 + Z22/2,
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and hence

/* = - Znl i

Z22 + Zl

An equivalent output circuit is, therefore, that shown in Fig. 4*5a. In a

similar manner, it is found from the admittance equation that

V2 = —
Y22 + Yl

therefore, an equivalent circuit can be drawn as in Fig. 4*5b.

Another theorem that is useful in the study of the behavior of net-

works is the compensation theorem . If a network is modified by making

a change AZ in the impedance of one of its branches, the change in the

current at any point is equal to the current that would be produced by

an electromotive force in series with the modified branch of ~?‘AZ, where

i is the current in the branch. This is immediately evident from the

superposition theorem, since, if the network is altered by both changing

the impedance and inserting a series

electromotive force — iAZ, no alter-

ation is caused in any of the net-

work currents. Consequently the

two alterations have equal and op-

posite effects. This is a statement

of the compensation theorem. It

is necessary, however, to consider the special case for which AZ is infinite,

that is, when the branch is open-circuited. Let the impedance in the ifth

branch be ZK and the current through it IK . Now let us suppose that

ZK becomes infinite.

Z22-WV—

Fia. 4-4.—Two-terminal-pair network.

k=-z12/,0 \zL /=-y12 v1 (~) YL=-h/V2 = VZL

(a) (6)

Fig. 4*5.—Output circuits equivalent to circuit of Fig. 4*4.

Let Z' be the input impedance of the network at the terminals of

ZK . Then by Th&venin’s theorem,

I - V'

K Zk + Z'’

where V9
is the voltage across the terminals of ZK when ZK becomes

infinite. If an electromotive force equal to — V' is introduced, the branch
may be open-circuited without disturbing the currents in the remainder
of the network. Hence the change in the network currents caused by
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opening a branch is equal to the currents that would be produced by the
electromotive force

~V' — — Ik(Zk + Z')

acting in series with ZK .

The several theorems that have been considered are based on the

elementary properties of Maxwell’s equations. The reciprocity theorem,

for example, depends essentially on the symmetiy of the electromagnetic

equations. On the other hand, the compensation theorem depends on

the linearity of the equations. Other fundamental properties of net-

works, or network theorems, are based fundamentally on the physical

principles of energy flow and energy dissipation. If the force equation

for the electron is to be regarded as fundamental, these properties can

be regarded as derived from that. If a current i flows into the terminals

of an impedance Z
)
across the terminals of which there exists a voltage

V, then the complex power associated with the impedance is given by

P = $Vi*, where the asterisk denotes the complex conjugate. The real

part of the complex power is the energy dissipated per second in the

impedance; the imaginary part is the difference between the stored

magnetic and the stored electric energy. Thus, if Z is purely real,

is purely real and no energy is stored. If Z is purely imaginary, the real

part of P is zero and no energy is dissipated. The factor $ in the expres-

sion for complex power comes from the fact that the amplitudes of the

currents and voltage are used; that is, the peak values are employed

rather than the root-mean-square, rms, values. If the rms values were

used, the factor £ would be absent.

As an example, let us consider a simple circuit consisting of a resist-

ance, an inductance, and a capacitance in series with a generator. The

impedance Z is

Rationalized, this becomes
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The real part is recognized as the energy dissipated in the resistance.

The energy stored in the inductance is, from elementary considerations,

Wl = iL\i\
2
u>,

and the electric energy stored in the capacitance is, similarly,

Wc = }ClVcl\

where Vc is the voltage across the capacitance. By use of the relation

“i
Vc _ coC

V z
’

some algebraic manipulation will show that

1 \V\ 2R
2 |Z| 2 + j(WL - Wc).

The theorem on complex power is quite analogous to the complex

Poynting energy theorem which was derived in Chhp. 2. This is an

extremely important point, and in Chap. 5 attention

will be devoted to its elaboration in the more general

form suitable for application to waveguide circuits

as well as to the low-frequency approximation con-

sidered here. As might be expected, there is a the-

orem, analagous to Poynting’s energy theorem for

real fields, in terms of currents and voltages in which

the sum of the stored electric and magnetic energies

enters. A discussion of this theorem will be found

in Chap. 5.

It is now desired to state the relations for the

maximum power transfer from a generator to a load.

Froift Th6venin’s theorem it is clear that the gen-

erator, however complex its nature, may be repre-

sented by an impedance Z0 in series with an ideal

generator of zero impedance. The equivalent circuit of the generator with

the load Z L attached is thus simply shown in Fig. 4*6a. The power
absorbed in the load is

P = * Re (Zl)K| 2

or

D 1 D V2 _ 1 RLV2

2
I

Z0 + Z L
\

2 2 (R0 + r l )
2 + (X, + x Ly

It is easy to see that if the load impedance is varied, the conditions for P
to be a maximum are that

Rl = Rq

Z9

(b)

Fig. 4-6.—Circuits

for power-transfer re-

lationships.
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This maximum value is

Xl = -X,.

P max
IF2

8Rl

It should be noted that here again the factor £ would become i if the rms
value of F were used. The factor would, of course, be i in the d-c case

also.

For current generators, the dual relation is in terms of admittances.

The circuit becomes that of Fig. 4*6?>. For this case,

P = ^Re(YL)\V\\

P = 1 I2

““ 8 Gl
where

Gl = B l — — Bg .

Fig. 4-7.—Matching network.

When the conditions for maximum power transfer are satisfied, the load

impedance is said to be the conjugate image impedance. The quantity

Pm&x is often called the “ available

power” of the generator.

If the load impedance does not

satisfy the conditions for maximum
power transfer, a matching network

is often inserted between the gen-

erator and the load, as shown in

Fig. 4*7. If the network is lossless, the condition for maximum power

transfer may be applied, with the same result, at either A or B or indeed

at some point at the interior of the matching network. If the network

is lossy, the two conditions are different, and the proper procedure

depends upon considerations of design.

4*4. The Synthesis Problem and Networks with One Terminal Pair.

—

The problem of finding the properties of a network when its structure and

the behavior of its component inductances, condensers, and resistors are

known has been considered. The problem inverse to this, and more

often encountered in practice, is that of constructing a network having

certain specified properties. It will be seen that there are severe limita-

tions on the possible behavior of networks; these limitations are funda-

mental to network design. Networks have been considered as composed

of a number of branches forming complete circuits and containing sources

of electromotive force and resistors in which power is dissipated. In

general, the purpose of a network is to transfer power from a generator

to one or more impedances which absorb the power. It is convenient

then to remove the generators and the loads from the network and to



96 ELEMENTS OF NETWORK THEORY ISec. 4-4

consider the properties of the network with a number of accessible ter-

minals separate from any loads and generators that may be connected

to the terminals. Networks may thus be classified according to the

number of accessible terminals. In the simplest case, there are only two

accessible terminals, and the network is described by a single quantity

Z 11 ,
the self-impedance, or more simply, the impedance. It must be

remembered, however, that Zn is in general complex and, so far, there are

no restrictions on the frequency dependence of the real and imaginary

parts. Because the problem is still restricted to passive networks,

Re(Zn) must be greater than or equal to zero. Power is therefore

transferred from a generator connected to the terminals only if Zn has a

real component.

Fig. 4-8.—Network having three accessible terminals.

For networks having more than two accessible terminals, only the

transfer of power from a generator connected to one pair of terminals to

various loads connected to other terminal pairs is usually of interest.

The potential difference between one terminal that is connected to the

generator and another that is connected to the load is of no importance.

Thus a network with three accessible terminals may be regarded as a

two-terminal-pair network, one of the terminals being common to the

input and output circuits, as indicated in Fig. 4-8.

Whether or not the two lower terminals shown in the right-hand figure

are connected is usually immaterial. Thus a network with n accessible

terminals may be regarded as possessing n — 1 terminal pairs. The

general network equations [Eqs. (4)] may thus be reinterpreted as express-

ing the linear relations between the currents that flow in and out of each

terminal pair and the voltages across the pairs of terminals. The order

of the impedance or admittance matrix is thus an index of the complexity

of the network under consideration. Networks with one, two, and more
terminal pairs will be treated in succession.

The problem is essentially one of synthesis. Given a junction that

has N pairs of terminals, the contents of the junction being specified by
the elements of the admittance or impedance matrix, it is required to find

the possible meshes inside the junctions and the values of the individual

elements in the meshes. The problem can be solved in two stages hav-

ing different degrees of complexity. First, ways must be found to con-

nect individual elements and the impedances of these elements so that the
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impedance matrix has the proper value at a given frequency. It is

relatively easy to do this. Second, the meshes and the elements must be
chosen in such a way that the frequency dependence of the impedance
matrix is reproduced. The frequency dependence of the elements is

usually chosen to be that specified in Eq. (1), since at low frequencies

such elements are easily obtainable with ordinary coils and condensers.

Such networks are certainly physically realizable. At the higher fre-

quencies, where guided waves are the primary concern, it is not at all

certain whether it is advisable or even possible to form equivalent circuits

of individual elements whose frequency dependence is given by Eq. (1).

In general, therefore, the discussion will be limited to a consideration of

the first part of the synthesis problem, namely, that of finding the meshes

and the elements at a single frequency. Some important things may,

however, be said about the possible dependence on frequency of the

equivalent circuits for guided waves.

Let us consider the simplest case of a network with only one terminal

pair. As has been already stated, one equivalent network for a first-

order impedance matrix is a single impedance having the specified value

at the given frequency. However, there may also be several impedances

in series or in parallel that together have the required impedance. Thus
it is obvious that there is not a unique solution to the problem. An
attempt must be made, then, to find the simplest and most convenient

solutions. The simplest solution, in this case, is obviously a single

impedance element. A more complicated solution is necessary if it is

desired to proceed to the second stage in the synthesis problem. If the

network must have a complicated frequency dependence, then its com-

position out of simple elements will be correspondingly complicated.

Indeed, it may be that there exists no network, however complicated,

composed of sfmple elements such as R
,
o>L, — 1 /o)C> which will give the

frequency dependence that is desired. Only certain variations with

frequency can be obtained with physically realizable elements. A dis-

cussion of this question resolves itself into two parts, and it is convenient

to treat first the case where the impedance Zu is purely imaginary.

The restriction on the variation with frequency for this case is known
as Foster’s theorem

,
and this theorem may well be classed with the other

network theorems which have been called fundamental. Foster’s

theorem states that the impedance, or admittance, of a lossless network

with two accessible terminals must always increase with increasing fre-

quency. This is obviously true for the simple clement given in Eq. (1).

It is also true, as is shown in Chap. 5, for the general case of guided waves.

A simple proof for the low-frequency case 1 will be presented here. If

1 A. T. Starr, Electric Circuits and Wave Filters
,
2d ed., Pitman, London, 1944,

Appendix X, p. 463.
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the value of the impedance Zr in Fig. 4*9a is changed by an amount AZT ,

new currents will flow in the network. By the compensation theorem,

these new currents will be equal to those which would be caused by the

generator shown in the equivalent circuit of Fig. 4*96. The original

admittance of the network was Y = I/V, and the electromotive force V

389
(a) (b)

Fia. 4-9.—Equivalent circuit demonstrating Foster’s theorem.

produced a current Ir in the branch r. Hence, by the reciprocity theorem,

an electromotive force of —

/

rAZ r in the branch r will produce an input

current of

—

7

rAZ r
j

V *r.

The change in the admittance is therefore

If the network is purely reactive, Ir will be of the form ja rV ,
where

ar is real, and AZr must be jkrAa> ,
where kr is real and positive. Hence

AY
Ao)

Since this is greater than zero, the theorem is proved. At zero frequency,

the network must be either a pure inductance or a capacitance, and the

admittance must therefore be either

zero or minus infinity. Since the ad-

mittance must increase with fre-

quency, it will increase to infinity,

Fio. 4*10.—Foster representations for a Fio. 4*11.—General lossy two-terminal
lossless impedance element. network.

then change to minus infinity, and increase through zero to plus infinity

again, repeating the process perhaps many times. From the duality

principle it is clear that this must be true also for the impedance. This

dual relationship is illustrated by the two possible equivalent circuits
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shown in Fig. 4*10. It should be emphasized that by means of networks

of this form, the most general frequency dependence that is possible with

elements in the simple form of inductances and condensers can be

realized.

If the network contains resistances, the above statements are no longer

true. Darlington 1 has shown that the most general lossy two-terminal

network can be represented by the circuit shown in Fig. 4*11. Here

the resistance R is independent of frequency, and the four-terminal

network contains no lossy elements. For a further discussion of this

important and interesting aspect of circuit theory the reader is referred

to Vol. 9, Chap. 9.

4*6. The Circuit Parameters of Two-terminal-pair Networks.

—

Perhaps the most important type of network for microwave applica-

tions is that for which the impedance matrix is of the second order.

The network has two pairs of terminals, and three independent param-

eters are necessary to describe its properties. The importance of such

networks lies chiefly in the fact that they are readily connected in cascade

or with lengths of transmission lines to form a transmission system. The

whole assembly can then be reduced to an equivalent linear device

represented, again, by three parameters. A common name for a two-

terminal-pair network is “ transducer. ” The impedance matrix isof the

form

The simplest equivalent circuit for this is the familiar T-network shown

in Fig. 4*12. The positive directions of the currents and voltages that

1 2

Fig. 412.—T-network.

will be adopted are indicated on the figure. It should be noticed that if

the currents and voltages have positive values, power is flowing into the

network at both pairs of terminals. The values of the impedances

shown on the figure are easily derived. For example, consider the mesh

starting at terminals (1) and indicated by the arrow in Fig. 4-12. If

the voltage drops around this mesh are added, it is found that

Vi = (Zn - Zu)h + Zith + Z 12J 2 , (11)

1 Sidney Darlington, “Synthesis of Reactance 4-Poles,” J. Math. Phys ., 18 , (1939).
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and V2 may be found in a similar fashion. The current in the first mesh
flows through the impedance Zn in the same direction as the current in

the second mesh. Thus if the shunt impedance in the network is posi-

tive, the mutual impedance element in the matrix is also positive. This

is the most cogent reason for the choice that has been made of the positive

directions of the current. The choice of the positive directions will be

made, whenever possible, so that if power is flowing into all terminals of a

complicated network, all the impedance or admittance matrix elements

are positive definite if the cor-

responding network elements are

also positive definite.

The admittance representation

that is the dual of the T-network

is the Il-network shown in Fig.

4T3. It will be noticed that the

direction of I 2 and also the direction of V 2 have been reversed in this

case. In this way the requirements for positive matrix elements are

satisfied. It is easy to verify the fact that the correct' values have been

assigned to the circuit elements by considering the currents flowing in and

out of the node at the upper terminal ( 1 ) . Thus

h = (Yn ~ Yn)V

i

+ Yu(V l + F2), (12)

and a similar expression exists for / 2 .

It is possible also to find the admittance matrix corresponding to the

T-network by the relation

Y = Z- 1
. (13)

Yn

Fig. 4*13.—Tl-network—dual representation

of T-network.

The elements of Y may be easily found from the definition of a reciprocal

matrix given in Sec. 4*2,

'• r„ =

Yu =

Yu =

(14)

where

D = ZnZ 22
~~ Z\2 . (15)

It will be noticed from the second of Eqs. (14) that if Zi 2 is positive, Fi 2

is negative. This arises because the positive direction of the currents

shown by the network of Fig. 4T2 would not be correct for an admittance

representation. In a similar way, it is possible to write
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Moreover,

n '22Zn = T ’

7 YaZu = ~
~a’

y Y 11

^22 -

A = YnYti -

DA = 1.

These relations will be found useful in many ways.

A most important relation is the one giving the value of the input

impedance of the network when the network is terminated by an arbi-

trary load Z L . The second relation between the voltages and currents is

given by
V ‘2 — Z12/1 + Z22/2, ( 18 )

and it is required that

X1 = -Z L ( 19 )

Z22 + Zl

Hence the input impedance is given by

By the duality principle, therefore,

zu
Z 22 + Zl

1 in — 111 - . _Ik ...

) 22 + 1 L

Lj-Af L2 -M

It should be noticed that the value of the input j

impedance (or admittance) is independent of the Fig. 414.- T-net-

directions of the currents; this is guaranteed by the ^osely coupled
6

coils.

°

f

fact that it depends on Z \2 (or Y f 2 ).

The parameter that is sometimes used to express the degree of cou-

pling between the circuit connected to terminals ( 1 ) and that connected

to terminals (2 ) is the coefficient of coupling k which is defined by

k = -

y/Z\\Z<n

This parameter is most commonly used in connection with loosely coupled

coils. The equivalent circuit of this device in the T-network representa-

tion is shown in Fig. 4T4 . The value for k in this case is
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k = M
y/LiL*

(24)

The parameter k thus has some value between zero and unity.

For many cases, the most useful circuit parameters are the input

impedances of the network when the output end is open- or short-cir-

cuited. The impedance looking into terminals (1) when terminals (2)

are short-circuited will be denoted by ZHU, correspondingly, when ter-

minals (2) are open-circuited, the input impedance is Z {£. The super-

script (2) will be used to denote the corresponding quantities for terminals

(2). From Eq. (21) it is clear that

Z (w — Z ii,

Z<£ = Z\\ -

z<*> = Z22,

z<*> = z 22 -

zu
zJ

Zh
Zn

'

Also

4- = - = Z<CV-
Ill Z 22

Then from Eq. (14) it is noted that

1 \\Z\\ = Y 22-^ 22 *

(25)

(26)

(27)

In terms of the short- and open-circuit parameters, this relation becomes

and by the duality principle

Z<2!

Z‘!>

y
r<n

* BO

y
r
(f)

1 00

Z(S
zwoc
y

r
( 2 )

1 no

YS'

(28)

(29)

A good example of the usefulness of

these relations is afforded by the fol-

lowing. It is easy to calculate the ex-

pression for the transformation of an

admittance that occurs when a length

of transmission line is added to it. Let

terminals (2) be chosen as indicated in

Fig. 4- 15. Application of Eq. (29) to the combination of the admittances

of the line and of the shunt element results in

Fin __ jY0 tanh x + Y

l

Fio. 4-15.—Transformation of an
admittance by adding length of trans-

mission line.

—jY» coth x —jY0 coth x + Y i.

(30)
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which can be reduced to the usual form

103

Fin = Fo
Y_l +J)Yo tanh x
Y o + jY l tanh x

(31)

Other useful parameters are the coefficients in the set of linear equa-
tions that relate the input current and voltage to the output current

and voltage. They are given by

Vi = aVi - «J2 ,
\

L = ey 2 - x>/ 2
. j

The parameters are related to the impedance matrix elements by

s>
II

N
jN

r>5

^ « =
£J

1 2

II

N
^

10

V

Z 22
5) — y

'

"12

(32)

(33)

There must be a relation that corresponds to Eq. (28) and that also

expresses the reciprocity condition. This has the form

la «|

e
(34)

are chosen as the column vectors, then Eq. (34) is

the determinate of the matrix. If Eq. (32) is solved for F2 and / 2 ,

it can be written, in matrix form, as

ft) -(?;)&)•
The elements of the matrix are the same as those of Eqs. (32), but in a

different order, and the determinant of the matrix of Eq. (35) is equal to

unity. This set of parameters has been in use for a long time, particu-

larly for applications involving power transmission lines. From Eqs.

(33) it is immediately evident that if the network is lossless and the

Z ’s are all pure imaginary, the elements Q and 3D are pure real and (&

and 6 are pure imaginary. If the network is symmetrical, Zn = Z 2

2

and Ot = 3D.

The utility of this set of parameters becomes more obvious when

networks connected in cascade are to be considered. This situation

will be treated in more detail in the following section. An important

example of the use of these parameters is afforded by the case of the

ideal transformer. The matrix of a transformer takes the form
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lo

(36)

where n is the turn ratio of the transformer, the direction of voltage stepup

being from terminals (1) to terminals (2). No impedance or admittance

matrix exists for the ideal transformer. The elements all become

infinitely large, and therefore the series impedances of the equivalent

T-network are indeterminate.

Three important sets of parameters and their duals have just been

presented which may be used to specify completely the properties of a

general, passive, linear network with two pairs of terminals. The set

that is most convenient to use depends on the particular application in

question.

4 *6 . Equivalent Circuits of Two-terminal-pair Networks.—Another

method of describing the behavior of a network is by means of an equiva-

lent circuit. It has been shown that three parameters are necessary

for the complete specification of a network with two pairs of terminals.

The equivalent circuit must therefore contain at least three circuit

elements. There is, of course, no unique equivalent circuit but an

infinite number of them. Moreover, they may contain more than three

circuit elements. Two examples have already been given—the familiar

T- and II-representations. For microwave applications other representa-

tions are also useful. Portions of a transmission line have been intro-

duced as circuit elements. In Chap. 3, lines of this type were discussed,

and the II- and T-equivalents for such lines were given there. These

lines will now be considered as convenient circuit elements, and the

electrical length and characteristic impedance to define their properties

will be specified. Although this could be done for the general case of

lossy transmission lines, the discussion will be confined to the case where

the lines are lossless, since, these are by far the most important cases for

microwave applications.

A simple case of such equivalent circuits is demonstrated by the cir-

cuits shown in Fig. 4T6. These circuits consist of transmission lines,

one shunted by an arbitrary admittance and the other having an arbi-

trary impedance in series. The three parameters are thus the value of

this admittance Y
,
the length of the line l, and its characteristic admit-

tance Y0 . The line with the series impedance might be termed the dual

representation. These two circuits are duals of each other in the sense

that the relation between Y and the elements of the admittance matrix

corresponding to one circuit is identical- with the relation between Z
and the impedance matrix elements that describe the other circuit. Not
all of the important circuits of this type will be discussed in detail, but

several are shown in Figs. 4* 16 to 4*23. The relations between the cir-
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Y11 = Yi — j cot 01,

Yn = Yi - j cot 01,

Yn = ±j esc 01,

Yi — Yu +j^l + yj^>

r- = r°-> + J
yj

l + yr'

(31 = esc-K+jFw) = sin
-1
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cuit elements and the impedance, or admittance, matrix elements are

given in the legends. Each set of equations given in the figure legend

refers to the (a) circuit, which is shown on the left of each figure; the

Yn

Yn

Yn

. 1 — cot fih cot
iQh — jY cot fih

^
cot fih ~\r cot fih ~l” jY 1

. 1 — cot fih cot fil 2 — jY cot fil 2

^
cot fill 4* cot fil2 4" jY

j esc fih esc fil2

cot fill 4" cot fil 2 4V jY

o

o

h

Symmetrical Case Only

Y ~ Yn[l - (Yn + Fn) 2
]

+ 2(Fn + 7l2) '

fil = cot' 1 {—jY 11 - jY 12).

l

Zo

1 :n

Fig. 4*20.

z 11
= —j Zo CQjb fil , # = 1

\/ZuZ22
COS 1 « ;

Z 12

Z22 = —jn 2Zo cot fil ,
z„ =

Z\2 = jnZ0 esc fil, n = \Z22

\ Zn*

circuit (6), on the right, is the dual circuit. Thus in the legend of Fig.

4*17 the relation

Yn = Yi - j cot fil

is given. The corresponding equation for the dual circuit is

Zn = Z 1 — j cot fil ,

which is seen to be identical in form with the equation for yn . In a
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similar way,
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Z 12 — j esc
/31,

Zh = Z 2 — j cot 01.

(37)

These circuits are of importance for microwave applications princi-

pally because they can be reduced to very simple circuits by adding

portions of transmission lines. This corresponds to shifting the planes

o-HI
*0 = 1

1 :n

Fig. 4-21.

*0 = 1

*11*22 ~ *h —

*11 = j tan

*22 = j tan

n2 tan fill tan fil 2 — 1

fill + tan-1 (n2 tan 0Z 2)L

tan fih tan fil 2 — n2

tan fih =

tan fil 2 =

—

1 + c2 - a 2 b 2

2(6c — a)

+ c2 — a 2 — 6 2
~

2 (6c - a)
+ 1>

6 + ca 1 + aa
— a + a

— ca — b

1 + aa
0>
= —J* ll,

6 = * 11*22 — * 12 >

C = “J* 22,

a = tan #i.

- ah

a — a

c — ab’

Fig. 4*22.

11
= —j'cot 01, 01 = cot-1 jZn,

sj = Z — jn2 cot 01,

Z\2
n — —

7 1

\/l + Z'h

12 = jn \/cot 2
fil — 1, 7 _ 7Z - Z2i

j +
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of reference in a waveguide circuit to those points which are most con-

venient for the purpose at hand. Thus in Fig. 4*21, if an additional line

length is added to each end, so that the total length of each of the trans-

mission lines connected to the transformer is an integral multiple of a

half wavelength, then the transmission lines may be omitted entirely

and the circuit reduces to that of an ideal transformer alone. The
circuits shown in Fig. 4T8 may be useful in finding the arrangement of

waveguide or coaxial line necessary to reproduce a given T-network

representation. The impedance of a coaxial line can be easily adjusted,

and the shunt susceptance may be introduced by diaphragms. This

question can be discussed more completely after the equivalence of cer-

tain waveguide configurations to their networks has been shown. The
circuit shown in Fig. 4T9 depicts another case in which an extremely

simple circuit can result from the addition of lengths of transmission

lines. It is evident, therefore, that a general two-terminal-pair network

can be reduced either to
(
a simple shunt element or to a simple series

element. Thus the concepts of “ shunt” and “series” lose much of

their significance in transmission-line applications. As a corollary to

this, it is easily seen that a pure shunt element is equivalent to a pure

series element plus a transmission line one-quarter wavelength long.

Likewise, a pure series element is equivalent to a pure shunt element

plus a quarter-wavelength line.

The existence of the circuit shown in Fig. 4*21 is a sound justification

for a terminology that was introduced as slang. Any device, such as a

diaphragm or a screw, introduced into a length of waveguide was spoken

of as a “transformer.” The meaning that this phrase was intended

to convey was merely that the diaphragm could change the amount of

reflected and transmitted energy in the line. Figure 4*21 shows that this

expression can be interpreted quite literally, and the turn ratio of the
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equivalent ideal transformer can be calculated in any given case. The
transformer is not located at the position of the diaphragm, but at some

other place along the line.

The equivalent circuit of Fig. 4*21 is particularly useful for interpret-

ing the measured properties of a waveguide junction. 1 The turn ratio

of the transformer is numerically equal to the voltage standing-wave

ratio at the input terminals when the output terminals are connected to a

matched transmission line. There is a simple relation between the posi-

tion of a short circuit in the output-terminal line and the equivalent

short circuit in the line connected to the input terminals. It is

tan 0(Z 3 — h) = n tan p(U — h), (38)

where lz and U represent the distances from the reference planes and h
and h are the network parameters.

It is important to notice one fact about all these equivalent circuits.

Although, at a given frequency, the elements of the circuit are perfectly

definite and can be represented by circuit elements familiar to low-

frequency practice, these elements do not have the proper variation with

Fig. 4*24.—-Transformation from II- to T-network.

frequency. A circuit containing negative susceptances may be con-

sidered, at a single frequency, to be made up of inductances. These

inductances at low frequencies have susceptances inversely proportional

to the frequency. In the waveguide equivalent of this circuit, the

inductances may have an arbitrary frequency variation. This serves

merely to emphasize the fact that equivalent circuits are purely artificial

devices and do not completely correspond to reality. In particular

cases it is possible to find equivalent circuits that represent the wave-

guide configurations not only at one frequency but, to a good approxima-

tion, at a whole range of frequencies, provided that this range is less than

one octave.

Perhaps the most useful transformation from one equivalent circuit

to another is the familiar one from a II- to a T-network. Let the circuit

elements be designated as indicated in Fig. 4*24. The relations between

them are given by

1 N. Marcuvitz, u Waveguide Handbook Supplement ,

”

RL Report No. 41, Jan. 23,

1045, p. 2.
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where
D' « YaYb + Ya Yc + YbYc

(39)

(40)

Since these circuits afe duals of one another, the inverse relationships are

identical in form. For example,

Yb
Z3

^

ZiZ 2 4“ Z \Z 3 4" Z2Z3
(41)

4*7. Symmetrical Two-terminal-pair Networks.—Many waveguide

configurations are symmetrical about some plane perpendicular to the

axis of the transmission line. If this is the case, the input and output

terminals are indistinguishable, and the number of independent param-

eters needed to specify the network is reduced from three to two. In the

matrix representation, Zn becomes identical with Z22. The circuits

shown in Figs. 4*16 and 4-20 reduce simply to a transmission line with the

usual parameters: length and characteristic impedance. The relation-

ship between a symmetrical two-terminal-pair network and a line is well

known, and it will not be considered further here. We can state, how-

ever, a useful theorem known as the “bisection theorem.” 1 This theorem

can be formulated in a somewhat simpler form than that in which it was

originally stated. If equal voltages are applied to the terminal pairs (1)

and (2) of a symmetrical network, equal currents will flow into the two

pairs of terminals and no current will flow across the plane of symmetry.

The input impedance is then simply (Zn 4“ Z 12). This may be called the

open-circuit impedance of half the network, Z«

If $qual voltages are applied to the two pairs of

terminals but in opposite directions, the voltage

across the center line of the network must be zero

and the currents entering the terminals equal and

opposite. The input impedance under these con-

ditions is (Z 11 — Z12). This impedance is written

as These two values of input impedance

are convenient ones to use, in some cases, to specify

a symmetrical network.

A good example of the application of this theorem is the lattice form

of network shown in Fig. 4*25. If equal voltages are applied to the two
ends of the lattice, no current will flow in the impedance Zi. Hence

Zoo™ = Z2 = Zn 4" Z12. (42)

1 A. C. Bartlett, The Theory of Electrical Artificial Lines and Filters
,
Wiley, New

York, 1030, p. 28.

Zi

Fig. 4*25.—Lattice

work.
net-
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Likewise, if equal but opposite voltages are applied to the terminals,

no current will flow in the impedance Z 2 and

Z»a^ = Z\ — Zll — Z 12 . (43)

From these equations, the matrix parameters corresponding to the lattice

case may be found,

y Z\ + Z<L \
“n —

£ — ’ /

- z, - z, <«)
Z,, - 2 — |

The bisection theorem as originally stated by Bartlett was phrased in

terms of cutting the symmetrical network into two equal parts. The
theorem stated the values of the input impedance of half of the network

when the terminals exposed by this bisection were either open- or short-

circuited. The example of the lattice network has been given because,

for this case, it is difficult to see just how the network should be divided.

The derivation that involves the application of two sources of potential

avoids this difficulty. The lattice network is particularly suitable for

theoretical investigations of the properties of low-frequency networks and

has been much used for this purpose. It can be shown that the lattice

equivalent of any four-terminal network is physically realizable in the

lattice form. “Physically realizable” means, in this case, that it is

unnecessary to use any negative inductances or capacitances to construct

the lattice. The lattice form, on the other hand, is

quite unsuitable for the construction of practical net- « V\A ?
works at low frequencies, since no portion is

grounded and the inevitable interaction between the 7

2

elements of the network destroys its usefulness.

This is not true of microwave applications. A con- / Z
x

Nv

figuration of conductors that can be reduced to the * VW ^

lattice form may well be a practical microwave lattice network,

circuit. As will be shown later, a magic T with ap-

propriate impedances connected to two of the arms is a lattice circuit

having the other two arms as the input and output terminals.

For a network to be symmetrical it is, of course, not necessary that

the arrangement of components be symmetrical. Thus, the more general

lattice shown in Fig. 4-26 has a symmetrical T-network whose matrix

elements are given by

„ ^ (Zi + ZmXZi + Z.)Z“-z22 -
(Zj + Za) + (Zl + Zsy

Zi - z,z, (
(45)

^ is -
(Zi + z,) + (Zi + z,y /

Zll — Z 22 =

Z 12 =

The circuit shown in Fig. 4-21 also has no obvious symmetry when the
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input and output terminals are identical. The matrix elements reduce to

„ (n2 + 1) tan 0h
All = —

>

Z2
11

n 2 + tan'5 ph
n 2 + 1

(46)

r

for this case. The three network parameters given in Fig. 4*21 must be

subject to one condition. This condition is that

tan pi

i

= — cot pfa. (47)

z'„-z'

There are many other useful equivalent circuits of more complicated

forms which will not be discussed here in detail. 1

4«8. Chains of Four-terminal Networks.—The great utility of the

theory of the two-terminal-pair network lies in the fact that complicated

transmission lines can be regarded

as composed of a number of such

networks connected in cascade.

The transmission line can then be

treated as a whole, or a small part

of it can be reduced to a new T-

network with the proper values of

the network parameters. For two
T-networks in cascade, as shown in Fig. 4-27, the matrix elements of the

combination are given by

Fia. 4*27.—Two-terminal networks in cas-

cade.

Z['i

ZK

— 7 ,,
Z 12

"ii Z 12 + Z\i

Z 12Z
r

12

Z22 + Z’n

^ 12— Z/22
Z22 + Z'n

(48)

where the superscript t refers to the combination. The process of com-

bination can be continued to any extent, and the whole transmission line

reduced to an equivalent network with three parameters. The utility

of the Ct(B<32) matrix is evident when it is applied to this problem. If

the constants of the first network are denoted by unprimed letters and

those of the second by primed ones, then by direct substitution it is found

that

1 The reader is referred to the very useful appendices in K. S. Johnson, Transmis-

sion Circuits for Telephonic Communication
,
Van Nostrand, New York, 1943.
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It is evident from this that the matrix of the combination is equal to the

product of the matrices of the components.

Let us consider an infinite chain of identical networks. At any pair

of terminals the impedance seen looking in either direction must be

independent of the particular pair of terminals chosen. It must be given

by
Z? 2Z = Zn

The solution of this expression is

Z 22 + Z (50)

Z = i(Zn — Z 22) i \/t(Zii + Z 22)
2 — Zj 2 (51)

Since the networks are identical, this impedance is commonly called the

iterative impedance . The two signs before the square root refer to the two

values of the impedance seen in opposite directions from the pair of ter-

minals. These impedances are alternative parameters with which to

describe the network behavior. Moreover, the ratio of input to output

currents in any network in the chain is given by

Z 12 -fn “ (Z 22 + Z)In+\ = 0, (52)

where the negative sign arises from the convention, earlier established,

that the currents always flow into the network at the upper terminals.

The third network parameter is then defined by

Jn+l

In
= e~ (53)

where T is called the iterative propagation constant or the transfer constant

of the network. It is given by

e~ r = (Z 1

1

Z 2 2) db V (Z 11 + Z22)* ~ 4Zf 2

2Z 12

This result may be rewritten in a much neater form as

Zn + Z22
cosh r =

2Zi

(54)

(55)

A chain of networks of this sort is thus somewhat analogous to a trans-

mission line but is an unsymmetrical case. The voltage across any pair

of terminals either decreases or increases in a constant ratio along the

network, corresponding in a way to waves propagating either to the right

or to the left.

The iterative impedance has another significance that is sometimes

useful. A two-terminal-pair network may be regarded as a trans-

formation in the complex plane. If the load impedance is represented

as a point on the complex Z*,-plane, the input impedance is a point on the
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Zin-plane that is related to the first by the transformation given by

v _ aZh + b
** - cZL + d

Thus, the output plane may be said to be mapped onto the input plane

by this transformation. Transformations of this form are called bilinear

transformations or linear-fractional transformations. They have the

important property that they are conformal; that is, angles in one plane

are transformed to equal angles in the other plane. Thus a grid of

perpendicular intersecting lines is transformed to two sets of circles that

are mutually orthogonal. The iterative impedance, as is evident directly

from Eq. (50) ,
is represented by the point whose coordinates are unchanged

by the transformation. It is thus sometimes referred to as the fixed

point .

Fig. 4-28.—Networks connected in cascade on the image basis.

Another very common method of connecting networks in cascade

is shown in Fig. 4*28. If the impedances connected to the network satisfy

the relations

I: : I

then the network is said to be connected on an image-impedance basis.

If Eqs. (56) are evaluated in terms of the network parameters, Z/, and

Z/, are given by

?;,*'= (ZnZ„ - Zh),

Zn = CZUZM - ZU).

From Eqs. (25) it is evident that these impedances can also be expressed

Z„ = VZ%Zg\
z„ = VZW%.

The third network parameter is again defined in terms of a voltage or

current ratio as

(59)
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The quantity 9 is called the image transfer constant,

verified, it is given by

tanh 9 =

cosh 9 =

As may be easily

(60)

(61 )

If the networks under consideration are symmetrical, the distinction

between the image impedance and the iterative impedance disappears.

In this case the impedance is commonly spoken of as the characteristic

impedance, since the analogy to a continuous transmission line now
becomes complete. In symmetrical networks,

(62)

(63)

4*9. Filters.—A chain of two-terminal-pair networks connected in

cascade constitutes a filter. Waves in certain definite bands of fre-

quencies are propagated along the chain without attenuation but with a

definite phase shift from section to section. Since no resistive loss is

assumed to be present, Zn and Z i 2 are pure imaginary. Equation (61)

shows that cosh 9 is always real. If its value is between —1 and +1,0
must be pure imaginary. The range of frequencies for which this is true

is called the pass band of the filter. When |cosh 9\ is greater than Unity,

9 is real and there is attenuated propagation without phase shift. By a

suitable choice of the components of each network, it is possible for Zn
and Z 12 to have a frequency dependence such that a given band of fre-

quencies is passed without attenuation. It should be pointed out that

frequencies which are rejected can be said to be reflected from the filter.
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The presence of attenuation does not imply that the energy of the attenu-

ated waves is dissipated in heat. It is, of course, possible to construct

a device for which this is so, in which the attenuation of unwanted
frequencies is accomplished by means of resistive elements. Such a

device is usually called an equalizer. It is difficult, however, to have zero

attenuation in the pass band when resistive elements are used. The
microwave analogues of equalizers have, as yet, no important applica-

tions, and no further discussion of their properties will be presented here.

A simple example of a filter is shown in Fig. 4 -29a. Each section of

this filter may be taken to be a T-network with series inductance L/2 and
shunt capacitance C. Hence

Z ii

jo)L

2

Z 12 = ±,
0)C /

(64)

The characteristic impedance is then

(65)

The characteristic impedance is real only for values of a> less than the

cutoff value a><. The cutoff frequency is given by

03c =
2

Vlc (66 )

For angular frequencies below oj r ,
Z 0 is real; 6 is pure imaginary and is

given by

cosh 9 = 1

w 2LC
“2 7

0 = j cos
*

1

(67)

The filter is thus known as a low-pass filter. A simple high-pass filter is

shown in Fig. 4-296. Here

Zu

Z 12

Zo

2o>C
+ JcoL

’

j<*L,mr\C 4«*C**

uc =
1

2y/L~C

e J COS
-

0 2«*Lc)'

(08)

(69)

(70)

(71)
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Figure 4.29c shows a bandpass filter. For this filter,

7 . L
An = Ju-y - ]

L'

C

wlJ -
OlC

Zn — —j

U_

c

coL’
(i>C

The pass band is given by

-1 ^ y1 = + 1
A 12

or

-4 - co
2LC ^ 0.

Jj

The lower cutoff frequency is

and the upper one is

Vl'c

LL + _L
yjic

+
l’c

The characteristic impedance is given by

Zl =

L
C

1
- - 2JSC

CO

o>
2L2

4

(72)

(73)

(74)

For small values of o>, Zl will be negative and will be given approximately

by

Zl « -<o 2L (l’ + (75)

which represents an inductive reactance.

By the use of more complicated structures, filters with several pass

bands, or filters that eliminate a special band while passing all others, can

be constructed. Only infinite chains of identical networks have been

thus far considered. The problem of .designing practical filters with

only a few component networks depends very considerably on the manner
in which the filter is terminated. Moreover, it is often important to have

much larger attenuations near the pass band than can be obtained for

the simple filters that have been used for illustration here. For a more

complete discussion of filter design at microwave frequencies, the reader

is referred to Chaps. 9 and 10 of Vol. 9.
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If the series impedances and the shunt susceptances of the T-networks

that compose the chain are decreased and made to approach zero, the

chain of networks approaches the continuous transmission line that was

discussed in Chap. 3. If the value of the series impedance of the T-net-

work is (Z/2) dz and the shunt admittance is Y dz
y
then

Zn =
5 dz + Tdz’

Zn =
Ydz

and

cosh 0 = | Y(dzY + 1

(76)

Since 0 is now small, cosh 0 may be expanded and

S - ± '/ZK - (77)

By definition, however, 6/dz is identical with the propagation constant y
of a transmission line, and Eq. (77) is identical with Eq. (12) of Chap. 3.

Similarly, the characteristic impedance becomes

which approaches the value in Eq. (3* 12) as dz approaches zero. The
bandpass filter of Fig. 4*29c approaches a transmission line with character-

istic impedance

where
Z — jcx)L,

V = ju>C -

Oil/

or

(78)

As before, Zo is real for u 2 > 1/L'C but remains real for all higher values

of co. The upper cutoff frequency has therefore moved off to infinity as

the impedance of each section was decreased. The propagation constant

is

7 = ^ - «*LC. (79)
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This variety of high-pass transmission line is an exact analogue of a

waveguide that is propagating an H-mode. If, as in Chap. 3, the voltage

is taken to correspond to the transverse electric field and the current to

the transverse magnetic field, then the impedance per unit length is a

pure inductance, since there is no longitudinal electric field. Thus it

may be assumed that

Z = jcO/JL- (80)

The shunt admittance per unit length will have two parts, the first con-

tributed by the displacement current and therefore capacitive and the

second arising from the longitudinal magnetic field. Let it be assumed

that

Y = jUe - Ci, (81)
con

where C\ is a constant. To find the value of C i, the propagation constant

may be calculated as

7
2 = ZY = + Ci. (82)

It is evident that Ci must be equal to the square of the cutoff wave

number for the mode in question; for the dominant mode in rectangular

(a) (b)

Fig. 4-30.— (a) Equivalent circuit for dominant-mode transmission in rectangular wave
guide; (6) equivalent transmission line for E-modes.

guide it is (x/a) 2
. An equivalent circuit may thus be drawn as shown in

Fig. 4*30a. By similar arguments, it can be shown that the equivalent

transmission line for i?-modes may be represented by Fig. 4*306. It

should be pointed out that if the waveguide is filled with a lossy dielectric,

the circuits of Fig. 4*30 must be altered to have a resistance shunted

across each condenser. Losses that arise from imperfectly conducting

walls are not so simply represented.

4*10. Series and Parallel Connection of Networks.—Two-terminal-

pair networks may be connected in other ways than in cascade. In

Fig. 4*316, two networks are shown connected in series. The network

parameters of the combination may easily be found by a simple matrix

calculation. If superscripts are used to distinguish the two networks,

and symbols without superscripts to designate the parameters of the

combination, then
Z = Z<” + Z(2)

. (83)
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Figure 4-31a shows two networks connected in parallel. Here, the admit-

tance matrices are most useful, and

Y = Y(1) + Y(2)
. (84)

Combinations in which the input terminals are in series while the output

terminals are in parallel, or vice versa, are also possible. They represent
,

however, obvious extensions of the simple cases just discussed.

( 1 ) ( 1 )

(a) (6)

Fig. 4*31.—Two-terminal-pair networks connected (a) in parallel and (h

)

in series.

An important condition is always imposed in this type of intercon-

nection. When the impedance matrix is set up, it is assumed that the

same currents flow out of the lower terminals of the network as into the

upper terminals. For the relations given by Eqs. (83) and (84) to be

valid this must also be true of the combined network. Moreover, the

potential between, for example, the upper terminals on the input and

output sides must be undisturbed. Thus, in the series connection, if

each network is represented by a T-network, the network must be

arranged as in Fig. 4*32a and not as shown in Fig. 4*326. In the arrange-

ment 6, the conditions are obviously violated by the short-circuiting of

the lower network. For a further discussion of this question, the reader

is referred to Guillemin 1 and the references there cited.

1 E. A. Guillemin, Communication Networks
,
Vol. II, Wiley, New York. 1D35>

Chap. 4, pp. 147/.
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4*11. Three-terminal-pair Networks.—Little has been done on the

investigation of three-terminal-pair networks as low-frequency circuits.

In the microwave field, many devices employ T-junctions whose equiva-

lent circuits are of this type. The impedance matrix is of the third order

and contains nine elements. From the reciprocity relations, the matrix

must be symmetrical
;
therefore there are only six independent parameters,

\Z 13 Zn Zzsj

Several convenient equivalent circuits exist by which the behavior of the

network can be described. An obvious circuit is shown in Fig. 4*33. The

Fig. 4*33.—Equivalent circuit for three-terminal-pair network.

values of the circuit elements in terms of the matrix components are

indicated in the figure. They may be verified by inspection. If this

circuit represents a symmetrical T-junction with a plane of symmetry

through the center line between terminals (3), the number of independent

parameters is reduced to four and the impedance matrix takes the special

form

Z\\ Z 12 Z\z

Z = Z\i Zn Z is .

Z 13 Zn Zn

Because many microwave junctions have a symmetry of this type, this

represents an important case. Other equivalent circuits may be obtained

from that shown in Fig. 4*33 by the transformation of portions of the

circuit from T- to II-networks or to some of the transmission-line forms

shown in Figs. 4*16 to 4*23 inclusive (Sec. 4 6).

Since it is not required that the equivalent circuit represent the volt-

age between one terminal and another, the six input lines of Fig. 4-33 may
be reduced to four by connecting three of the lines together. If this

common point is designated as the ground point, then another circuit

may be drawn, with four terminals and six independent parameters, as
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shown in Fig. 4-34. Here any pair of input terminals is to be taken as

one of the numbered points and the ground point. The four terminal

points may be thought of as the four corners of a tetrahedron, and the

circuit elements then lie along the edges of the tetrahedron. This

circuit also may be transformed to other forms by the usual T- to II-trans-

formation. It must be noted that although the circuits in Figs. 4-33 and

4*34 may be represented by the same impedance matrix, it is impossible

to transform one of these circuits into the other. In this sense the two

circuits are not equivalent . They

differ in the relationship that ex-

ists between the voltage difference

between, for example, the upper

members of terminals (1) and (2)

of Fig. 4*33 and the corresponding

points, (1) and (2), of Fig. 4-34.

The impedance matrix implies

four terminals and six inde-
pendent parameters.

Fig. 4-35.—Transformer representation of

series and shunt T-junctions.

nothing about this voltage difference but the circuits define it uniquely.

This fact must be kept clearly in mind when equivalent circuits for micro-

wave devices are employed.

The four-terminal circuit of Fig. 4*34, rather than the more usual

T- or Il-network, 1 is the exact equivalent circuit for a low-frequency

transducer. In the low-frequency region this problem is usually of

importance only in connection with the exact equivalent-circuit repre-

sentation of a practical transformer.

Other circuits whose components are transmission lines are often

useful in microwave work. Figure 4*35 shows two extremely useful

forms. A transformer and a length of transmission line have been
included in each arm of each of the networks, although it is obvious that

one transformer may be assigned an arbitrary turn ratio. These two
circuits may be said to represent series and shunt T-junctions. It is to be

1 See M. A. Starr, Electric Circuits and Wave Filters
,
2d ed., Pitman, London, 1944,

Chap. VI, and references there cited.
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emphasized that either circuit is equally valid for any T-junction. The
choice between the two circuits may depend, for example, upon the

similarity between the physical configuration of the device and that of

the circuit, and this might be a valid reason for choosing one in preference

to the other.

Circuits of another type which may be useful in some circumstances

are shown in Fig. 4*36. If three two-terminal-pair networks are connected

in series or in shunt, equivalent circuits are obtained that have some

3

(a) (b)

Fit*. 4-30. —Combination of three two-terminal-pair networks to give a three-terminal-pair

network.

extra parameters. By inserting the T- or II-equivalents of the two-

terminal-pair networks, it is easy to see which of the elements may be

combined. By means of the II- to T-transformation many other equiva-

lent circuits may also be obtained. It should be pointed out that if

11-networks are used in Fig. 4-36c, the circuit in Fig. 4*34 is obtained. To
show that the circuit of Fig. 4-36a is a valid one, note that the intercon-

nections require that
t?

6 = i’e + V 7f

i &
= —

H

— i 7,

where the terminals (5), (6), and (7) are indicated in the figure. By
means of these three equations u, t«, and i- may be eliminated from the

set of six equations that represent the three two-terminal-pair networks.

The first member of this set is, for example,

t’i = Znii "1“ Zuii.

The result of eliminating these parameters will be three equations in the
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three currents i'i, U, i 8 ,
and the impedance matrix is the matrix of these

three equations. It might be thought that some general matrix method

would be available to perform this elimination in a systematic fashion.

Although such a method exists, it is usually too complicated to apply. A
straightforward manipulation with the linear equations is much quicker

and easier.

Circuits of the forms shown in Fig. 4-35 are particularly convenient

for finding the effect on the power transfer from terminals (1) to (2),

for example, of a load on terminal (3). It is immediately obvious that a

reactive load of the proper value on terminals (3) will cause no voltage

to appear across terminals (2) when voltage is applied to terminals (1).

The same value of the load will also make the voltage across terminals (1)

equal to zero when voltage is applied to terminals (2). Moreover, if

the circuit is symmetrical about a plane through terminals (3), so that

fti = n2 ,
then for some value of a reactive load on terminals (3), the input

impedance seen from terminals (1) and (2) is the characteristic impedance.

The matrix manipulation that corresponds to the application of a

load to one pair of terminals is again most easily seen from a considera-

tion of the corresponding set of linear equations. If a load Z 3 is put on

terminals (3), then •

where the negative sign arises from the convention that currents and
voltages are always designated as positive when they represent power flow

into the network. If i z is eliminated from the equation by means of this

relation, there results the new second-order matrix whose elements are

yt —7 _ ^1 3
"11 " 11 ~y

I ry 1

" 33 r ^ 3

Zu =* Z 221 ' 12

Z I 3Z 23

Z33 + Z 3

Zo 2 — Z22 ~
zs 3

Z 33 + Zz

4-12. Circuits with N Terminal Pairs.—The equivalent circuits that

have been briefly discussed for two- and three-terminal-pair networks

can be generalized to circuits for the general case of N terminal pairs.

The impedance or admittance matrix is of the Nth order and possesses

N + (N - 1) + (N - 2) + • •
• + 1 = N(N + l)/2 independent ele-

ments. The other N 2 — N{N + l)/2 elements are equal, by the reci-

procity relation, to corresponding independent elements so that Za = Z</.

There are three principal classes of equivalent circuits that can be con-

structed for this general case. A circuit analogous to that shown in

Fig. 4-34 can be constructed. Let us choose N + 1 points. Then let
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us call one of these points the common terminal of all the N input lines.

Now if an impedance element is connected between each pair of points,

the number of such elements is given by the binomial coefficient

(N + l\ N(N + 1)

\ 2 ) 2

This is just the number of independent elements needed. The well-

known II-network is the result when N = 2.

In Sec. 4-6, it was noted that a II-network may be represented also

by a line one-quarter wavelength long, of arbitrary impedance, shunted

at each end by an arbitrary admittance. The circuit whose construction

was described in the preceding paragraph may be thought of as made up
of II-networks connected between
these II-networks are replaced with

lines shunted by admittances, the

equivalent circuit shown in Fig. 4-37

is obtained for the four-terminal-

Fiu. 4-37.—Equivalent circuit for a

four-terminal-pair network constructed

of quarter-wavelength lines.

each pair of network terminals. If

Fig. 4-38.—Reduction of a four-terminal-

pair network to one with three terminal

pairs and external impedances.

pair case. The parameters are the six characteristic impedances of the

quarter-wavelength lines and the four shunt admittances, making, in

all, the necessaiy 10 constants. *

There is a third general approach to finding the equivalent circuit

for N pairs of terminals. Suppose that it can be arranged that the sum
of the applied potentials is zero. The lines can be arranged as shown

schematically in Fig. 4-38, where the case for N = 4 is indicated. It

should be noticed that the four-terminal network at the center of the

figure has flowing into it currents whose sum is zero. This four-terminal

device therefore satisfies the requirement that the voltages across its

terminals are linearly related to the currents, and is equivalent to a three-

terminal-pair network. The voltages v'j must be derived from the
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applied voltages Vj by the relation

v'j = Vj — Zjij.

The value of the impedances Zj must now be found. If Z(ij is subtracted

from each equation of the fundamental set, then

V\ — Z\i\ = (Zn — Z\)i\ + Zi2i2 + * *
* + Z\nIn

V 2 — Z2^2 = Z 2 l 4* (Z 22 ” Z 2)^2 4“ * *
• 4“ Z 2AftAr

vn — Zjvijv — Zjviii + Zjv2t2 4“ * ’ 4" {Znn — Zat)zV.

To enforce the condition = 0, it is required that the sum of these

equations be zero, independently of the values of the currents. There-

Fig. 4-39.—Reduction of equivalent circuit for V-terminal-pair network by means of ideal

transformers.

fore let i\ take a finite value while all the other Vs are zero. Adding the

equations results in

0 = (Zn 4~ Z 21 4" * *
* 4" Zvi)t*i — Z\i\

or, in general,
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Now if the equations are expressed in terms of whose sum is zero and

(ij — ij+i) are used as independent variables, the set of N equations

reduces to N — 1 equations, since one equation is redundant. 1

To repeat this process, it should be remembered that the N — 1

equations correspond to N — 1 pairs of terminals, each pair having a

member in common with all other pairs. This condition can be removed

by the use of ideal transformers. Figure 4*39 shows schematically how
this may be accomplished. The process of reduction can be continued

until only a two-terminal-pair network remains. For this network any

standard circuit form may be used. It should be noted that at each step

an impedance in each line is removed and the total number of parameters

is correct.

To conclude this section, the change in the elements of the impedance

matrix when a load is placed on one terminal pair

may be stated. If a load Zk is* placed across the

kth pair of terminals, the new impedance elements

are

7/ 7 ZilcZkj

~ zkk + zk

The new impedance matrix has elements Z'ijy and the

kth row and column are struck out.

4*13. Resonant Circuits.—In Sec. 4-3 it was shown that the input

reactance of a network always increases with increasing frequency. At
the frequencies at which the reactance is zero, the network is said to be

resonant. The behavior of the network in the neighborhood of resonance

is of considerable importance in many applications. The simplest case

is that of a resistor, a capacitance, and an inductance in series with a

generator, as shown in Fig. 4*40. The impedance is

Z = R +j(*L -

1

Fig. 4-40.—Series-reso-

nant circuit.

At resonance,

0)Jj =
Wot

1

COo —
VLC

For microwave applications other parameters are useful,

istic impedance Zc of the circuit is defined as

The character-

Zc 4
and the parameter Q, sometimes called the “quality’

‘ Cf. Frank M. Starr, Trans. AIEE, 51, 287 (June 1932).

or Q-factor of the
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circuit, is

q __
Zc ___ o>oL __ 1

^ ~ R R uoRC
In terms of these quantities,

Z = R+ jZc
- -°)

yoo to /

-*[>+»(£-*)]•

Near the resonant frequency, the approximation

co = coo + Ago

may be made, where Ago is small, and hence

-*( 1 +W
coo/

If Q is large, then the resistance and the reaetapce are equal when

Aco = ±

The power P absorbed by the circuit is iR\I\ 2 or

where V is the generator voltage. Thus maximum power is absorbed

at resonance. The absorbed power falls to half this maximum value at

the frequencies where the reactance is equal to the resistance.

Fio. 4-41.—Shunt-resonant circuit. Fig. 4-42.—A second shunt-resonant circuit.

The duality principle may be invoked to obtain the corresponding

relations for the shunt circuit shown in Fig. 4-41. These relations are

-4
Q Yjc COoC 1W “

(?

~
~o~

m
ml’

-<1 + 2jQ
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A second parallel circuit, shown in Fig. 4-42, may be reduced to the pre-

ceding circuit in the low-loss case. The admittance of the inductance

and resistance in series is

y = 1 _ ft — jcoL

R + juL R 2 + u2L2

If R2 « u2L2
,

Y = R L
u2L2 uLi

and the circuits are equivalent if

G = R

The resonance phenomenon just described is-one of forced oscillations.

If a network is short-circuited and excited by some transient process,

free oscillations will occur whose frequency is given by the equation

Z(a>) = R+j = 0

in the simple series circuit,

are

jw =

If

The roots of this equation are complex and

R fF3
2L 1 \4L2 LG

R > -4=
2L ~ y/LC

or R ^ 2Zc ,

jo) is real and no oscillations occur. There is only an exponential decay

of the currents and the voltages. If the resistance is smaller, free oscil-

lations occur whose frequency co/ is

01/
1 _ _B*

LC 4L 2

In terms of the resonant frequency ooo

(jQf = O>0
_1_

4Q 2
*

Hence, only when Q is large is the frequency of free oscillation equal to

the resonant frequency.

The shunt cases may be treated in a similar fashion, the case of free

oscillation being given by the condition l
r
(o>) = 0. Free oscillations in

networks with more than two terminal pairs may be treated in an anal-

ogous fashion.



CHAPTER 5

GENERAL MICROWAVE CIRCUIT THEOREMS

By R. H. Dicke

5-1. Some General Properties of a Waveguide Junction.—A wave-

guide junction 1 in the generalized sense that is to be used here is defined

as a region of space completely enclosed by a perfectly conducting metal

surface except for one or more transmission lines that perforate the

surface (Fig. 5-1). Nothing will be

assumed about the interior of the

junction except that the dielectric

constant, permeability, and conduc-

tivity are everywhere within it inde-

pendent of time and of the field

quantities. It will be assumed for

EiG. 51.—A generalized waveguide junc- the present that there is only one

propagating mode for each of the

transmission lines. This definition will be extended later to include cases

in which several modes are present.

For reasons that seem to be largely historical, two different approaches

to electrical problems have been developed. The first can be called the

Maxwellian approach. It consists of the introduction of certain field

quantities that are interrelated by a set of linear differential equations

and the solution of these equations under particular boundary conditions.

This approach is the natural outgrowth of the study of electrostatics

which was the chief concern of early physicists interested in electrical

phenomena.

The second approach, which may be called the electrical-engineering

approach, may be said to have resulted from the discovery of the galvanic

cell. The electric field strength produced by such a device is usually

small; and as a result, the electric field loses much of its importance.

Instead, the current flow in conductors becomes the primary physical

quantity. In place of the electric field, its line integral, or potential

1 For Buch a junction, the term “black box” has been used extensively, in recent

years, by a certain small group of semimetamorphosed physicists at the Radiation

Laboratory. This term is discarded here because it suggests a Hohlraum or some-

thing that is totally absorbing. The low-frequency term “network” is misleading in

a discussion of waveguides, since it implies the presence of wires.

130
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difference, becomes important. Kirchhoffs laws lead in a natural way
to the solution of problems involving d-c networks. With the introduc-

tion of alternating current as a practical source of commercial power, it

became necessary to make network calculations for a-c as well as d-c

circuits. It was then found that Kirchhoffs laws could be extended to

apply to a-c circuits through the artifice of representing alternating cur-

rents and voltages by means of complex numbers. Sometimes there is

difficulty in reconciling these two methods of approach, and it is one of

the purposes of this chapter to attempt to clarify their equivalence.

One of the difficulties with the Maxwellian approach lies in its ambi-

tion. It asks for a complete description of the field in a certain region

subject to certain boundary conditions. This is usually much more
information than one needs or wants. For example, one is usually not

interested in knowing the distribution of the magnetic field in an inductor.

Two numbers, the values of the inductance and the resistance, usually

suffice. If this overabundant ambition of the Maxwellian approach is

somewhat curtailed, the method gives perfectly reasonable, simple results.

As will be seen presently, the curtailment consists in limiting the inquiry

to certain energy integrals over the region under consideration.

Another lesson that the Maxwellians can learn from the engineers is

the importance of a simply periodic solution. Historically, the engineers

were interested in the periodic solution because it described the electro-

magnetic effect that was produced by their generators. In fact, this is

still the most important reason for studying this solution. However,

to pacify the Maxwellians, it should be pointed out that the solution of

Maxwell’s equations is simplified if the field quantities are replaced by

Fourier integrals with respect to time. The resulting differential equa-

tions for the Fourier transforms are in general simpler than the original

equations.

The engineering approach is built upon the concept of the lumped

impedance element and, at first glance, would seem to break down at

microwave frequencies where the lumped impedance element loses its

significance. It is sometimes possible to regard the distributed system as

composed of an infinite number of lumped parameters. An example of

this is the coaxial line. Also it is always possible to introduce the dis-

placement current as a fictitious current in an infinite number of fictitious

networks to describe the electromagnetic field in the absence of con-

ductors. This latter representation does not seem to be particularly

novel. It leads to results of essentially the same type as does the field

approach to the problem.

It has been pointed out that a complete solution of an electromagnetic

problem is not always desired. Often a description of conditions at the

terminals of a junction is sufficient. It is a purpose of the remainder of
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the chapter to make use of Maxwell’s equations to obtain conditions

that hold at the terminals of a general waveguide junction. In so doing,

it will be found that the stored electric and magnetic energy and the

dissipated power are the three most important field parameters for the

description of conditions at the terminals of a junction.

THE TERMINATION OF A SINGLE TRANSMISSION LINE

If the generalized waveguide junction is connected to external regions

by a single transmission line, it degenerates from a junction to a termina-

tion. The termination of a single transmission line is sometimes called,

at low frequencies, an impedor or

a single-terminal-pair network.
This terminology may also be used

at microwave frequencies. Refer-

ring to Fig. 5*2, the termination is

imagined to be surrounded by a

surface S, This surface is as-

sumed to be completely exterior to

the termination and to cut the

transmission line (illustrated as a

rectangular waveguide) perpendic-

ular to its axis at some plane here-

after called the terminals. The
portion of the transmission line inside the surface is now considered to be

part of the termination.

The location of the terminals is completely arbitrary. However, it is

desirable for purposes of clarity to consider them far enough from the

actual end of the transmission line so that the amplitudes of the higher,

nonpropagating modes that may exist within the termination are essen-

tially zero at the terminals.

5-2. Poynting’s Energy 'Theorem for a Periodic Field.—Maxwell’s

equations for a simply periodic field are

curl H — (jco€ + <r)E = 0,

curl E + jWH == 0,

div «E = p,
'

div pH. = 0, t

where E, H, and p are complex numbers such that E'(2) = Re (Eeiut) and

similarly for H and p.

A connecting link between field theory and electrical engineering can

be found in Poynting’s energy theorem limited to periodic fields. It

was shown in Sec. 2-2 that if

div E X H* - H* • curl E - E • curl H*
= —ja>pH* • H — (<r — jcot)1L* • E

Fiq. 6-2.—A waveguide termination in its

enveloping surface.

(2)
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be integrated over the volume enclosed by a surface S and the volume
integral converted to a surface integral in the usual way, then the surface

integral may be written as the sum of three volume integrals, as shown
in Eq. (3).

L E X H* • dS mH* • H dv

«E* • E dv
J

<rE*-Edv. (3)

Assume for a surface S the one illustrated in Fig. 5*2. Since the field

vanishes everywhere over the surface S except at the terminals, the sur-

face integral reduces to an integral over the terminals. Since dS is

perpendicular to the axis of the transmission line, only the transverse

components of E and H enter into the integral. If the coordinates x

and y in the terminal plane of the transmission line are introduced, then

E X H* • dS = f
(.EXH* - EyH*

x) dx dy. (4)

It is convenient to introduce a complex terminal “ current” and “volt-

age” i and e as was done in Sec. 4*9.

Let

Ex = efx(x,y), \

Ey ( /c\

Hx = igx(x,y), (

Hy = igv{x,y), 1

where /*, fVy gx and gv are real functions of the coordinates which give the

distribution of the field. It was shown in Chap. 2 that the transverse

electric (or magnetic) components are in phase with each other, i.e.,

E and H at a given point are constant in direction. It is assumed that

the functions are normalized in such a way that

L (f*9v - fvQ*) dxdy = — 1.

Then

and
L E X H* • dS = —ei*,

ei* = ju [/'H
* • H dv - J

tE* • E cfoj + J
o-E* • E dv.

(6)

(7)

(8)

Equation (8) is rather fundamental. It may be written as

ei* = 4jw(WH - Wb) + 2P, (9)

where W H and W* are the average stored magnetic and electric energies
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and P is the average dissipated power. It is to be remembered that it is

the stored energies and dissipated power within the termination which

enter into Eq. (9) and that the portion of the transmission line interior

to the surface S must be included.

5-3. Uniqueness of Terminal Voltages and Currents.—It is evident

that to any permissible field solution there corresponds a definite terminal

voltage and current. It will now be shown that for any particular value

of the voltage (or current) there corresponds a unique field distribution

inside the termination.

Let us assume that there are twro solutions of the wave equation w^hich

satisfy boundary conditions. It will be shown that identical terminal

currents or voltages imply identical solutions. Let the twro solutions be

Ei, Hi with terminal parameters eh ti,

E 2 ,
H 2 with terminal parameters c 2 ,

From the linearity of Maxwell’s equations, it follow's that (Ei — E 2 ) and

(Hi - H 2) with the terminal parameters (e\ — c 2)'and (ji — i 2) also form

a solution. If this solution be substituted in Eq. (8), there follows

(Cl - e2)(t* - i*2 ) =3"[f
m(H* - H*) • (Hi - H,) dv

- I
e(E* - E*2) • (Ei - E 2) cfoj + J

<r(E* - E*) • (E, - E*) dv. (10)

Nowr
if either e x = e2 or i i

= f2 ,
the left side of Eq. (10) vanishes and

the real and imaginary parts of the right side independently vanish.

An inspection of the real part (the dissipated-power term) show s that the

integrand is positive definite and the integral vanishes only if Ei = E 2

when a j* 0. If the electromagnetic field is confined to the termination

by real metal walls with finite conductivity, however, the nonvanishing

electric fields, Ei and E 2 mu$t be identical for a finite distance inside these

walls. Since these solutions are nonvanishing, identical, and have identi-

cal derivatives over the boundaries, the solutions are identical. Since

Ei = E 2 throughout the enclosure, the vanishing of the imaginary part of

Eq. (10) requires that Hi = H 2 . These conditions, of course, require

that ci = c2 and i x = t 2 .

The theorem breaks down in the case of completely lossless enclosures.

Such enclosures are, of course, not physically realizable. However, a

lossless termination is an artifice that is introduced for purposes of con-

venience in the mathematical treatment of many problems. For this

reason it is interesting to examine the nature of the departures from the

condition of uniqueness. When the termination is completely lossless,

the dissipation term in Eq. (10) vanishes identically and the only condi-

tion imposed by Eq. (10) is the vanishing of the imaginary part of the
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right-hand side. This requires that the average stored magnetic and
electric energies be equal and this condition may be defined as resonance.
This resonance condition, however, can be satisfied only at certain discrete

frequencies, the natural resonances of the termination. For all other

frequencies Ei = E 2 , Hi = H 2 ,
and the uniqueness theorem is satisfied.

In completely lossless terminations resonances of two different types

may be considered. In the first type there is no coupling between the

terminals and the resonance fields, as though there were an isolated cavity

somewhere inside the termination. Clearly a resonance of this type is of

no particular importance. The second type of resonance couples with

the input terminals, and in this case the terminal current is not given

uniquely by the terminal voltage. Of course, it must be emphasized that

these conditions are never encountered in practice; therefore whenever

lossless terminations are discussed, it will be assumed that the terminal

voltage is uniquely related to the terminal current and the field quantities.

It is evident from the uniqueness theorem and from the linearity of

Maxwell's equations that a change in the argument or modulus of e\

will result in a corresponding change in the argument or modulus of the

field quantities inside the termination. Thus the field quantities inside

the termination are proportional to the voltage or current at the terminals.

It follows from this that the terminal current i is proportional to the

terminal voltage e. Thus, as before, values Z(co) and F(w) may be

defined such that

!
= Z(w) = rW (ll)

They are called respectively the impedance and admittance of the

termination. Z and Y are complex numbers that depend only on the

frequency of the periodic field and the nature of the termination.

6*4. Connections between Impedance and Stored and Dissipated

Energy.—If iZ is substituted for e in Eq. (8), there results

i*iZ=ju(f mH* • H dr - J
«E*-Erfiw

or

Z = 2jUW H - Wj) + P
vii*

(rE* • E dv (12)

(13)

WB and WE are the mean stored magnetic and electric energies; P is the

average power dissipated in the termination. In the same way,

v - 2MWe - W h) + P
$ee*

From Eqs. (13) and (14) it is seen that

Z*(-«) - ZM,

(14)

(15)
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Y*(-a)
= Y(a>). (16)

Several things are to be noticed about Eqs. (13) and (14), Let

Z = R + jX
(R and X real).

1. Since P ^ 0, R ^ 0.

2. If P = 0, then R = 0, or Z is purely imaginary.

3. If X = 0, Wb = IF#; this is the resonance case.

4. From Eqs. (15) and (16) it can be seen that for a lossless termina-

tion the reactance and the susceptance are both odd functions of

frequency.

Equations (13) and (14) indicate the steps that may be taken to

produce desired impedance effects at microwave frequencies. For

instance, any change in configuration that increases the amount of stored

magnetic energy in a termination automatically increases the reactance

at the terminals.

6*6. Field Quantities in a Lossless Termination.—One of the results

obtainable from the uniqueness theorem concerns a lossless termination.

It will be shown that in such a termination the electric field is everywhere

in phase and the magnetic field is everywhere 90° out of phase with the

electric field. Let us assume that E and H, with corresponding terminal

quantities e and i, are a permissible solution of the field equations for a

particular lossless termination. Substitute for E and H in MaxwelPs
equations [Eqs. (1)] the following quantities:

E = E r + E t ,

H = Hr + Hi.

The subscripts r and i denote, respectively, that the quantities are the

real and imaginary portions of the field vectors. Since the termination

is assumed to be lossless, •

for

(7 = 0

E ^ 0.

The imaginary portion of the first equation, the real portion of the second,

the real portion of the third, and the imaginary portion of the fourth are

curl Hi — jcoeEr = 0,

curl E r + jupR% = 0,

div «Er = Pry

div mHi = 0.

It is evident that Er and Hi represent a particular solution of Max-
well's equations satisfying the boundary conditions. To the solution
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E r> H< there correspond terminal voltage and current er and u. By the
uniqueness theorem, the above particular solution is unique. Any
other solution can be obtained from this solution by the multiplication of

the field quantities by some complex number. E r is a solution with the
electric field everywhere in phase or 180° out of phase, and the phase of

the magnetic field is 90° or 270° with respect to the electric field.

6*6. Wave Formalism.—It has been shown that the field quantities

inside a termination, or single-terminal-pair network, are uniquely

determined by either the current or voltage at the terminals. Voltages

and currents are not the only useful parameters that can be used as

representations for the fields inside a termination. Another very useful

representation can be obtained from the amplitudes of the incident and

scattered waves.

The amplitude and phase of the transverse component of the electric

field in the incident wave, measured at the terminals, will be designated

by a, which will be so normalized that £aa * represents the incident power.

In a similar way b will be used to designate the amplitude and phase of

the reflected wave. It is easily seen that the uniqueness theorem also

applies to the representation in terms of incident and reflected waves.

For any incident or reflected wave the fields inside the termination are

uniquely defined. As was shown above, the impedance Z = e/i is a

quantity that is a function only of the frequency and the shape of the

termination. In an analogous way one can define the reflection coejflcient
y

It is evident that the reflection coefficient is defined for a particular refer-

ence plane or terminal pair.

A connection between the representation in terms of currents and

voltages and the representation by incident and reflected waves is easily

shown. Since e is a measure of the total transverse electric field,

e = g(a + b) = ga( 1 + T), (19)

where g is some proportionality factor. In the same way,

* = - (a - b) = - «(1 - r), (20)
9 9

where b has a negative sign because the magnetic field is reversed in

the reflected wave. The proportionality factor is l/g in Eq. (20) because

of the way in which the quantities are normalized with respect to power

[see Eq. (7)]. The introduction of w-ave amplitudes a and b defined in

Eqs. (19) and (20) is a convenient artifice even in low-frequency circuits

where the wave nature of the solutions is not obvious.
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5.7. Connection between the Reflection Coefficient and Stored

Energy.—If Eqs. (19) and (20) are substituted in Eq. (8),

oa*(l + T)(l - r*)

and

= j" (I “a* Hdv — J
«E* • E dt^j + J

<rE* • E dv, (21)

(1 + r)(i - r*) = 3W> r
^)+r

fa*a

If Eq. (22) is broken into its real and imaginary parts

1 - r*r =
\a*a

and

hr- r*) = jim(r) =MWhWj)

?a*a

In Eq. (23), since P is positive,

r*r g 1 .

(22)

(23)

(24)

(25)

Condition (25) is equivalent to the statement that the reflected power is

always equal to or less than the incident power. If the termination is

lossless, P — 0 and
r*r = 1 . (26)

Equation (24) relates the imaginary part of the reflection coefficient

to the stored electric and magnetic energy. Since \V\ ^ 1,

\Wb - W.\ l-a*a. (27)
Z 0)

Stated in words Eq. (27) says that for 1 watt of power incident on a

termination, the difference ‘.between the magnetic and electric stored

energy is always less than or equal to 1/w joules.

If Eqs. (23) and (24), are solved for r,

r = Vl - P' e>+,

(n - w'Eyr wi
= sin

-1

Vl - P'

(28)

W' = We
ia*a

W'„

¥' = P
i<z*a

where
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THE JUNCTION OF SEVERAL TRANSMISSION LINES

In the previous section were considered some of the general properties

of the termination of a single transmission line. The extension of these
results to cases involving more
than one transmission line is

straightforward. Let us consider

a junction having N pairs of ter-

minals. As in the previous case,

the junction may be enclosed in a

surface S which cuts the various

transmission lines perpendicular

to their axes (see Fig. 5-3). As
before use will be made of Poynt-

ing’s energy theorem for periodic

fields [Eq. (3)]. The integral of the Poynting vector over the surface $
can be evaluated in terms of terminal voltages and currents.

{ e X H* • (is = - ^ ejn , (29)

n

where en and i„ are the voltage and current of the nth terminal pair and are

defined in the same way as in the previous section. Substituting Eq.

(9) in Eq. (25),

^ ej* = 4MW„ - We) + 2P, (30)

n

where, as before, WH and We are the average electric and magnetic

energies in the junction and P is the average dissipated power. Equa-

tion (30) provides a connection between the terminal quantities and the

field quantities.

5*8. Extension of the Uniqueness Theorem to N-terminal-pair Junc-

tions.—The uniqueness theorem of Sec. 5-3 is easily extended to the case

of iV-terminal-pair junctions. It leads to the result that to a particular

value of the current or voltage at each of the N pairs of terminals there

corresponds a unique field distribution inside the junction. This result

is valid provided the junction is not completely lossless. As before, the

theorem will be extended to include the idealized lossless junction.

Another simple extension of the previous results which follows from the

linearity of Maxwell’s equations and from the uniqueness theorem is the

following: The electric and magnetic fields at any point inside the junc-

tion are linear functions of the currents or voltages applied to the N
terminals. As a corollary to the above, it can be stated that the N
terminal currents are linearily related to the N terminal voltages.

junction.
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5*9. Impedance and Admittance Matrix.—Since the N terminal cur-

rents and voltages of the junction are connected by linear equations, N2

quantities Zvq can be defined such that

= 2 Zpqt q.

The N 2 components Zpq can be regarded as forming an iVth-order square

matrix,

Zn Z 12 . . .

Z 21 Z 22 • • •

Z = •
• (32)

Matrix (32) will be called the impedance matrix. The N components

i g and ep can be arranged as column vectors,

The vectors i and e will in the future be called the current and voltage

vectors of the junction. The matrix formulation of Eq. (31) is

e = Zi. (34)

The linear relation between the terminal currents and voltages can

be expressed in another way if Eq. (31) is solved for the N currents.

Then #

_ y e/ 1 PQ^'Q’

Again a matrix Y can be defined such that

(
yu Yn . .

:

Yu Yu

This matrix will be called the admittance matrix;

i = Ye. (37)
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If it is assumed that Z is nonsingular, 1 Eq. (34) can be multiplied by

Z-S

and
Z- 1© = Z^Zi = i,

Z' 1 = Y. (38;

It is worth while to notice the analogy between Eqs. (34) and (11).

They are formally identical. The impedance Z of Eq. (11) has been

generalized to an impedance matrix. The current and voltage have

been generalized.to current and voltage column vectors. For a termina-

tion, that is, a single-terminal-pair network, Eq. (34) reduces to Eq. (11).

6*10. Symmetry of Impedance and Admittance Matrices.—It will

now be shown that the impedance and admittance matrices, matrices

(32) and (36), are symmetrical. By a symmetrical matrix is meant one

for which

(39)

Let there be two solutions of Maxwell’s equations that satisfy the bound-

ary conditions imposed by the junction. The field quantities and
terminal quantities of the two solutions will be distinguished by super-

scripts 1 and 2. From Eqs. (1),

curl H (1) - (j«e + <x)E (1) = 0,

curl E (1
> + = 0;

curl H (2) - (jo* + <r)E<« = 0,

curl E (2) + junKW = 0.

Likewise

(40)

(41)

div [E (1) X H (2) - E (2) X H (l)
]

-

= H (2) curl E (1) - E (1) curl H< 2 > - H< J
> curl E< 2

> + E< 2
> curl H<”. (42)

From Eqs. (40) and (41),

div [E (l) X H (2) - E (2) X H (1)
]
= 0. (43)

If Eq. (43) is integrated over the volume enclosed by the surface,

0 = J
div [E<‘> X H'« - E< 4) X H<»] dv

= j
[E(u X H<« - E<» X H<»] • dS. (44)

The right-hand side of Eq. (44) can be expressed in terms of terminal

voltages and currents [see Eq. (29)],

0 = J
[E(l) X H< 4> - E (2) X H(1)

]
• dS = ^ (45)

1 If Z were singular, the connection between the currents and voltages would not

be unique.
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Equation (45) holds for any two sets of applied voltages at the terminals.

In particular let

4" = 0
, j* 1,1

e<p = 0, j *2.)

The sum given in Eq. (45) reduces, for this special case, to

e^if - = 0 .

However, for the special case considered

(46)

(47)

i? = Yne?\
\

i\" = Y2le?\ I
(48)

Substituting (48) in (47), the result is

Y 12 = Yn . (49)

It is obvious that there is nothing special about the indices 1 and 2 and

that

Yh = Yiky for any k and l . (50)

It can be shown in a similar way that

Zki = Zlk . (51)

Therefore, the impedance and admittance matrices are always

symmetrical.

6*11. Physical Realizability.—Certain conditions are imposed on the

impedance and admittance matrices by the energy theorem [Eq. (30)].

Ifen = 2Znmim is substituted in Eq. (30),

^ itZnmim = 4MW„ - WE) + 2P. (52)

n,

m

In order to simplify the discussion, a two-terminal-pair junction will be

considered first. The real part of Eq. (52) can be written as

i*iiRn + (t*ii + ni*)Ru + itUR 22 = 2P, (53)

where Ra is the real part of Zt; . If either i\ or i2 = 0, since P ^ 0, it is

seen that

Ru = 0,

R22 = 0.

It is evident that this condition is the same as that for the termination,

as indeed it should be.

Since P ^ 0 for any values of i\ and i2 ,

i*i\Ru 4* 1 + iii\)R\2 + i*UR22 ^ 0. (54)
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It is evident from inspection of the coefficient of R ia in Eq. (54) that the

minimum value of the left side of Eq. (54) occurs when n and ia have argu-

ments that are the same or that differ by x. Then is real, and

(jJ
Rn + 2 Ru + RM Z 0. (55)

This condition can be met by requiring that the equation

X 2Rn -f- 2XRu *4" R 22 = 0 (56)

has no single real roots. The condition for this is

R \

2

— RuRm = 0

This can be expressed as

Rn R 12 > ^
R 21 ^22 ~~

The above arguments apply also to the admittance matrix and can be

extended to junctions having more than two pairs of terminals.

An extension of the theorem to junctions with more than two terminal

pairs yields the result that conditions imposed by Eq. (52) require the

determinant of the real part of the impedance or admittance matrix and

the determinant of each of its minors obtained by successively removing

diagonal elements in any order to be greater than or equal to zero.

6 -12 . The Polyterminal-pair Lossless Junction.—Usually in practical

microwave applications, a junction having more than one pair of terminals

is essentially lossless. This is not always true; but usually, such things

as tuners, T-junctions, and directional couplers have low loss. For this

reason the lossless case is of considerable importance. In Eq. (52), if

P = 0, the equation is purely imaginary for all applied currents i„.

Consider the special case

in = 0, for n 7* k.

It follows from Eq. (52) that

Re (Zkk) = 0. (59)

That is to say, all the diagonal terms of the impedance matrix are pure

imaginary. Consider now a special case in which all the applied currents

vanish except two, the frth and rath, for example,

in = 0, for n t* k, m.

From Eq. (52),

Re [ifdtZkk + (w? + tktZ)Zkm + imiZZmm] = 0,

and hence

Re (Zfcm)
= 0, for any k and m.

(60)

(61)

(57)

(58)
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Thus, for a lossless junction, all the terms in the impedance matrix are pure

imaginary . The above conditions apply also, in an analogous way, to

the admittance matrix, and all the terms of the admittance matrix for a

lossless junction are pure imaginawy. It is seen that the statements in

Sec. 5*4 are special cases of the above.

6*13. Definition of Terminal Voltages and Currents for Waveguides
with More than One Propagating Mode.—The original definition of a

waveguide junction was limited to one excited by transmission lines sup-

porting a single propagating mode. In order to extend this definition to

transmission lines with more than one propagating mode without invali-

dating the previous results, it is natural to impose the condition that

Eq. (30) be valid in the new system and that the resulting impedance

and admittance matrices be symmetrical. Whereas previously it was

necessary to introduce a single voltage and current to describe completely

the conditions in a given transmission line, now it will be necessary to

introduce a voltage and current for each mode in the guide. There is no

unique way of introducing these voltages and currents, but there is one

way that is a little more natural than the others. It is to let each voltage

and current be a description of one particular mode in the transmission

line. To make this more definite, in the derivation of Eq. (30) a surface

integral Eq. (29) is encountered. This is the same surface integral that

occurs in Eq. (4).

To simplify the discussion, let us consider the junction to be excited

by a single transmission line along which N modes may propagate.

Equation (4) is applicable; but because of the N modes, Eq. (5) must be

generalized to

Ex =
L
> e„fz

n\x,y)s

II

) inf,1
(

x
n) {x,y),

H, = )

"A

)
,
i ng

(

v
n)
(x,y).

(02)

In Eq. (62),/i
n)
(x,y) is a real function of the coordinates which describes

the distribution of the x-component of electric field of the nth mode over

the terminals; similar statements apply to the other functions. The
normalizing parameters en and in are so chosen that Eq. (6) is satisfied:

f LKn
V,

n) ~ fir's
1*} dxdy = -1, for all n. (63)

It was shown in Sec. 2-18 that the transverse electric and magnetic fields
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for one mode are orthogonal to the transverse magnetic and electric fields,

respectively, of any other mode. By the use of this fact together with

Maxwell's equations it can be shown that

j \fz
n)
g

(

v
m) “ f

(

v
m
Vx

n)
] dx dy = 0, for n ^ m. (64)

If Eqs. (62) are substituted in Eq. (4) and then Eqs. (63) and (64) are

used, Eq. (30) results. In other words, the particular choice of param-

eters en and in introduced in Eq. (62) results in the same connection

[Eq. (30)] between terminal energy quantities that was obtained for

single-mode guides. Thus the terminal-parameter description of a

transmission line with N propagating modes is, at least to this extent,

equivalent to the description of N single-mode guides. It can be seen

in an analogous way that the reciprocity condition is also satisfied and

that the impedance and admittance matrices are symmetrical. Thus all

the preceding results are valid for this case also.

As was pointed out earlier, the currents and voltages introduced in

Eq. (62) are not the only permissible ones. To show this, new currents

and voltages that are linearly related to the currents and voltages of

Eq. (62) may be defined. If i' and e' are column vectors representing

the new currents and voltages, then the linear relation may be expressed

as

i = Ti',

e = Te',
(65)

where T is a matrix expressing the linear relation.

The left-hand side of Eq. (30) may be expressed in matrix form as

X = i*e. (66 )

Here 1 represents the transpose of i
;
in other words, ] is a row vector:

From Eq. (65),

1 (fi> >

^*

n ) •

i = i'T.

(67)

(68)

If Eqs. (68) and (65) are substituted in Eq. (66),

I*e = ]'*T*Te'. (69)

If e' and i' are to be a permissible representation of the left-hand side of

Eq. (30), then Eq. (66) must be invariant under the transformation.

The necessary and sufficient condition for this is that

T*T = 1, (70)
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where I is the unit matrix. Equation (70) is equivalent to

T* = T-*. (71)

A matrix that satisfies Eq. (71) is said to be unitary.

Condition (71) guarantees that the transformed voltages and currents

will satisfy Eq. (30). However, condition (71) is not sufficient to guaran-

tee the symmetry of the impedance and admittance matrices. The

impedance matrix is defined by

e = Zi. (5.34)

The substitution of Eq. (65) in this equation gives

Te' = ZTi', 1

e' = T- lZTi'.
J

In order for T to be a permissible transformation, the matrix T
be symmetrical,

T-'ZT = T2T- 1 = TzT- 1
.

In order for this equation to hold for all Z,

T- 1 = T. (74)

A matrix that satisfies Eq. (74) is said to be orthogonal. Conditions (74)

and (71) lead to the result

T = T*. (75)

To state the results in words: If the terminal currents and voltages

are transformed by a real orthogonal transformation, the resulting

impedance matrix is symmetrical and Eq. (30) is left invariant. Because

all the preceding results stem from the symmetry of the impedance and
admittance matrices and from Eq. (30), it follows that the new set of

currents and voltages are a permissible set.

6 *14. Scattering Matrix.—The wave formalism introduced in Sec.

5-6 can be extended to a junction with many terminal pairs. As in the

previous restricted case the incident wave mil be represented by a and
the reflected wave by b.

Let an be a complex number representing the amplitude and phase of

the transverse electric field of the incident wave at the nth terminal pair.

Let bn be the corresponding measure of the emergent wave. It is assumed
that an and bn are normalized in such a way that £ajan is the average

incident power, and correspondingly for

As in Eqs. (19) and (20)

= Qn(dn 4~ bn),

in ~ ~~ ip>n bn)

,

Qn

where gn is a constant for that terminal pair.

(72)

_1ZT must

(73)

(76)
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The characteristic impedance of the nth guide is connected in a simple

way with gn . To show this connection, let 6„ = 0; then

&n = Qndni

1
In — &n>

9n

zp = e

f = 9l
tn

gn = VW-
Thus gn is the square root of the characteristic impedance of the nth

guide.

As can be seen from Eqs. (62) and (63), it is always possible to choose

en and in in such a way as to make Z[,
n) = 1. It will be assumed that this

has been done. Then gn = 1, and

(83 )
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If this is substituted in Eq. (82),

b = (Z - l)(Z + l)-‘a. (84)

The matrix connecting a and b in Eq. (84) will be called the scattering

matrix S

;

b = Sa, (85)

and
S = (Z - l)(Z + I)- 1

. (80)

It can be shown in an analogous way that

S = (I - Y)(l + Y)-‘. (87)

The importance of the scattering matrix will become evident when
examples are discussed.

5*16. Symmetry.—The matrix S has several general properties of

importance. One of these is its symmetry. It will be shown that the

transpose of S is equal to S.

To show this, let

Z -
I = G,)

Z + I = H, > (88)

S = GH->. j

It is evident that

GH = HG. (89)

If Eq. (89) is multiplied on the left and right by H-1
,

H-'GHH- 1 = H-'HGH-\ (90)

H-‘G = GH-h

If this result is substituted in Eq. (88),

S = H-'G,

and

§ = fpiG = GH- 1 = GH-> = H-‘G, (91)

since G and H are symmetrical.

Therefore

S = S, (92)

and S is symmetrical.

6-16. Energy Condition.—Some additional conditions are imposed by
Eq. (30). If Eq. (78) is substituted in Eq. (30), there follows

2 - b*)(On + bn) = 4MW„ Wm) + 2P. (93)

The real and imaginary parts of Eq. (93) are
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(a*an - b%bn) = 2P, (94)

(<*ftn - anbt) = 4ja,(TF// - IF,). (95)

In matrix notation, Eqs. (94) and (95) become

a*(l - S*S)a = 2P, (96)

a*(S - S*)a = 4MWh - WE). (97)

Since P ^ 0, the same conditions are imposed on (I — S*S) as were

imposed on Re (Z) in Sec. 5-11. These conditions were that

det (I — S*S) ^ 0, (98)

and the same for each of the principal minors.

The case of a lossless junction deserves special notice. In this case

P = 0 for all a in Eq. (96). This leads to the result

I = S*S
or

S- 1 - S*.

Since S is symmetrical, 5* = S* and

S- 1 = S*. (101)

Equation (101) is the definition of a unitary matrix. Thus the scattering

matrix is symmetrical and unitaryfor a lossless junction.

647. Transformation of the Scattering Matrix under a Shift in Posi-

tion of the Terminal Reference Planes.—The transformation introduced

in an impedance or admittance matrix by a shift in the reference planes was

discussed in Chap. 4. In the case of the scattering matrix this trans-

formation is almost trivial. This can be seen if it is remembered that the

time required for a wave to enter a junction by way of a transmission

line is increased if the reference plane of that line is moved away from the

junction. Also the time required for a wave to leave the junction is

increased if the phase plane is moved away from the junction.

To put this in quantitative terms, if the terminal (reference) plane of

the Kh line is moved out from the junction by a distance h ,
then the

transformed scattering matrix is

S' = PSP, (102)

where S is the original scattering matrix and P is a matrix with nonzero

elements on the principal diagonal only, a diagonal matrix. The /rth

diagonal element of P is

Pu = e~
2< (103)

where X* is the wavelength in the Hh transmission line.

(99)

000)



150 GENERAL MICROWAVE CIRCUIT THEOREMS [Sec. 5-18

5*18. The T-matrix of a Series of Junctions Connected in Cascade.

—

Let a series of two-terminal-pair junctions be connected end to end so

as to form a chain. The problem is to find the scattering matrix for the

chain. The scattering matrix is actually not the most convenient repre-

sentation of the properties of such a cascade of junctions. It is more

convenient to introduce a matrix that relates the conditions at the output

terminals to those at the input terminals. This matrix will be called

the T-matrix.

If

?>1 = SnCli + $1202 (104)

and

62 =: $21^1 “I" $22&2j

then

k $22 k 1

O 2 = ry 0 1 +
021

( Q S22S1A

V 11 “ ~sry
a 1 (105)

and

Cl 2
=

This may be written as

where

fi

and

1_

S 12

bi — q a 1.

021

9 = Th,

= (

^

2l

(a 2J
’

T =
12

1

_ s 11

>So|

h =
\b\)

[nSn Sn
S21 S21

1

^12,

(106)

(107)

(108)

If the junctions are nun\bered in the same order in which they occur in

the chain, then

Qjk = Tfch*, (109)
and

9* = hjfe+lf (110)

where the subscript refers to the number of the junction. If the equa-

tions are combined, it is found that

Tn * *
* Tihi = gn . (Ill)

However, this implies that the resultant T-matrix for the chain is

T = TnTn-i • •'
• Ti. (112)

If desired, the components of T may be used to obtain the scattering

matrix of the chain by the relation



Sec. 6-201 VARIATIONAL ENERGY INTEGRAL 151

S = (113)

6*19. The Scattering Matrix of a Junction with a Load Connected to

One of the Transmission Lines.—Let one of the transmission lines (the

Arth) of the junction be terminated by a load of reflection coefficient T
referred to the reference terminal of the transmission line. This load

imposes the condition

Tbk = a*. (114)

But

j

Hence, if these expressions are combined,

3

(116)

where the prime denotes that the kth term is eliminated in the sum.

Equation (116) can then be substituted in the remainder of the scattering

matrix to eliminate ak . The kth terminal is thus completely eliminated

from the scattering matrix.

FREQUENCY DEPENDENCE OF A LOSSLESS JUNCTION

The energy integrals of the previous sections gave information about

terminal quantities at one frequency. A new energy integral will

now be formulated which relates the rate of change of terminal param-

eters with respect to frequency to the stored energies in a lossless

junction.

6*20. Variational Energy Integral.—Let us consider a junction to

which is connected several transmission lines. Maxwell's equations

for a lossless junction are

curl H — joitE = 0, (117)
curl E + jcj/xH = 0.

Let us now consider a solution of Eq. (117) which satisfies the boundary

conditions of the junction, and let us introduce a variation of the fre-

quency and field quantities consistent with the boundary conditions.

The variations satisfy the equations

curl 5H — jc(w5E + E$co) = 0,

curl SE + jp(w5K + H5w) = 0. (118)
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If the quantity

div [E X 5H - SE X H] = [5H • curl /E — E • curl SB]

— [H • curl 6E — 5E • curl H] (119)

is introduced, and if, in the right side of this expression, quantities from

Eqs. (117) and (118) are substituted, there results

div [E X 5H - 5E X H] = j(pH2 - eE*)8a>. (120)

If Eq. (120) is integrated over the volume of the junction and the left

side of the equation converted to a surface integral, there results

/.
(EXiH-JEXH)-rfS= jSw

/
(/iff2 - «ff2) dv. (121)L

5*21. Application to Impedance and Admittance Matrix.—The left-

hand side of Eq. (121) is an integral over the various terminals of the

waveguide junction and leads to the result

X (en din — in8en ) = j8co
/

(nH'
I.

€#2
) dv , (122 )

where, as before, in and en are the current and voltage at the nth terminals.

It is to be noted that Eq. (122) relates a variation of the terminal voltages

and currents to an energy integral times a variation in frequency. It

is evident from Sec. 5* 10 that if en is real for all n, then E is real, H is

imaginary, and in is imaginary. If Eq. (122) be limited to real terminal

voltages, it becomes

X (en &in — in8en) = —j&a)
/.

(/iH* • H + eE* • E) dv

.
= -4jSu{WE + W„), (123)

when e„ is real, independently of n. If the variation of Eq. (31) is taken

5e" = X (Znmb'lm + dZnndm) • (124)

If this and Eq. (31) are substituted in Eq. (123), since i* = — iny

^ i*5Znmin = Ajbu{We + W„), (125)

n,m

where, as before, WE and W

h

are the average electric and magnetic

energies. The impedance elements Znm are functions of frequency only,

and if
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ftZnm _ dZnm yi ...

Su do,
~ nm’

^ i*Z'nJm = 4j(WB + Wb).

Similarly, from Eq. (35),

^ e*nY'nmem = 4j(W* + W„).

Equations (126) and (127) are the starting point of the discussion of the

frequency dependence of impedance and admittance matrices.

In matrix notation, Eqs. (126) and (127) become

j*Z'i = 4jW, (128)

e*Y'e = 4jW, (129)

where W is the total stored energy corresponding to the particular ter-

minal conditions. In Eqs. (128) and (129) it is necessary that all the

teiminal voltages have the same phase angle.

Since W > 0, the conditions that are imposed on the reactance

matrix and the susceptance matrix by Eqs. (128) and (129) are identical

with the conditions imposed on the real part of the impedance matrix

by Eq. (52).

In order for Eq. (128) or (126) to be satisfied for any pure real cur-

rents im ,

det (X'nm ) ^ 0.

Also, all the principal minors must be greater than zero.

6*22. Application to Scattering Matrix.—If Eq. (78) is substituted in

Eq. (122), there results

2 ^ (bn han — an &>«) = j(*E2 “* M#2
) &*>. (130)

n

If E 2 has the phase angle p throughout the junction, then, as above, H2

will have the phase angle P + tt, and

(bn 5Gn O'n 5bn) = je}fi(tE* • E + /i
H*

• H) 6a>. (131)

In matrix notation

2(b$a — a$b) = 4je^W 5co,

where, as above, W is the total stored energy. Since E2 has the phase

angle P, en has, except for a possible change in sign, a phase angle P/2 for

all n. Also in has a phase angle (P/2) + (t/2).
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Therefore,

is pure real and

is pure imaginary.

From Eqs. (78) and (85),

J1
e 2e

a
e~ 2

i

e = (I + S)a,
'

i = (I — S)a,

where S is the scattering matrix.

From Eqs. (133) and (134),

From Eq. (135),

JA A
e 2

(I + S)a = e2 (I + S*)a*,

JA
e 2 (I - S)a = -p 2

(I - S*)a*.

a = c ;^S*a*.

Equation (136) is the condition that a must satisfy in order that

arg E2 = 0.

If Eq. (85) is substituted in Eq. (132),

Let

-ia(5S)a = je'{WE + WH) 5W.

S' =

(133)

(134)

(135)

(136)

(137)

(138)

Then if Eqs. (138) and (136) are substituted in Eq. (137),

i;a*S*S'a = W. (139)

Equations (139) and (136) are the starting point for the investigation of

the frequency dependence of the scattering matrix of a general junction.

5*23. Transmission-line Termination.—Consider a lossless termina-

tion of a single transmission line. The matrix equations [Eqs. (128) and

(129)] reduce to the scalar equations

z'-3 (140)

and

Y' (141)

Stated in words, the rate of change of reactance with frequency is always

positive and is equal to four times the stored energy divided by the square
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of the magnitude of the current. A similar statement holds for the

susceptance.

The matrix equation [Eq. (139)] reduces to the scalar equation

(142)

Equation (136) is satisfied for any a. Since the termination is lossless,

S = e’+. (143)

Also \a*a is the incident power P. If Eq. (143) is substituted in Eq.

(142),

_ tf* JE

do,
+

P’
(144)

where —<t> is the phase delay in the wave after reflection. Equation (144)

states that the electrical line length into the termination and out again

always increases with frequency, and the rate of increase is equal to the

stored energy per unit incident power.

The physical significance of Eq. (144) is rather interesting. If a

pulse, represented by

g(t) = J
a(o))e,'“' do,, (145)

is introduced at the terminals, then some time later a pulse will be

reflected out of the termination. This pulse will have the form

h(t) = J
b(o,)e^‘ do,, (146)

where

b(o>) = S(co)a(o>). (147)

If the pulse contains only a small band of frequencies, it is not distorted

by the termination and there is the relation

HO = g(t - r), (148)

where r is the delay introduced by the termination. From the combina-

tion of Eqs. (145), (146), and (148), there results

a(o))e~}<,>T = b(u). (149)

From this and Eq. (147), it is seen that

S(*>) = (150)

Equation (150) is, of course, valid only over the small range of fre-

quencies included in the pulse.
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If Eq. (150) is compared with Eq. (144),

_ WT
P*

(151)

Equation (151) states that the time required for a pulse of energy to

enter the termination and leave again is just the average stored energy

per unit incident c-w power.

5*24. Foster’s Reactance Theorem.—From Eqs. (140) and (141),

x, = 2
We + W\

B' = 2
We + Wh

?e*e

(152)

(153)

If W = We + Wh vanishes, E and H vanish throughout the termination

including the terminals. Hence X ' and B' must always be greater than

zero for a positive W.

If it is assumed that X has a zero at w = w 0 ,
then X can be expanded

in a power series about w 0

X — a i(w — wo) + « 2 (w — wo) 2 + * *
*

. (154)

This expansion is valid in the neighborhood of w0 ,
and hence

X f = cli + 2tto(w — wo) + • •
•

. (155)

From Eq. (152), X' >0; therefore, ai > 0.

Since di > 0, for w nearly equal to w 0 ,
the first term in Eq. (154) is the

dominant term, and in this region

1

B<») (156)

Thus if X(w) has a zero at a certain frequency, B(w) has a simple pole with

a negative residue at the same point. Conversely a zero in P(w) leads to

a simple pole in X(w).

From Eqs. (13) and (14),

X = 2« — ..
W

-E
,

B = 2w
We ~ Wh

ie*e

(157)

(158)

It is evident from Eq. (157) that for u = 0, X = 0 unless the stored elec-

tric or magnetic energy becomes divergent for a given finite current.

If the stored energy becomes infinite, from Eq. (152) « = 0 is a singular

point. If this singular point is a pole, it is clear from the foregoing discus-
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sion that the pole is simple and has a negative residue. In this case

B(0)
= 0. Thus, at a? = 0, either X(a>) or J3(o>) has a zero.

Let it be assumed for the present that X(o>) has a zero at w = 0.

Remembering that X (a>) = —X(— a>),

X = bio: + + fr&co
5 + • • •

. (159)

This expansion is valid for |co| < |«i|, where wi is the location of the first

pole .

1 Since this pole must be simple and must have a negative residue,

its principal part is

where V\ is positive.

In order for X to be odd, however, there must be a singularity at

03 — — coi. If the principal parts of both these singularities are sub-

tracted from X, the remainder of the function is regular at the points

03 — 03

1

and 03 = — coi and can be expanded in a power series that is valid

for |co| < \o32
\
where o> 2 is the next singularity.

If there are only a finite number of poles, this process can be continued

until the power-series expansion is valid for all finite frequencies. Then

X(a>) = — / rn ( 1 jp
—

) + (iiu + U 3W 3 + * * *
• (101 )Lj \03 03n 03 + C

0

n/
n

If the termination is a network composed of a finite number of imped-

ance elements, then the power series in Eq. (161) can have only a finite

number of terms, and X(a>) may have at most a pole at infinity. All

poles, however, must be simple with a positive residue. Therefore, all

terms in the power series after the first are zero. If these terms are set

equal to zero, there finally results

*(«) = “2 £ r„
^5-^5 + a*o. (162)

In the above development it was assumed that there were a finite

number of poles. This is true only for networks composed of lumped

impedance elements. A distributed system has an infinite number of

poles which form a condensation at the point at infinity. In this case

the sum in Eq. (162) is taken over all poles up to m. Equation (162) is

then a good approximation in the range |w| |«m |.

It is to be noted that the last term in Eq. (162) is the reactance of an

1 An essential singularity causes a function to behave very wildly in its vicinity.

It is unreasonable to expect a function representing a physical quantity to have an

essential singularity in the finite plane. It will be assumed that all singularities in the

finite plane of a reactance or susceptance function are poles. It will be shown later

that all poles must lie on the imaginary impedance axis.
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inductance. If there is a nonvanishing r0 for c*> 0 = 0, then this term

represents a capacitor. Also the nth term in the sum is the reactance

of a shunt combination of an inductor and a capacitor whose resonant

frequency is wn and whose capacitance is l/2rn . It is evident that the

reactance function given in Eq. (162) can be synthesized by the circuit

in Fig. 5*4.

Fig. 5-4.—Synthesis of a termination by Fig. 5-5.—Synthesis of a termination by
shunt-tuned elements. series-tuned elements.

As was pointed out above, an expression of the same form as Eq.

(162) can be obtained for the susceptance function. It can be synthe-

sized by the circuit of Fig. 5-5. It is clear that a circuit of either of these

two types can be used to synthesize any lossless termination, provided

the frequency is not too high.

It has been assumed that poles of the reactance or susceptance func-

tion lie only on the real axis in the complex emplane. This will now be

proved. Assume that there are poles lying on the real axis as well as

poles that are not on the real axis. The poles on the real axis can be

removed by a circuit of either of the types shown in Figs. 5-4 and 5*5.

That part of the circuit which remains within the termination is assumed

to consist at most of poles not lying on the real frequency axis. Such

poles have zero susceptance at infinity. Also the susceptance is a con-

tinuous function along the real axis, since there are no singularities on

the real axis. Since the susceptance of the termination in Fig. 5*5 is

a continuous function of frequency vanishing at ± <*> and must have a

zero or positive slope, it must vanish everywhere. Thus all poles of a

reactance or susceptance function must lie on the real frequency axis.

5-26. Frequency Variation of a Lossless Junction with Two Trans-

mission Lines.—If a two-transmission-line junction is matched, the

scattering matrix is

In order to simplify the discussion, the terminals have been located in the

transmission line at such a position that 8u = 1. This represents no
important restriction.

In general none of the elements of S' vanish, but S' must satisfy Eq.

(139), where a satisfies Eq. (136). Let
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ai = \/2

a2 = v'2

CI3 = \/ 2

a4 = V2

These four column vectors satisfy Eq. (136), as can be seen by inspection.

Let Wk be the average stored energy in the junction corresponding to

a*.

If ai is substituted in Eq. (139),

This reduces to

where

= W 1. (165)

= Wi, (166)

! (167)

In a similar way the remainder of the a’s may be substituted in Eq. (139)

to yield

-GSii + 2jS'u - S'22) = Wt,
\

-j(S'n - 2S'l2 + S'22) = W 3, (168)

(S'n - 2jS\ 2 - S'22 ) = IE 4 . j

If the column vectors,

ai = i(ai + a 3 ) = ^(a 2 + a 4),

a'2 = i(ai - a 3 )
= ~ii(a 2 - a 4 ), (169)

are formed for which

(170)

then ai and a2 represent waves incident in one line only. They differ

only in the direction of transit through the junction. Hence the stored

energies are equal for a'
x
and dJ2 . Let this stored energy be W. It should

be noted that

a* = ai + (j)*- 1
ai. (171)

Thus each of the column vectors of Eq. (164) can be represented as a
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linear combination of the vectors of Eq. (170). If the electric and mag-

netic fields in the junction corresponding to the incident waves a( and

a£ are denoted by the subscripts 1 and 2 respectively, then

W = i J
dv = i j + tE\Et) dv. (172)

Also

Wt =
* f

[n(H* + + j
h~ lH2 )

+ e(E* + j
l~kEf)(Ei + j*~ lEt)] dv. (173)

Thus
Wk = 2W + Re (f-'A), (174)

where

A = j
{pH*H2 + <E*E2 ) dv. (175)

’

It is important to note that

\A\ g 2\V. '

^

(176)

From Eqs. (166) and (168),

Wi + Wi = W2 + W 4 = 4jS'vl . (177)

From Eqs. (174) and (177),

jS\ t = W. (178)

Since 3l[ and a£ represent 1 watt of power incident on the junction, Eq.

(178) may be generalized to

jS'vl = (179)

where P is the power flowing through the junction.

Let
$12 = ci*.

For <f>
= 0, Eq. (179) may be written as

W= - p- (180)

It will be noted that this expression is completely equivalent to Eq. (144).

The discussion following Eq. (144) is also applicable to Eq. (180). In

particular, the delay T introduced by a matched delay line is, in seconds,

W
T = ~ (181)

From Eqs. (166) and (168),

$ii + $'
22 = MW* - Wi),

$11 - $'22 = UW4 - Wt).

(182)

(183)
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From Eqs. (182) and (183),

Of Q/#
°11 ~ ^22> (184)

S’n = \[(W 4
- Wt) +j(W3 - IF,)]. (185)

From Eq. (174),

S'n = ~ ij[Re (A) - j Re (jA )

]

= - ijA. (186)

From Eqs. (176) and (184),

\s'u\ = isy ^ y = j.syi. (187)

Equation (187) expresses important restrictions on the frequency sensi-

tivity of the phase shift through the junction and of the match at each

terminal.

To illustrate the significance of Eq. (187), a waveguide junction may
he considered that may be represented by the simple equivalent circuit

of a shunt inductance and a shunt capacitance at resonance, in a trans-

mission line of unit characteristic impedance. Then

At the resonant frequency,

Sn = 0,
|

S'n = JC- I

(188)

(189)

The value of W/P is C, and therefore the equal sign in Eq. (187) holds.

A simple shunt-tuned circuit thus has the maximum value of frequency

sensitivity.



CHAPTER 6

WAVEGUIDE CIRCUIT ELEMENTS

By C. G. Montgomery

In preceding chapters the normal modes of propagation along a con-

tinuous waveguide have been described and the production of reflected

waves by a discontinuity has been discussed. It was shown that the low-

frequency transmission-line formulas were valid to describe the propaga-

tion of the effects of the discontinuity along the waveguide. In Chap. 5

general theorems were developed that formed extensions of the low-

frequency network theorems to waveguide transmission lines. In the

present chapter particular examples of discontinuities will be discussed

and these general theorems applied.

6-1. Obstacles in a Waveguide.—One of the most common forms of

discontinuity used in waveguide circuits is a metallic partition extending

partially across the guide in a plane perpendicular to the axis. The
thickness of the partition is usually small compared with a wavelength,

but the effects of the thickness cannot always be neglected. The opening

in the partition may be of any shape. Such a partition is called a dia-

phragm or an iris. In the neighborhood of the iris higher-mode fields

are set up when a wave is incident, so that the total field satisfies the proper

boundary conditions. A dominant-mode wave is reflected from the iris,

and some of the incident power is transmitted through the opening.

Consider first that the waveguide to which the power is transmitted is

infinite in length or is terminated in a reflectionless absorber. The iris

and the reflectionless termination may now be considered together to be

some impedance or reactance terminating the transmission line. Equa-
tions (5*13) and (5T4) give the values of this impedance or admittance in

terms of the stored electric and magnetic energies WE and WH and the

dissipated power P. If the losses in the metal diaphragm are negligible,

as is usually the case, power is dissipated only in the absorbing load.

Thus the metal diaphragm is responsible for the imaginary part of the

impedance or the reactance, and the magnitude of the imaginary part

is proportional to the difference between the stored electric and magnetic

energies in the neighborhood of the iris. In the waveguide far from the

iris, the stored electric and magnetic energies are equal as shown in

Sec. 2-18.

Irises are classified according to the sign of the imaginary part of the
102
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impedance to conform to the terminology of low-frequency networks.

Thus an iris that contributes a negative imaginary term to the admittance

is called inductive; one that contributes a negative imaginary part to

the impedance is called capacitive. It should be noted that this classifi-

cation depends only upon the sign and not upon the frequency variation

of the reactance or susceptance.

THIN DIAPHRAGMS AS SHUNT REACTANCES

6*2. Shunt Reactances.—Since a metal diaphragm in a waveguide

may be considered as a junction with two emergent transmission lines, a

proper equivalent-circuit representation would be that of a two-terminal-

pair network at low frequencies, for example, a T- or II-network. If

the metal diaphragm is sufficiently thin, the series elements vanish and
the circuit representation reduces to that of a simple shunt element.

This is most easily demonstrated by the argument already used in con-

nection with the bisection theorem (Sec. 4*7). If equal and opposite

electric fields are applied to either side of the diaphragm, then the electric

field in the plane of the diaphragm must be zero. The short-circuit

impedance of half of the network Z^h is therefore zero; Zn — Zu ;
and

the series elements of the T-representation vanish. The open-circuit

impedance Zoch of half the network is just twice the impedance of the

shunt element or twice the shunt impedance of the diaphragm. In most

cases, the susceptance of the diaphragm is a more useful quantity and is

usually the parameter specified. From Eq. (5T4) the susceptance B
may be written as

p _ MWe - WH ) mB ~
J5?

(1)

To find the value of the susceptance B it is necessary to solve an

electromagnetic problem for the geometrical configuration under con-

sideration. A discussion of the solution of problems of this nature will

not be given here. It may be noted, however, that a complete solution

giving the electric and magnetic fields at every point is not necessary,

since the susceptance depends only on the total stored electric and mag-

netic energy. Variational methods 1 are found to be very powerful tools

for the solutions of such problems.

Since the characteristic impedance of a waveguide can be defined only

as a quantity proportional to the ratio of the transverse electric and

magnetic fields, the absolute value must remain arbitrary. In a similar

manner the absolute value of the susceptance of an iris is undefined by

an unknown factor of proportionality. It is customary therefore always

to express the susceptance of an iris relative to the characteristic imped-

1 David S. Saxon, “ Notes on Lectures by Julian Schwinger: Discontinuities in

Waveguides,” February 1945.
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ance of the waveguide. The relative susceptance is then a definite

quantity. It has been shown in Chap. 3 that relative admittances or

impedances are all that are necessary for most problems in waveguide
circuits; the absolute values are not important.

From a consideration of the special cases about to be discussed, it will

be evident that the frequency variation of the susceptance of a diaphragm
in waveguide is different from the variation with frequency of the sus-

ceptance of a coil or a condenser. Even the simplest diaphragms have a

complicated dependence of susceptance on wavelength or frequency.

This fact arises from two circumstances. (1) The absolute value of the

susceptance must depend on the frequency variations of contributions

(o) (b) (c)

Fig. 0-1.—Inductive slits in rectangular waveguide. The metal partitions are shaded
(a) A symmetrical opening, (b) an unsymmetrical slit, and (c) the partition on one side

only, xo = d/2.

from many higher modes, each of which differs from the others. (2)

The relative susceptance contains the frequency variation of the charac-

teristic admittance of the waveguide. The characteristic admittance is

proportional to the wave admittance of the guide and therefore contains

the factor \/\g . Thus if an absolute inductive susceptance contained the

factor 1/co or X, as the susceptance of a coil of wire at low frequencies,

the relative susceptance would be proportional to X^. A capacitance

independent of X in absolute value yields a relative susceptance propor-

tional to X*/X 2
. However, since Foster's theorem remains valid for wave-

guide terminations, no radical departures from the accustomed frequency

variation are to be expected.

6*3. The Inductive Slit.—If, in rectangular waveguide capable of

propagating the dominant mode only, a thin metal partition is inserted

in such a way that the edge of the partition is parallel to the electric field,

the irisformed is equivalent to a shunt inductance. The iris may be formed

symmetrically as in Fig. 6-la, or the slit may be asymmetrically placed

as in Fig. 6T6 and c. Since the electric field is in the ^-direction, the

higher modes excited by the diaphragm are all fl-modes and the stored

energy is therefore predominantly magnetip. According to Eq. (5T4)

the shunt susceptance is negative, and the diaphragm is a shunt induct-

ance. The value of the susceptance has been accurately calculated and

the exact formula may be found in Waveguide Handbook
,
Vol. 10 of this
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series. An approximate expression for the symmetrical case (Fig. 6* la)

is

(2)

where /(a/X) is a small term. Equation (2) gives the susceptance relative

to the characteristic admittance of the waveguide. The principal term
is proportional to X0 ,

and hence the susceptance has very nearly the fre-

quency dependence of the suscept-

ance of a coil of wire at low fre-

quencies. The correction term /
is, however, not proportional to X

f/

but has a different frequency de-

pendence. The magnitude of /
and its variation with frequency

are illustrated by Fig. 6*2. At

large values of X a , / can be neg-

lected
;
when X„ is small, the correc-

tion term contributes appreciably.

The short vertical lines indicate

the values of X„/a for which the

H2o- and the H zo-modes may first

propagate. Since the slit is sym-

metrical, the II20-mode is not

excited by it. For wavelengths

.short enough for the Z/ 3o-mode to

propagate, the slit no longer behaves as a simple shunt element but

excites some of the //30-mode.

The susceptances of the asymmetrical cases of Fig. 6Tb and c may also

be expressed to a good approximation by simple formulas. The suscept-

ance of the diaphragm of Fig. 6*16 is given by

Fig. 6-2.—The variation of susceptance of

an inductive slit of width d = a/2. The
straight line with a slope of unity is the
cotangent term in Eq. (2); the curve gives
the exact value of B.

B = - ^<7 4.0— cot*- Q
-

a 2a (
1 + sec 2 ~ cot2

2a
(3)

When one-half of the partition is absent, as in Fig. 61c, :r 0

Eq. (3) reduces to

H = - cot 2

a sK1 +csc2
7T(A

2a)

d/2, and

(4)

The expressions given in Eqs. (3) and (4) are not so exact as the corre-

sponding approximation for the symmetrical slit. Asymmetrical dia-

phragms excite the Z/ 20-mode and other even modes as well as the

//30-mode and the other odd modes. The correction terms to be added,

are therefore larger and the frequency dependence correspondingly greater
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than for the symmetrical case. For practical applications the diaphragm

of Fig. 6*lc is often used, since it is the simplest possible construction.

The approximate formulas just stated and the exact curve shown in

Fig. 6*2 are all valid only for a metal partition that is infinitely thin.

It is usually necessary to use metal thick enough so that some correction

is needed. Although the theoretical correction has not been worked out,

an empirical correction has been found that is fairly exact. If the value

of d of the thick slit is reduced by the thickness t
,
the value of B is increased

to compensate for the thickness effect; thus

I^thiok(d) == Bihin(d-t). (5)

6-4. The Capacitive Diaphragm.—If metal partitions are introduced

from the broad faces of a rectangular waveguide so that the edges of the

V

(a) (b)

Fio. 6-3.—Capacitive diaphragms in rectangular waveguide. The metal partitions are

shown shaded.

partitions are perpendicular to the electric field, then a capacitive sus-

ceptance is produced. Such diaphragms are shown in Fig. 6*3. These

discontinuities excite only higher E-modes; the stored electric energy

exceeds the magnetic energy, and B of Eq. (1) is positive. The suscept-

ance for these diaphragms has also been calculated and is given by

?
= (6)

for the symmetrical opening of Fig. 6-3a. Correction terms that are

important at high frequencies are omitted from Eq. (6). The frequency

variation of B is similar to that of the susceptance of a condenser at low

frequencies except that \ is substituted for X. It does not have the

frequency variation of the relative susceptance of a lumped capacitance,

which would be proportional to as mentioned in Sec. 6-2. The
importance of the high-frequency correction terms to Eq. (6) may be

judged from Fig. 6*4 in which the susceptance of a diaphragm is plotted

as a function of b/\g for an opening d = b/2. The straight line represents

Eq. (6); the accurate value of the susceptance is given by the curve. It

should he remembered that the dimensions of the waveguide are usually

chosen so that b/\ g is about j.
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The jB-modes excited by the symmetrical slit will have longitudinal

fields Ez which are odd about the center of the slit. The next mode will

therefore propagate in the waveguide when \a = 6. Since Ez is zero

along the plane passing through the center of the slit, a sheet of metal of

zero thickness may be placed along the center of the waveguide and the

fields will not be disturbed. 1 The waveguide is then divided into halves,

each half containing an asymmetrical slit like the one shown in Fig. 6*36.

The height of each half has be-

come 6/2, and the aperture of the

slit has become d/2. The relative

susceptance must, however, re-

main unaltered. Since the sus-

ceptance must be a function of

the parameters d/b and b/\0 ,
the

value of B for the asymmetrical

slit can be obtained from Eq. (6)

by replacing by X„/2. Hence

ID 86 , 7T

d

B =
x7

lncsc
2b’

(7)

The capacitive slit is not often

used in high-power microwave ap-

plications, since the breakdown

strength of the waveguide is great-

ly reduced by it. The effect of a

finite thickness of the partition is

much larger than for the induc-

tive slit and will be discussed in a

following section.

6*6. The Thin Inductive Wire.—A thin wire extending across a rec-

tangular waveguide between the center lines of the two broad faces of

the guide forms an obstacle that acts as a shunt inductance. If the

radius of the wire is small and the resistivity large, the skin depth in

the wire may be made comparable with the radius of the wire. The rela-

tive impedance of the wire then contains a resistive component, and power

is absorbed in heating the wire. Such a device forms a bolometer element

and is commonly used to measure microwave power. The relative

impedance of the wire is given by

‘A,
Fig. 6-4.—Relative susceptance of a thin

symmetrical capacitive slit with an opening
equal to one-half the height of the waveguide.

The straight line represents Eq. (6) ; the

curve shows the values calculated from the

accurate expression.

z R+jX = ,

. a . 2a
+ J

2x,;
ln ™v (8)

1 See Sec. 2-5.
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where r is the radius of the wire, a is the conductivity, and e is the base

of natural logarithms. The d-c resistance Ro of the wire is given by

Ro
b

war2 (9)

The relative impedance may therefore be written as

z = i{R’+ jU>^}
where

7 _ 26 \g [ii

J0
a X \V

( 10 )

(ID

Thus if the characteristic impedance of the waveguide is chosen to be

that given by Eq. (11), the relative resistance of the wire is just R 0/Z o.

The reactance, moreover, corresponds to an absolute inductance L per

unit length of

1 . 2a
M In —0 >L =

2w we-r
(12)

which is similar to the inductance L 0 per unit length of a straight wire in

free space:

1 . 21
M InLq —

2w er
(13)

This circumstance strengthens the belief by some that the most reason-

able choice for the characteristic impedance of a waveguide is that given

by Eq. (11). It will be recognized that this impedance is the proper

value to choose in order to obtain the correct value of the power flow W
from the expression

1 V 2

w = ~ —f
t 2 Z 0

where the voltage V is defined in the natural manner as

V = bEy .

It has been repeatedly emphasized, however, that any choice of the

absolute value of Z 0 for a waveguide must be an arbitrary one. Choices

other than that of Eq. (11) are more suitable for other situations.

6*6. Capacitive Tuning Screw.—A metallic post of small diameter

introduced from the broad side of a rectangular waveguide but not

extending completely across the guide forms a shunt capacitance. A
variable susceptance of this type can be made by simply inserting a

screw into the waveguide, and such a tuning screw is often employed in

low-power microwave equipment. Currents flow from the broad face
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of the waveguide down the screw, and consequently it is necessary that

good electrical contact be made between the screw and the guide. As

the screw is inserted, the capacitive susceptance increases in very much
the same manner as does the susceptance of a condenser whose plates are

the top and bottom walls of the waveguide.

For small distances of insertion, the screw should behave much as a

lumped capacitance, and the relative susceptance should vary as \ g/\
2

.

As the distance of insertion increases, however, and becomes an appreci-

able fraction of a wavelength, the currents flowing along the length of

the post are no longer constant

and the screw acts as an induct-

ance and a capacitance in series

shunted across the waveguide
transmission line. When the

length of the screw is approxi-

mately one-quarter of a freespace

wavelength, resonance occurs and

the susceptance of the screw be-

comes infinite. With still greater

distance of insertion, the suscept-

ance becomes negative; and when

contact with the opposite wall is

made, the susceptance becomes

that given approximately by the

inverse of Eq. (8). No adequate

theoretical treatment has been

given of the susceptance of tuning

screws, but the behavior just described is illustrated by the experi-

mental data of Fig. 6-5. The dimensions of the screw and the equiv-

alent circuit are indicated in the figure. The value of B for l/b = 1.0
.

calculated from Eq. (8) is —3.45.

No data exist on the frequency sensitivity of the susceptance. In

the neighborhood of resonance, the susceptance seems to depend critically

on the dimensions and on the frequency. The resonant length of the

screw of Fig. 6*5 appears to be about 0.756. One-quarter of a free-space

wavelength is 0.796.

Other resonant structures that totally reflect the incident power

exist in many forms. A common one is a rectangular ring, the perimeter

of which must be about 1.1X for resonance to occur; a dumbbell-shaped

antenna is another. No extensive investigations have been made of the

properties of such structures.

6*7. Resonant Irises.—Since both capacitive and inductive dia-

phragms exist, it should be possible to combine them and obtain a shunt-

l/b

Fig. 6*5.—The susceptance of a tuning
screw 0.050 in. in diameter as a function of

the depth ol insertion in waveguide 0.9 by
0.4 in. ID at a wavelength of 3.2 cm.
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resonant circuit such as that of Fig. 6*6. No theoretical treatment of the

properties of such a diaphragm has been made. It has been found

empirically that for resonance the dimensions a\ b
f
of the rectangular

opening are given by

(i4)

If the origin of rectangular coordinates is taken at the center of the wave-

guide, then Eq. (14) is the equation of an hyperbola in the variables a
'

and b'. The hyperbola passes through the corners of the waveguide,

and the branches are separated by X/2 at the closest point. Equation

Fig. 6-6.— (a) Equivalent circuit of a shunt-resonant thin diaphragm; (6) resonant dia-

phragm.

(14) is obtained if the characteristic impedance of a waveguide of dimen-

sions a and b given by Eq. (11) is equated to that of a guide of dimensions

a' and 6'. This condition cannot be derived rigorously, but qualitative

arguments that make it appear reasonable have been given by Slater. 1

Equation (14) fits the experimental data very well for apertures in metal

walls that are thin compared with the dimension b'. An increase in the

thickness of the partition decreases the resonant wavelength.

A resonant circuit such $s that of Fig. 6*6 has a frequency sensitivity

characterized by the parameter Q. As shown in Sec. 4*13, near resonance

the admittance of the combination of the resonant aperture and the

matched load is given by

y = i + 2jq
Wo

where w 0 is the resonant angular frequency and Aw is the deviation from

the resonant value. The Q-values for resonant apertures are low, of

the order of magnitude of 10, and increase as b
f

decreases. This is to be

expected, since a decrease in b ' increases the capacitive susceptance Bc .

Another commonly used resonant aperture is obtained by combining

a symmetrical inductive diaphragm and a capacitive tuning screw. The
resonant frequency may be conveniently changed by means of the screw,

and the Q altered by changing the aperture of the diaphragm. Such

1 J. C. Slater, Microwave Transmission, McGraw-Hill, New York, 1942, pp. 184Jf.
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resonant devices have been employed in the construction of filters. 1

A variable susceptance of this type

is used in waveguide crystal mix-

ers. 2 Considerable experimental

information about resonant irises

of this and other kinds is to be found

in Chap. 3 of Vol. 14 of this series,

where the use of several such cir-

cuits in cascade to make a TR
switch with a band-pass character-

istic is described.

6-8. Diaphragms in Waveguides

of Other Cross Sections.—Al-

though only rectangular waveguide

has been discussed, diaphragms in

waveguides of other cross sections

also act as shunt susceptances, pro-

vided that the metal partitions are

thin and that the waveguide is cap-

able of supporting only one mode.

In round waveguide carrying the

Ti^ii-mode, a centered circular ap-

erture is a shunt inductive suscept-

d in cm
Flo. 6-7.—Susceptance of inductive

apertures (Curve A) and capacitive disks

(Curve B) in round waveguide of 2.5-in.

inside diametor at a wavelength of 9.1 cm,
7\En-mode.

ance. A capacitive susceptance is formed if a circular disk is centered on

the waveguide axis. In Fig. 6*7 some rather old experimental data are pre-

0© (D
Flo. 6*8.—Resonant obstacles and apertures in waveguide of circular cross section.

The obstacles are totally reflecting at resonance; the apertures totally transmitting. The
metallic portions are shaded.

sented to illustrate the variation of the susceptance with the diameter of the

aperture or disk. No theoretical estimates of the susceptance are available.

1 Microwave Transmission Circuits
,
Vol. 9, Chap. 10, Radiation Laboratory Series.

* Microwave Mixers
,
Vol. 16, Radiation Laboratory Series.
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There exist also both series-resonant obstacles that are totally reflecting and
shunt-resonant apertures. A group of these is shown in Fig. 6-8. In

the use of diaphragms in waveguide of circular cross section it must be

remembered that modes of two polarizations can exist (Sec. 2T3) and

the diaphragm must be symmetrical with respect to the electric field so

that the second polarization will not be excited.

A close correspondence exists between a capacitive slit in rectangular

waveguide and a slit in a parallel-plate transmission line. In rectangular

waveguide the ^-dependence of the fields, both near the obstacle and far

from it, is determined by the z-dependence of the incident field; in particu-

lar Ex is zero, and Ey ,
Ez and Hx vary as sin tx/a. Each component of

the electric field satisfies the wave equation
;
for example,

d 2Ey

dx 2

d*Ey
,

d 2Ev

dy2 + dz2
“+ k2Ey = 0,

where k = 2tt/X is the wave number in free space. The z-derivative can,

however, be evaluated, and the equation becomes

d 2Ey VEy

dy2 dz2
= 0

, (15)

and similar equations hold for the other components. In a parallel-plate

transmission line also, Ex is zero and the other components satisfy the

wave equation
;
thus,

d2Ev

dy 2

d 2Ev

dz2 + k2Ey = 0. (16)

Since the boundary conditions are independent of x for a capacitive

obstacle, the solutions of Eqs. (15) and (16) differ only in that where k

occurs in a parallel-plate solution k 2 — (t

/

a) 2 occurs in the waveguide

solution Consequently, one result may be derived from the other by

replacing k2 —
(w/a )

2 with k 2 or equivalently by replacing with X.

Thus the susceptance of a symmetrical capacitive slit in a parallel-plate

transmission line follows immediately from Eq. (6) and is

B = 46 , ird

H ln csc »• (17)

A coaxial transmission line with a thin disk on either the inner or the

outer conductor behaves very similarly to a parallel-plate transmission

line with a capacitive slit. Accurate values of the susceptance for

capacitive disks are to be found in Waveguide Handbook. Some values

calculated in a different manner have been given by Whinnery and

others. 1 A wire extending from the inner to the outer conductor of a

1 J. R. Whinnery and H. W. Jamieson, Proc. IRE
,
32, 98 (1944); J. R. Whinnery,

H. W. Jamieson, and T. E. Robbins, Proc . IRE
y 32, 696 (1944).
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coaxial line forms an inductive susceptance. Although no measurements
or calculations are available for this case, an approximate value of the

shunt admittance can be found from Eq. (8) if \g is replaced by X and a

replaced by the mean circumference of the coaxial line.

6-9. The Interaction between Two Diaphragms.—When a wave is

incident upon a diaphragm, the field near the diaphragm consists of the

dominant-mode wave together with enough higher-mode waves to satisfy

the boundary conditions at the aperture. The intensities of the higher-

mode waves fall off in both directions away from the aperture, and at a

sufficient distance only the dominant wave is left. The simple equiva-

lent-circuit picture gives a valid description of the fields only at distances

large enough for the higher-mode waves to be neglected. The effective

range of the higher-mode fields thus depends on the attenuation constants

of these higher modes and on the amplitude of their excitation. The
attenuation constants are given by

which is independent of X if X » \ c . The range of interaction is thus

about 1 /a or Xf/2ir. For an asymmetrical inductive slit the range is

therefore a/

2

t] for a symmetrical inductive slit the range is a/37r; for a

symmetrical capacitive slit, b/2ir.

If two thin apertures are separated along the waveguide by a distance

comparable to the range, there will be an interaction between them that

is not given by the simple equivalent-circuit picture. The magnitude of

this interaction can be judged from some calculations of Frank. 1 Frank

considered the case of two symmetrical inductive slits. The effect of

interaction can be expressed in terms of the “effective” admittance of

the diaphragm nearest the load. The effective admittance is the admit-

tance that the diaphragm would have to have in order that the admit-

tance of the combination of the two diaphragms and the load could be

correctly calculated if no interaction were assumed. If s is the distance

between the windows, the effective admittance is given by

where —£ i and — £ 2 are the susceptances of the two windows and Y L is

the admittance of the load at the second window. The magnitude and

1 N. H. Frank, RL Report No. 197, February 1943.
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phase of Y'2/Y2 are plotted in Fig. 6 9 as functions of s/\0 for the case

where YL = 1, \g/a = 1.96, and J5i = = 0.5. The effect of the

Fig. 6*9.—The magnitude and phase angle of the relative effective admittance Yt / Yz
as a function of the separation s of two symmetrical inductive apertures of susceptance

interaction is important at small separations and is principally a reduction
in the magnitude of the susceptance.

To describe these effects by means of an equivalent circuit, it is neces-
sary to consider each aperture as a three-terminal-pair network and the

two networks connected together

as shown in Fig. 6TO. Terminals
2 of the two networks are con-

nected by the transmission line

A for the dominant mode, and
terminals 3 are joined by the trans-

Aperture 1 Aperture 2 mission line B for the next higher
Fig. 6*10.—Equivalent circuit of two

apertures so close that interaction effects
must be taken into account.

mode excited. Line B is attenu-

ating, since the waveguide is be-

yond cutoff for the higher mode.
Three-terminal-pair structures are discussed more completely in Chap. 9.

Unfortunately, the necessary data are not available for most situations,
and interaction effects must be determined by experiment.

6*10. Babinet’s Principle.—Useful results for waveguide structures
with a high degree of symmetry can be obtained by the application of
Babinet’s principle (Sec. 2*10). An example of this has been given by
Schwinger. 1 The actual electromagnetic problem that is solved to find

1 David S. Saxon, “Notes on Lectures by Julian Schwinger, Discontinuities in
Waveguides," February 1945.
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the impedance of a symmetrical inductive diaphram is that of finding

the terminating impedance Zoch of the structure of Fig. 6* 11a in which

a solid line represents an electric wall and the dashed line a magnetic

wall. The electric field is outward from the paper. The terminating

impedance of this configuration is 2jX, where X is the shunt reactance

of the diaphragm. Since the fields are independent of the y-coordinate,

(a) O c

E 1

*II

(d) o c

!

1

H

: i

l Symmetry

H
l
- mode

h
!

(a-d)
= d’

Symmetry

O
E

ZL=2jX

Babinet's

principle

ik »

—riLi ,,
© a/y ! 2 W
H l rr

Yl=3B/2 E
x

- mode YL=iB/\

2

Fro. 611.—Application of Babinet’s principle to obtain the susceptance of one aperture
from that of another.

the guide can be considered of infinite height. The value of X was given

in Sec. 6-3 and is approximately

-Y - i (l«)
(20)

Since the magnetic field is zero along the plane through the center of the

aperture, a magnetic wall may be inserted there and the configuration of

Fig. 6T1b is obtained. This configuration has the same terminating

impedance 2jX. Babinet’s principle may now be employed to obtain

Fig. 611c. The electric and magnetic walls are interchanged, and E
is replaced by H. The terminating admittance j(B/2) of this structure

must be equal to the terminating impedance of Fig. 6T16, and

(21)

The magnetic wall of the waveguide may now be removed by symmetry
considerations, and the terminating admittance is unchanged. The
susceptance B is now the shunt susceptance of a capacitive aperture for

the first J?-mode between parallel plates of separation a. From Eq. (21)

rd

2a
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1

or in terms of the opening d' of the diaphragm,

B « p cot2~ (22)
Ag Mid

The guide wavelength X„ in Eq. (22) is given by

ay = ay - ay
The susceptance of a slit in rectangular waveguide operating in the

Un-mode is obtained by the arguments of Sec. 6*8 by using in Eq. (22)

the appropriate value of \0 given by

a)
-

-©'-&-(&
Babinet’s principle in the form of Eq. (21) has been applied also to

corresponding resonant structures such as those shown in Fig. 6*8.

This application is not a rigorous one, however, since the electric walls

that form the waveguide are not transformed. Nevertheless, if the size

of aperture is not too large, Eq. (21) applies approximately. If the

apertures are large or close to the walls of the waveguide, as those in the

capacitive and inductive obstacles of Fig. 6*7, the deviations from Eq.

(21) are large. The product of the inductive and capacitive susceptances

is not —4 as required by Eq. (21) but varies from —2 to —10 over the

range of disk diameters from 2.0 to 5.5 cm.

641. The Susceptance of Small Apertures.—The transmission of

radiation through an aperture may be expressed in very general terms 1

if the size of the aperture is small enough. On a metallic wall, the

normal magnetic field and the tangential electric field vanish, but a

tangential magnetic field H 0 and a normal electric field E 0 may be present.

If there is a small hole in the jvall, within the hole there will be a tangential

electric field and a component of the magnetic field perpendicular to the

wall. If a linear dimension x of the hole satisfies the relation that

x <K X/2x, then the fields in the neighborhood of the hole are closely

approximated by the unperturbed fields H 0 and E 0 plus the fields from an

electric dipole and a magnetic dipole within the hole. The strength

of the electric dipole is proportional to E0 ,
and the dipole is directed

normally to the wall. Similarly, the magnetic dipole is in the plane of

the wall and of a strength proportional to jF/ 0 . The constants of propor-

tionality are the polarizabilities of the hole. The electric polarizability

P is simply a constant, since the dipole and the field are parallel. The
directions of the magnetic dipole and the exciting magnetic field are,

however, not necessarily the same. The magnetic polarizability is

1 H. A. Bethe, Phys. Rev., 66, 163, (1944).
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therefore a dyadic quantity. In the usual manner, principal axes of the

hole may be chosen that correspond to axes of symmetry of the hole if

these exist, and the magnetic polarizability is then determined by two

scalar numbers M i and Af 2 that relate the components of H0 to the

components of the magnetic dipole. The values of the constants P,

Mi and Af 2 can be calculated if it is assumed that the hole is small and

far away from any metallic objects that have radii of curvature compara-

ble with X. When the strengths of the dipoles are known, then the

transmission through the hole may be calculated by finding the radiation

from the dipoles into the waveguide on the other side of the wall. The
calculation of the transmission through a hole is thus performed in two
distinct steps. The strengths of the equivalent dipoles within the hole

are first calculated, and then the radiation from the dipoles is found.

The theory therefore applies to holes in the side walls of the waveguide

as well as to holes in a metallic wall perpendicular to the waveguide axis.

The second case only will be considered here. The properties of holes

in the side walls are treated in Chap. 9. On the other hand, the theory

neglects entirely all reaction of the load upon the generator. For small

holes or large susceptances this neglect is justified.

The radiation from the hole may be expressed in terms of the normal-

mode functions of the waveguide into which it radiates. If the amplitude

is measured by the transverse electric field, the amplitude transmission

coefficient A is given by

AS0 = f
Ei X Ht-nda (23)

for the magnetic-dipole radiation, where Ei is the field in the hole, H, the

transverse normal-mode magnetic field, n a unit vector normal to the

plane of the hole, and So a normalizing factor. The integral is taken

over the area of the hole. The quantity So is

*.=/» EXH, ds
,

(24)

where E is the normal-mode electric field. Equation (23) may be written

as

A So = J
n X Ei • H, da = H,

• j
n X E t d<r,

where H* is evaluated at the hole. The integral of n X Ei is proportional

to the magnetic dipole moment and in turn proportional to the incident

field. A similar relation is true for the electric moment, and the total

value of A is

ASo = (MlHolHt + MiHomHm + PEonEn), (25)
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where the Z- and m-components are taken in the directions of the principal

axes of the hole and the ^-component is normal to the hole.

The amplitude transmission coefficient may be expressed in terms of

the susceptance of the diaphragm, since

A - 1 + r - 2TTB’ <26>

if the waveguide.is the same on both sides of the diaphragm. Since the

hole is small, B is very large and

B = - (27 )

Finally, since the normal-mode fields are the same on both sides of the

diaphragm, the zero subscripts may be dropped provided that the

amplitude of the fields is doubled. Hence

B
= " 5, {MlHl + M*Hl + PEl) - (28)

For a waveguide operating in the dominant mode, the longitudinal electric

field En is always zero, and the susceptance of a small hole is therefore

inductive regardless of the shape of the hole or its location. The theory

does not apply to a capacitive slit, since this cannot be considered as a

small hole.

Table 61.—Values of the Polarizabilities of Small Holes

Mi Mt 1>

Circle of radius r 4 3
3

4 3
3 l'

3

1 /b\ 2

Ellipse * of eccentricity « = \1 —
(-J

7r ab 2
e
2

7t ab 2
e
2 t a6*

3 (1 - €j)(F - E) 3 A’ - (1 - e«)A 3 A

Long narrow ellipse (a » b) . *

1JZ

fc

ICO lab*
l

ab'

Slit t of width d and length l
1

:

:

1

f6 W
’

iVrfl

F and E are the complete elliptic integrals of the first and second kind, respectively:

(bp
F(<)

E(t)

.
JO V 1 «a sin* ^

fr/2
— 1 dtp V 1 «* »in l

V*
JO

The polarizability M

i

is for the magnetic field parallel to the major semiaxis a; Aft is for the field parallel

to the minor semiaxis b.

t The magnetic field is transverse to the slit and constant along the length.

Values of the polarizabilities have been calculated for several cases, and

the results are giyen in Table 6*1. The values of the fields and the

normalizing factor So are easily found. For example, in rectangular
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waveguide in the dominant mode, the susceptance is given by

g
“ “^ sin 2 [Mi cos 2

(1,*) + 3/2 cos 2 (m,x)], (29)

where xQ is the ^-coordinate of the center of the iris and (l,x

)

is the angle

between one principal axis of the aperture and the x-axis. The suscept-

ance of a narrow inductive slit that is centered may be calculated by
inserting the proper value of Mh and it is found to be

B = _ X, (2aV
a \7rd)

which is the asymptotic form of Eq. (2) for d « a.

For circular waveguide of radius R in the dominant mode, the sus-

ceptance of a centered iris is

J.

B
47T

0.955(7r/e 2
)

M, (30)

which has been written to exhibit the similarity to Eq. (29). For circular

waveguide operating in the E0-mode, where the iris is at the center of the

guide and has sufficient symmetry so that no other propagating modes
are excited, the only field at the iris is the normal electric field. The
quantity E 2 in Eq. (28) is negative, since the longitudinal field in a wave-

guide is 90° out of phase with the transverse field; B is positive, and the

iris is capacitive. The susceptance is

B = 0^92R+

P\a
(31)

It should be noted that the variation with frequency of both the inductive

and capacitive small holes is similar to that of the larger irises.

IMPEDANCE MATCHING WITH SHUNT SUSCEPTANCES

6*12. Calculation of the Necessary Susceptance.—Susceptive irises

are widely used in transmission lines to match a load impedance to

the characteristic impedance of the line. In Sec. 4-3 it was shown that

maximum power is delivered to the load if the load resistance is equal to

the generator resistance and the load admittance is equal to the negative

of the generator admittance. If the load and generator are connected

together by a transmission line that is many wavelengths long, as is always

the case in microwave transmission, then the best practice is to match

both the load impedance and the generator impedance separately to the

characteristic impedance of the transmission line. If the load were

matched to the generator directly through a long line, then a small change

in frequency would produce a large change in the impedance of the load as
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seen through the line, and a matched condition would no longer exist.

Moreover, standing waves would exist along the transmission line even

at the correct frequency, and the resistive losses in the line would be

correspondingly great. By the insertion of a shunt susceptance at the

proper place a short distance from the load, it is possible to make the

relative admittance of the combination equal to unity, and the frequency

sensitivity of the match is small.

The load admittance usually must be determined by a standing-wave

measurement, and it is therefore convenient to express the matching

conditions in terms of the observed standing-wave ratio r and the posi-

tion of a minimum in the standing-wave pattern. If the losses in the

matching elements are neglected, the magnitude of the susceptance

necessary to match a load that produces a standing-wave ratio of r is

the susceptance that produces a voltage standing-wave ratio of r when
inserted in a matched line (Sec. 4*3). The relation between B and r

is given by Eq. (3-28),

r = \/4 + W + \B
\

a/4T

B

2 - |B|’
(32)

or

i*i

r — 1

y/r
(33)

The correct placement of the susceptance is easily determined. A con-

venient reference plane is the minimum of the standing-wave pattern

nearest the load. Here the load admittance is G = r. This admittance

is transformed along the line according to the equation

G + j tan 01

1 + jG tan
1
31

(34)

If the length of line is chosen so that Y = 1 + jB
,
a susceptance can then

be inserted at that point to cancel the susceptance of the load. If the

real part of Eq. (34) is set equal to unity, then it is found that

or

tan 01 -1 = - 1

y/G \/r

tan-1 —

~

l y/r

\g 2

T

(35)

(36)

The negative sign of the square root in Eq. (35) was chosen, and therefore

l/\0 is less than and a positive, capacitive susceptance must be added to

produce a match. If it is desired to match with a negative, inductive
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susceptance, then l/\0 is between f and i and is given by

181

7r — tan~ l —

—

l _ yr
A,,

(37)

The impedance charts described in Chap. 3 are especially useful in

making matching calculations. The calculations just described are

illustrated in Fig. 6*12. The

standing-wave minimum occurs at

the point Y = G; the angle ftt is

determined by moving toward the

generator along the circle with the

center at 0 to the point A on the

circle Y = 1 + jB. A positive

susceptance added here moves the

admittance to O along the circle

Y = 1 + jB, If an inductive
susceptance is used, the angle is de-

termined by moving from Y = G
through A to the point C on the

circle Y = 1 + jB. The addition

of a negative susceptance trans-

forms the admittance to the point 0. It is obvious from the diagram that

the point C can also be reached by moving from the minimum toward the

load a distance given by Eq. (36).

To obtain a match that has a small frequency sensitivity, the matching

window should usually be placed as close as possible to the load. It

should be remembered, hcnvever, that interaction effects are often impor-

tant. It may be desirable to resort to experiment in order to determine

the optimum size and position of a diaphragm after the first approxima-

tion has been obtained by the procedure ju§t described.

643. Screw Tuners.—By a technique similar to that described in

the proceeding section, it is possible to design a variable tuner that can

be inserted in a transmission line. To provide a variable susceptance

that can be adjusted in position along the line, a capacitive tuning screw

may be used. The screw is mounted in a closely fitting sleeve that may
be slid along the line. Since a longitudinal slot along the center of the

broad face of a rectangular waveguide or along a coaxial line does not

disturb the fields within the pipe, the screw can be set easily in any posi-

tion. When the screw penetrates the waveguide, currents flow along

the screw. Consequently, the sliding sleeve and the screw threads must

make good electrical contact. Such a device is extremely easy to use.

Both the position and the depth of insertion are always varied in the

Fig. 6*12.—The calculation of the sus
ceptance and position ol a matching window
by means of the admittance circle diagram.
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direction to decrease the standing-wave ratio in the line . Eventually

the proper position for match will be reached. The breakdown power oi

the line is lowered considerably by such a tuner, and its use is practical

only for small standing-wave ratios. The necessity for a good electrical

contact makes the mechanical design difficult.

To eliminate the sliding sleeve and the contact difficulties that it

causes, several fixed screws may be used as a variable tuner. For

example, three tuning screws sep-

arated from each other by one-

quarter of a guide wavelength is a

commonly used combination. To
match a load to the line, the center

screw and only one of the outer

ones are employed. The range of

admittances that such a tuner can

produce is best illustrated on an

admittance diagram. If a sus-

ceptance of unity is the maximum
value that a screw can introduce,

then the shaded area in Fig. 6T3
is the range of admittances of the

tuner using one pair of screws.

Since the other pair of screws is

one-quarter wavelength away, the

region enclosed in the dashed lines

is accessible by the second pair. A standing-wave ratio of 2 in all phases

can therefore be matched by this tuner, and slightly larger values of r can

be matched if the phase is correct.

If easily adjustable inductive susceptances were available, only two

screws would be necessary. A tuner 1 employing an “ inductive screw”

has been used in waveguide operating at a 10-cm wavelength. The
inductance is a short section of circular waveguide attached to the center

of the broad face of the guide. The inductance is adjusted by a screw

that fills the circular guide.

6-14. Cavity Formed by Shunt Reactances.—The process of matching

a very large standing-wave ratio leads to the formation of a resonant

cavity. In fact it is extremely useful to regard all cavities as made up of

irises of large susceptance in a transmission line. Often the transmission

line is a radial line; the properties of such lines are treated in Chap. 8.

At present only lines that are cylindrical (boundary conditions inde-

pendent of z) will be discussed. If, for example, it is desired to match a

short section of line terminated in a metal plate or short circuit, then a

1 See Vol. 9, Chap. 6, of this series.

Fig. 6-13.—The range of admittance pro-

duced by a triple-screw tuner with the

screws separated by one-quarter wave-
length, if the maximum susceptance of a

screw is unity.
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diaphragm can be found of such susceptance that the admittance of

the cavity is real. In rectangular waveguide such a process results in a

rectangular box that is resonant.

The admittance of a short-circuited line is Y = coth yl. The proper

value of a susceptance B to make the total admittance real is given by

Im (Y+jB) = 0. (38)

If the line is lossless and B is finite, then the conductance of the cavity

is zero. For resonance, the line is nearly one-half wavelength long if B
is large and negative, and the length approaches one-quarter wavelength

as the magnitude of B decreases. In practice, however, the losses must

be taken into account; but since the length l is small, it will be assumed

that al is small compared with unity, where a is the attenuation coef-

ficient. The magnitude of the susceptance B will be assumed to be large

compared with unity. The length of the cavity is near n half wave-

lengths, and the dimensionless quantity c is defined by

<3i»

where n is a small integer. The admittance of the line then becomes

and Eq. (38) becomes

Y = 1 ^ ,

al — Je

jj _ _
(al)

2 + €
2

For an inductive susceptance, e is

positive and the cavity is a trifle

less than n half wavelengths long.

The conductance of the cavity is

(40 )

(41)

G = al B 2al (42) ( /

//n=e
' 2a

'^

V J

(al )
2 + €

2

It is instructive to follow the

various transformations on an ad-

mittance chart as in Fig. 6- 14. In

a lossless line, as the point of ob-

servation is moved away from the

short circuit toward the generator,

the admittance point travels along

the outer circle in a clockwise di-

rection. If a large negative sus-

ceptance is added after the point

has traveled almost half a wavelength, the total admittance can be made

J-ossy linej

Lossless line
>

Fig. (M4.—The admittance diagram of a
length of short-circuited line plus an induc-
tive susceptance of such a magnitude as to

produce resonance.
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zero and a resonant condition exists. If the line is lossy, the admittance

point spirals inward instead of traveling on the outside circle. It will be

remembered that the magnitude of the reflection coefficient varies ase _2fltZ
.

After nearly a half wavelength of travel the addition of a negative suscept-

ance brings the admittance tTo the positive real value given by Eq. (42).

Of primary interest in resonance phenomena is the frequency sensi-

tivity of the admittance. The conductance varies as 1/X 2
,
since B varies

as 1 )\0 if a is assumed to be constant, and the derivative ofG is

since

dG
CfX g

dB
d"\fj

= B 2an
)

B
x/

(43)

(44)

for an inductive susceptance. The susceptance varies much more rapidly

with wavelength. It is easy to show that if B is large, the variation of G
with wavelength is negligible compared with the variation of the sus-

ceptance of the line. If the losses are neglected for this calculation, the

susceptance BL of the dine is — cot /Si and

dB L

d\g
- & CSC 2

fil = - f (1 + B 2
),

Ag A g

since B = cot fil at resonance. Therefore

(45)

dBj, _ _ nir

d\g ~
\g

(46 )

That it is correct to neglect the losses can be verified by differentiating

Eq. (40) directly. The coefficient of J3
2 in Eq. (46) is much larger than

the coefficient of B 2 in Eq. (43), and the conductance can be assumed to

be constant. The frequency sensitivity of the cavity can therefore be

described by the Q of thetequivalent shunt-resonant circuit (Sec. 4T3),

q _ wo dB _ _ \g /XA 2 dB
^ 2Gd^~ 2G\\) d\a

(47)

The various values of Q correspohd to various choices for G. If the value

given by Eq. (43) is inserted, Q0 ,
the unloaded Q, is obtained:

(48)

which is the value of Qo given in Eq. (2*83) with the losses in the end

walls omitted. The unloaded Q is independent of n. If the cavity is

matched, G = 1 and the loaded Q is

B\ (49)
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The action of the susceptance B is very similar to that of a transformer

of turn ratio |B|. This is most obvious from the equivalent circuit of

Fig. 4*21. For a pure shunt element, the elements of the impedance
matrix are all equal and

Zn — Z 12 = Z22 = ~ g*

The circuit parameters are the two line lengths

T> / D 2

tan fill = ^ + '^'4' + 1 ~

tan Ph =5 - ^ + 1 ~

where the approximate values are for B 1. The transformer ratio N
is given by

N2 = ¥ + B^ + i + 1 « B\ (51)

For resonance the total length of line should be an integral number of

half wavelengths or

h +

1

=^
and this is the same condition as that given by Eq. (41).

The transformer ratio N is the stepup in voltage in the cavity over

the voltage in the line if the cavity is matched. The value of N may be

expressed in terms of the Q as

The relation of Eq. (52) can be obtained easily by direct calculation.

The quantity Q may be defined by

n — energy stored

energy 1 ost per sec

If the cavity is matched, the energy lo t per second is equal to the

incident power. Hence

f + nH2
) dV

Q = co i , (53)

i
j
E tH t dS

where the volume integral is taken over the cavity and the surface

integral over the cross section of the waveguide. For a TE-wave
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where E0 denotes the field outside the cavity. At resonance eE$ = nH\ y

where Ei is the field inside the cavity. Equation (53) can therefore be

written as

Consequently if the voltage is taken proportional to the electric field,

the voltage stepup is given by Eq. (52).

More complicated cases may be treated in a similar fashion. Thus a

transmission cavity may be formed by placing two inductive susceptances

slightly less than a half wavelength apart. In fact, it is immediately

evident from the equivalent circuit (Fig. 4*21) of the^ iris and from Eq.

(50) that the length is given by

B tan pi = 2. (54)

The loaded Q has just one-half the value for a cavity with a single window

;

G is, of course, now equal to 2. It is easy to see from the admittance

diagram of Fig. 6T5 that for a lossless line, the conductance is unity if

the two windows are equal. If the

line is lossy, the conductance is

larger. To obtain a matched
transmission cavity in a lossy line,

the input window must be slightly

larger (smaller \B\) than the out-

put window.

It should perhaps be men-
tioned explicitly that calculations

of the kind just described neglect

the losses in the iris itself. For

accurate calculations of high-Q

cavities, some estimate of the loss

should be included. It has been

suggested that a suitable estimate

for the losses produced by the

presence of a hole in a metal wall is made by assuming that the losses

over the area of the hole are twice the losses in the wall before the hole

was cut. It is evident that this is an extremely uncertain approximation.

Fig. 6*15.—The admittance diagram of a

cavity formed by two inductive windows one-
half wavelength apart.
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CHANGES IN THE CHARACTERISTIC IMPEDANCE
OF A TRANSMISSION LINE

6*15. Diameter Changes in Coaxial Lines.—If the usual definition

of the characteristic impedance of a coaxial line is adopted, a change in

v the diameter of the inner or outer conductor results in a change in the

line impedance. Such a change in impedance produces a discontinuity

in the voltage and current, and a reflected wave is produced. At long

wavelengths, no other effects are important. An equivalent circuit of

the junction is therefore simply an ideal transformer that has a turn

ratio n given by

ri
l = ~ (55)

At short wavelengths or high frequencies other effects become important

and the equivalent circuit becomes more complicated. Although any
one of the general forms of a two-terminal-pair network is suitable, for

example, a T- or II-network, the circuit of Fig. 4*23, which contains an

ideal transformer and two reactive elements, is particularly suitable for

the representation of junctions. For all of the junctions in common use

both in coaxial line and in waveguide, the

series element in this circuit has negligible

impedance and the circuit reduces to a

shunt element and an ideal transformer.

If the proper ratio of characteristic im-

pedances is chosen for the two lines, the

transformer can be made to have a turn

ratio of unity. The equivalent circuit is

therefore simply two transmission lines

connected together with a shunt imped-

ance as shown in Fig. 6T6. The shunt element in the circuit is called the

“ junction effect.

”

In coaxial lines, a change in diameter is associated with a distortion

of the fields of the normal principal mode. Higher modes are excited in

the neighborhood of the junction. It is evident that the higher modes

are S-modes, and consequently the stored energy in these modes cor-

responds to a capacitive junction effect as indicated in Fig. 6T6. The
capacitive susceptance should be inversely proportional to A and hence

negligible for low frequencies. At high frequencies, B becomes appreci-

able, although with the coaxial line in use at 10 cm it can often still be

neglected. In accord with the general principles stated in Sec. 6*8, the

magnitude of the junction effect should be nearly the same as the effect

of the corresponding change in height of a parallel-plate transmission line

^0 ‘JB Y'ro

Fig. 6*16.—The equivalent cir-

cuit for a junction between two
transmission lines. The shunt sus-

ceptance is called the “junction
effect.”
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or of a rectangular waveguide. The waveguide effect is discussed m

the following section.

6*16. Change in the Dimensions of a Rectangular Waveguide

Change in Waveguide Height.—The junction of two rectangular wave-

guides of heights b and b' is rigorously represented by the equivalent

circuit of Fig. 6-16. The characteristic admittance of the waveguide

should be chosen inversely proportional to the height. In terms of the

parameter

a
b'

V (56)

where a is chosen smaller than unity, the junction susceptance is given

by the approximate formula

for the symmetrical change in height. The function f{b/\0 ) is the high-

frequency correction term. Since the susceptance is positive, the junc-

tion is sometimes termed a capacitive change in cross section. In the

larger of the two waveguides the field configuration is very similar to

that near a symmetrical capacitive slit, and in the smaller guide the field

is not greatly different from that of the dominant mode. It might be

expected that the stored energy and therefore the susceptance given by
Eq. (57) should be approximately half that given by Eq. (6). Although

it is not at all evident from the form of the expressions, insertion of

numerical values shows that the difference is indeed small, of the order

of 10 percent.

By an argument identical with that given in Sec. 6*4, the junction

susceptance for the completely asymmetrical change in height can be

obtained from the symmet»ical case if X
ff
is replaced by \0/2. Similarly,

the junction effect for a change of height in a parallel-plate transmission

line is to be found by replacing X„ by X.

Change in Waveguide Width .—The inductive change in cross section

of a waveguide leads to a junction effect that is approximately one-half

the susceptance of the corresponding thin inductive aperture. The
proper choice of the characteristic admittance allows the equivalent

circuit to be that of Fig. 616. Junctions of two types are possible. If

the change in width is symmetrical and from a to a', the waveguide of

smaller width is beyond cutoff if X > 2a' and the characteristic admit-

tance of the smaller guide becomes imaginary. The proper value of

admittance is

To _ __
. X„a

nTr« “ ' !\>
v (581
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QUARTER-WAVELENGTH TRANSFORMERS 189

and

For a'/a « 1, Eq. (58) reduces to

y\

ri2Y u
3 32 a \a'J '

For an unsymmetrical change in cross section, n is replaced by

n

(59)

(60)

(61 )

(62)

If X < 2a', the small waveguide is not beyond cutoff, and the proper

characteristic admittance is

The rough approximation that the junction effect is half the susceptance

of the thin iris can be replaced by a more accurate expression given in

Waveguide Handbook.

Resonant Change in Cross Section .—A combination of an inductive

and a capacitive change in cross section results in a junction that is

matched. The condition for this seems to be very nearly the same as

the condition for a resonant rectangular iris, which was given as Eq. (14).

Little exact information is available for junctions of this type.

6*17. Quarter-wavelength Transformers.—The reflections produced

at a change in cross section of a transmission line can be used for matching

a load to the line. If a section of line of impedance Z\ a quarter wave-

length long is inserted in a line of impedance Z 0 ,
the impedance seen at

the input end of the quarter-wavelength section is

Zin = p (64)

if the junction effects are negligible (see Sec. 3*3). Such a section of line

is commonly called a transformer. If the load end of such a transformer
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is placed at a voltage minimum in the standing-wave pattern produced by

the load, the input impedance is Zo provided that

or

(65)

where r is the voltage standing-wave ratio. Quarter-wavelength trans-

formers are frequently used in coaxial line for matching in this way.

The impedance change is produced either by increasing the diameter of

the inner conductor by placing a metal sleeve over it or by decreasing the

outer-conductor diameter with a sleeve, since Z\ < Z o. If the inner

and outer radii of the coaxial line are a and b respectively and the radius

of the sleeve on the inner conductor is rh then, since the characteristic

impedance is proportional to the logarithm of the ratio of the radii of

the inner and outer conductors, the proper value of r \ is

If the sleeve is placed inside the outer conductor, match is obtained

with a sleeve of inner radius r2 ,
where

The frequency sensitivity of the match is usually not large, but this sensi-

tivity can be reduced by using several quarter-wavelength transformers. 1

Fia. 6*17.—The equivalent circuit of a quarter-wavelength transformer when the junction
effects are included.

If the frequency is high and the junction effect can no longer be

neglected, it is still possible to use quarter-wavelength transformers

effectively. If it is desired to transform a load admittance YL in this

manner, the equivalent circuit shown in Fig. 6* 17 must be used. The
input admittance relative to the main line is

y *d i y” Fjr, + j(B + Yi tan/30
“ 3 ^ 1 Y x - B tan ft - jYL tan 01

(68)

1 J. C. Slater, Microwave Transmission, McGraw-Hill, New York, 1942, pp. 57/.
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If the length of the transformer is chosen so that

191

then

tan pi — Yr

B’
(69a)

Fin
B 2 + Y

f

Yl
(696)

Equation (696) thus determines the admittance of the transformer

section, and Eq. (69a) determines the length of the transformer. If B
is positive, then both F i and l are smaller than the corresponding values

when the junction effect is neglected.

Quarter-wavelength transformers have also been used in waveguide

matching. For this purpose the capacitive change in cross section is

most suitable.

6*18. Tapered Sections of Line.—The quarter-wavelength trans-

formers for matching two transmission lines are of a characteristic imped-

ance intermediate between those of the two lines. This circumstance

suggests that two lines might be matched by a gradual taper of the

dimensions of one line to those of the other. Such is indeed the case,

but it is found that for many applications such a tapered transformer is

too long if the taper is gradual enough to be reflectionless. It is often

desirable to use short tapers and to arrange that the reflection from one

end of the tapered section cancels that from the other. The investiga-

tion of tapered lines proceeds from the transmission-line equations

(IV

dz
= -ZL dl

dz
= — YVy

where Z and F are no longer assumed to be constant. If 7 is eliminated

from these two equations, V is found to satisfy

dW
dz 2

d\nZdV
dz dz

+ ZYV = 0. (70)

Hence the properties of the derivative of In Z determine the behavior of

the taper. For a gradual taper, it can be shown 1 that the voltage reflec-

tion coefficient is approximately

The subscripts 0 and 1 refer to the values of the quantities at the begin-

ning and end of the taper, respectively. If the derivatives are not very

different in value, a length l of the taper can be chosen to make T a mini-

mum. For example, if In Z varies linearly along the line, the reflection

1 Slater, op. cit., pp. 71jf.
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is given by

if y = jfi does not change over the length of the taper. The quantity

r is thus zero when 0/ = nw or l = \g/2.

6*19. The Cutoff Wavelength of Capacitively Loaded Guides.—Values

of impedance changes and shunt susceptances can be used to compute

the cutoff wavelengths of waveguides with complicated cross sections.

If thin metal fins are inserted from the top and bottom faces of a rec-

tangular waveguide, the cross section becomes that shown in Fig. 6* 18a.

(a) (6)

Flo. 6* 18.—Capacitively loaded waveguides.

The boundary conditions in the waveguide are independent of the z-coor-

dinate except for the discontinuity introduced by the metal fins. The
variation of the fields in the z-direction is known and must be propor-

tional to e"***, where k = 2 Consequently, by arguments similar to

those used in Sec. 6-8, the problem can be considered as that of a wave-

guide in which the x-direction is the direction of propagation, and this

waveguide is terminated at each end by a short circuit and contains a

capacitive slit at the center. A pure standing wave exists in this guide.

The condition for this standing wave to exist is that the admittance

become infinite at the two metal walls. The admittance Y' seen to the

right just at the left side of the metal fin is

y = ~j cot kx
|
+ jBi (73)

where kt is the wave number in the z-direction and B is that susceptance

given by Eq. (6), neglecting the high-frequency corrections, except that

kx has been substituted for k = 2 thus

n 2kxb
,

rdB = In C8C (74)

The admittance Yf transformed through a length a/2 of line must be
infinite; therefore

1 +jY' tan kz
\
= 0,
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or

tan kx |
= ~ (75)

The value of kx = 2r/\c is obtained by eliminating B from Eqs. (74) and

(75). Ford/5 « 1,

yc = 2xab In — (76)

The cutoff wavelength therefore increases without limit as d/b approaches

zero, and the guide wavelength approaches the wavelength in free space.

For d/b very small, the presence of the side walls of the guide has little

effect and the field is concentrated between the two metal fins.

The waveguide cross section of Fig. 6T86 can be treated similarly.

The discontinuity is now a change in the height of the waveguide. The
admittance seen at the center of the guide must be zero, and hence

—j cot kxh + jB — j ^
tan kJL 2 = 0, (77)

where B is the junction susceptance given by Eq. (57) with kx/

2

sub-

stituted for k.

In all calculations of this type the possible effects of interaction must

not be forgotten. Thus if the distance h is too small, the wall of the

waveguide will interact with the junction and the results of the calcula-

tion will be inaccurate.

BRANCHED TRANSMISSION LINES

6-20. Shunt Branches in Coaxial Lines.—If the wavelength of the

radiation in a coaxial line is long compared with the diameter, the junc-

tion effects can be neglected in all cases. Even where the junction effects

are not small, the behavior of a configuration is not greatly altered by
their presence. It has been the practice in the design of components in

coaxial line at 10-cm wavelength to ignore the junction effects in the first

approximation and then to make small alterations in the critical dimen-

sions to take account of the more complicated behavior at high fre-

quencies. Thus a shunt branch in a coaxial line behaves very much as a

shunt circuit at low frequencies. The currents at the junction divide

in the ratio of the two admittances, and a reflection occurs at the junction

that is equal to the reflection produced by the sum of the admittances of

the branches.

A common application of a shunt branch is to form a stub to support

the inner conductor of a coaxial line. The stub is a short-circuited shunt

line of a length approximately one-quarter of a wavelength. The admit-

tance of the stub is therefore zero at the junction, and no reflection is
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produced. If the frequency of the radiation is high, the stub should not

be exactly a quarter wavelength long, but the correct length must be

found experimentally. Such a simple stub is rather frequency-sensitive.

If a standing-wave ratio of 1.05 is allowed, which is a rather large value,

the admittance Y of the stub must be less than ± 0.05;. Since

-*(,1

the usable wavelength band d\/\ is only a little over 3 per cent.

A stub support that is usable over a much broader band can be made
by adding two quarter-wavelength transformers, one on each side of the

stub, as shown in Fig. 6* 19. At the center frequency, where the stub

admittance is zero, the quarter-

wavelength transformers are, to-

gether, one-half wavelength long

and the whole device is reflec-

tionless. At a. lower frequency,

the stub presents an inductive

susceptance, but the transformers

are less than a quarter wavelength

long and the net reflection is

again zero. This is indicated in the rectangular admittance diagram

shown in Fig. 6*20a. The first transformer moves the admittance point

clockwise along the circle from Y0 to A
;
the inductive susceptance of

the stub takes it from A to B; and the second transformer moves the

admittance from B back to Y0 . At a shorter wavelength, the admittance

Fio. 6- 19.—Broadband stub support.

B A B / \B

\

yJ o Yof V» G

v_JB
tr
4

(a) (6)

Fio. 6*20.—Rectangular admittance diagram illustrating the action of the broadband
stub: (a) The path of the admittance point for a long wavelength, (6) the path for a
wavelength shorter than the center wavelength.

diagram is shown in Fig. 6-205. The first transformer moves the admit-

tance point from Yo to A through more than a quarter wavelength; the

stub is capacitive and moves the admittance from A to B; and the second
transformer moves it from B back to Y0 . Here again, to obtain com-
pensation for the junction effects, the stub length must be adjusted experi-
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mentally. The dimensions for a broadband stub for a wavelength of

10 cm are shown in the figure. Such a stub will give a standing-wave
ratio of less than 1.02 from about

8- to 12-cm wavelength.

Stubs may also be used for

matching in exactly the same
manner as susceptive diaphragms.

The susceptance may be adjusted

by changing the stub length, and
the stub should be placed a dis-

tance from a voltage minimum
given by Eq. (36) or (37).

Stub tuners that are similar to

the screw tuner described in Sec.

6*13 are also in common use.

Since the susceptance of a stub

may be either positive or negative,

only two stubs are necessary. If

the stub susceptance is limited to

Fig. 6-21.—The range of admittance
covered by a double-stub tuner with the
stubs separated one-eighth of a wavelength
and with a maximum susceptance of ±1.

± 1, the area of the admittance chart covered by two stubs one eighth of

a wavelength apart is shown in Fig. 6*21. This diagram should be com-

pared with Fig. 6T3 for a triple-screw tuner.

6*21. Series Branches in Coaxial Lines.—A series branch may be
made in coaxial transmission lines as illustrated in Fig. 6*22. In (a) the

outer conductor is broken, the branch line is formed with a third cylinder

as the outer conductor, and the original outer conductor is also the inner

conductor of the branch line. The voltage across one line is equal to

the sum of the voltages across the other two, if the positive directions are

chosen properly, and the same currents flow in each line. At low fre-

quencies, the lines are therefore in series, with negligible junction effect.

There is a change of impedance and consequently a reflection produced

at such a junction. If the impedances are adjusted, a series branch can

be made with no reflection as indicated in Fig. 6*225.

If a short circuit is placed in the branch line a half wavelength from
the junction, as at A in Fig. 6*22a, there is a short circuit at the junction
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and power is transmitted without reflection. Current still flows in the

branch line, however, and a very large standing-wave ratio is present.

The current flowing along the branch is a maximum and the voltage across

the branch is zero at the short circuit A and at the junction; at B, a

quarter wavelength from A, the voltage is a maximum and the current

is zero. Since the current is zero at B, the circuit may be broken there.

No radiation will occur from a small gap, since the transverse magnetic

field is zero. Such a joint is known as a half-wavelength choke, or choke

joint. Choke joints are commonly used when it is desired to rotate one

section of the transmission line with respect to another section. A sche-

wnmmlifl-. •

mmm
.

ImMM

(a)

S]E==|11
(b)

Fio. 6*23.—Choke joints in coaxial line: (a) a joint in the outer conductor shown
schematically, (6) a joint in the inner conductor, (c) and (d) choke joints in the outer
conductor which have reduced frequency sensitivity.

matic representation of the joint in the outer conductor of a coaxial line

is shown in Fig. 6*23a. A similar joint can be made in the inner conduc-

tor, as in Fig. 6*236. In all cases the short-circuited line is only approxi-

mately a half wavelength long, and the exact length must be determined

experimentally.

Since a choke joint is a resonant configuration, the frequency sensitiv-

ity of the impedance at the junction must often be taken into considera-

tion. If the main line has a characteristic impedance Z o and the branch

line an impedance Z\ as in Fig. 6*23a, the percentage rate of change of

impedance at the junction is

Thus it is desirable to keep Z i small compared with Z0
* Further improve-

ment is possible by making the parts of the choke section of lines having

different characteristic impedances, as shown in Fig. 6*23c. The relative
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impedance Z at the junction is

2* __
*Z\Z\ tan fih + Z 2 tan fil2

^ Zo Z 1 — Z 2 tan fih tan fil2

The impedance derivative when fih = fih = t/2 is

Therefore the optimum condition is to have Z\ « Z0 and Z 2 y> Z 1 . This

desirable low-impedance—high-impedance condition reduces the fre-

quency sensitivity by almost a factor of 2, and it is employed in the design

of nearly all half-wavelength chokes. A more compact choke design is

shown in Fig. 6*23d. For low frequencies, the “folding” of the choke has

little effect on the length or frequency sensitivity.

6-22. Series Branches and Choke Joints in Waveguide.—A junction

that behaves much as a series branch may be made in rectangular wave-

guide with a secondary guide branching from the broad face of the main

transmission line. Since waveguide dimensions are much longer com-

pared with the wavelength than are the dimensions of coaxial line, the

junction effects are large and cannot be neglected. If the height V of

the branch guide and the height b of the main line are both small com-

pared with X 0 ,
a pure series junction is closely approximated. A choke

joint may be made in much the same manner as in coaxial line. A gap

in the form of a vertical slit in the narrow face of the waveguide has only

a small effect, since the currents in the wall are in the direction of the

length of the slit. A gap in the broad face of the waveguide would

produce, however, a large disturbance. A short-circuited stub line one-

half wavelength long, which is broken at the quarter-wavelength point,

would form a good choke joint. A practical design of a choke connector

for rectangular waveguide is shown in Fig. 6*24. The circular choke
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groove is easy to manufacture, and the high- and low-impedance stub

sections are incorporated in the design. The proper diameter of the

groove must, of course, be determined experimentally; the proper depth

of the groove is very close to one-quarter of a free-space wavelength.

Stub tuners can also be constructed in waveguide through the use of

series junctions. The stubs can be waveguides of either round or

rectangular cross section. Such a stub introduces a series reactance in

the line rather than a shunt susceptance. The application of the duality

z
x

z
2

z
x

(a) (6)

Fia. 6-25.—Plunger9 for use in rectangular waveguide.

principle, however, allows the matching formulas and the tuning range

that apply for the shunt circuit to be readily converted to the series case.

To vary the length of a stub line, some form of adjustable short circuit

or plunger is necessary. Plungers are usually designed with choke

joints as indicated in Fig. 6-25a. Another design that is very similar

employs three quarter-wavelength sections as shown in Fig. 6-256. If

the characteristic impedances of the sections, which are proportional to

the waveguide heights, are those designated in the figure, the input

impedance Z of the plunger is

Since Z x/Zo can be made small, perhaps 0.1, and Z 2/Z0 can be 0.5, Z can

easily be as small as 4 X 10“4
,
and the power loss is therefore about 0.01

db. These values are adequately small for nearly every application.

DISCONTINUITIES WITH SHUNT AND SERIES ELEMENTS

6-23. Obstacles of Finite Thickness.—If the thickness of the metal

partition forming an iris in a waveguide is not small compared with a

wavelength, the equivalent circuit is not a pure shunt element but must
contain three independent elements or, if the device is symmetrical, two
elements. Thus a thick wire or post extending across the waveguide

between the broad faces can no longer be represented by an inductive
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susceptance alone, but the T-network that describes its behavior con-

tains series elements also. The electromagnetic problem that must be

solved to find the elements of the equivalent circuit may be reduced as

before to two problems by symmetry arguments. Thus if equal voltages

are applied to the two terminal pairs of the device, a magnetic wall is

(c) (d)

Fig. G-20.—Decomposition oj the problem of the thick post across a waveguide (a)

into the even (b

)

and the odd (c) problems. The cross sections are taken in the magnetic
plane.

effectively inserted in the plane of symmetry as shown in Fig. 6-266.

The terminating impedance of the waveguide is Z,JW (Sec. 4*6), where

ZJM = Zn + Z lt .

For the odd case, an electric wall is in the plane of symmetry as in Fig.

6*26c and the terminating impedance is Z^\ where

ZJW = Z ii - Z 12 ,

or just the value of the series element in the T-network representation.

If the reference planes for the obstacle are chosen as the plane of sym-

metry, then the position of the effective short circuit for the odd case

will be slightly in front of the reference plane. The series elements of

the T-network are therefore capacitive. An accurate calculation gives

The shunt element of the T-network is inductive, as for the thin wire, and

the equivalent circuit is that shown in Fig. 6-26d. If the high-frequency

correction terms are omitted, Xu + Xn is given by the imaginary part
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of Eq. (8). For accurate results these correction terms should be included

and the data given in Waveguide Handbook should be used.

The thick tuning screw must be described similarly by a T-network

with both shunt and series elements. For small insertions of the screw,

the circuit elements are all capacitive. With increasing insertion, the

absolute value of the shunt reactance decreases and the magnitude of

the series reactance increases. No theoretical treatment of the behavior

is available, but experiments indicate that when the reactance of the

shunt element is zero, the series element is approximately —0.2,;. The
effective short circuit is therefore slightly in front of the reference plane.

(a) (b)

Fig. 6-27.—A thick capacitive slit and the equivalent circuit.

A thick capacitive slit must also be described by a general two-

terminal-pair network, but a somewhat different treatment is useful in

this case. If the slit is very thick, the configuration can be considered

as a change in the height of the waveguide plus a transmission line of

length equal to the thickness of the slit and then another change in height.

The natural reference planes to choose from this point of view are the

entrance planes of the slit, and a II-network is the most convenient. Thus
if the dimensions are denoted by the symbols of Fig. 6-27a, the elements

of the equivalent circuit in Fig. 6-275 are given by

B l
d 5 7rtB 5 tan —

;

d a0

D b 2irt
B 2 = — -5 esc —>

cl Ag

(83)

where B is the junction-effect susceptance for the change in height of the

waveguide (Sec. 6*16). Equations (83) are based on the assumption

that the interaction of the two changes in height is completely negligible.

This assumption is certainly justified when t» d. The experimental

data indicate, however, that these expressions are approximately true

even for irises of very small thickness.

For all thick obstacles, the choice of the reference planes is arbitrary

to some extent, as well as the form of the equivalent circuit. Two
circumstances should be considered in the choice. ( 1 ) A certain set of



Sbc. 6 *25]
BENDS AND CORNERS 201

reference planes might lead to an equivalent circuit that is particularly

convenient to use for the application at hand. (2) It might be expected

that a particular set of reference planes or a particular form of circuit

would yield elements whose sensitivity to frequency would be most
reasonable. Thus a T-network seems a suitable representation for a

tuning screw, since the series reactances are small and have a simple

dependence on \g ,
and since the single shunt element is resonant. On

the other hand, the entrance reference planes and the II-network seem a

most reasonable representation of the thick capacitive slit.

6*24. Radiation from Thick Holes.—The radiation from small holes

in thick metal walls should be treated similarly to the thick capacitive

slit. The hole should be regarded as a transition from the normal wave-

guide to waveguide whose cross section is that of the hole, and back again.

Within the hole the waveguide has a certain characteristic admittance,

and there is a shunt susceptance at the junction. Since the hole is small,

the small waveguide will be beyond cutoff, the characteristic admittance

will be imaginary, and the propagation constant real. Thus, power is

attenuated through the hole without a change in phase. If the hole is

circular, the attenuation constant is

2x /" 7 1.706dV 10.0
“ = rmv 1 ~ “

~r db/meter
'

.

(84)

where d is the diameter of the hole. The junction susceptance should be

approximately one-half the susceptance of a thick hole. Such accurate

calculations have been made for only one case: a circular hole centered in

rectangular waveguide. Waveguide Handbook should be consulted for

the results.

A useful empirical rule is in common use for the calculation of the

power transmission through a small circular hole. The transmission T
in decibels is given by

T = T + 2at, (85)

where t is the thickness of the hole, a is given by Eq. (84), and Tr
is

the transmission through a thin hole,

B 2

T' = 10 logic -•

The accurate calculations for the centered circular hole verify this

empirical relation rather closely, and Eq. (85) is extremely valuable for

design calculations. It may be relied upon to be accurate to about 1 db

when used with the formulas of Sec. 6T1 for T
6*25. Bends and Corners in Rectangular Waveguide.—The transition

from a straight waveguide to a smooth circular bend, either in the E- or
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in the //-plane, is another junction problem. The bend has a slightly

larger impedance 1 than the straight portion, and there is a characteristic

junction susceptance. If the radius of curvature is large, these effects

are small, and negligible reflections occur at the bend. Thus a smooth

bend is a practical method of changing the direction of a transmission

line. If the bend has a small radius of curvature, it is still possible to

have a reflectionless device by arranging the reflection from one transition

to cancel that from the other. Waveguide bends of small radius are

(c) (d)

Fig. 6*28.—Waveguide corners: (a) An 2£-plane corner with the equivalent circuit shown
in (6). Reflectionless corners are shown in (c) and (d).

difficult to manufacture, however, and special techniques must be

employed. 2

A sharp comer in waveguide is a more interesting device. If the

reference planes are chosen as indicated by the dashed lines in Fig.

6*28a, the equivalent circuit of the comer is that shown in b of the same

figure for both E- and //-plane bends 3
. The magnitudes of the series

reactances and of the shunt susceptances are large, and large reflections

occur from a sharp comer in a matched waveguide. At a certain angle a

resonance occurs, the series reactances become infinite, and the shunt

susceptance zero. For an I?-plane comer at 3.2 cm in waveguide 0.4

by 0.9 in. ID, the angle 6 for resonance is about 112°; for an //-plane

comer, the angle is 106°.

1 8. A. Schelkunoff, Electromagnetic Waves, Van Nostrand, New York, 1943, Chap.

8, p. 324.
a R. M. Walker, RL Report No. 586, July 1944.
3 Pickering, NDRC Report 14-400, 14 July 1945.
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A reflectionless change in direction can be made by combining two
sharp corners 1 so that the reflections cancel as indicated in Fig. 6*28c.

The proper distance x cannot be determined, however, from the equiva-
lent circuit of a single comer, since x is small enough for the interaction

effects to be important. Such mitered corners are in common use, since

they are easy to make and have low reflections over a fairly broad band.
A reflectionless device can also be made by cutting off the edge of a

sharp corner as indicated in Fig. 6-28d. If the distance d has the proper

value, the reflection can be made zero for any angle of bend. This value

of d is, however, very critical, and a bend of this type is difficult to

manufacture.

6*26. Broadbanding.—The techniques that have been described in

this chapter for matching a load to a transmission line are straightfor-

ward and can be definitely formulated. With lumped susceptances or

quarter-wavelength transformers a matched condition is obtained at

one frequency only. It is usually desired, however, that the load be
matched to the line over a band of frequencies. Specified bandwidths

vary from narrow, perhaps 1 per cent, to perhaps 20 per cent. Over a

20 per cent band the value of a matching suseeptance also varies 20 per

cent
;
and if a high standing-wave ratio exists, it can be canceled out only

over a small band. The techniques for matching a microwave device

over a broad band are not well defined, and no practical general procedure

has been developed for “broadbanding” a piece of microwave equip-

ment. Certain methods that have been successful for particular applica-

tions will now be described. It should be pointed out that although when
expressed as percentages the microwave bandwidths under consideration

are small compared with easily attainable bandwidths at audio or video

frequencies, in terms of megacycles per second they are much larger.

In the previous discussion it has always been assumed that the

problem was one of matching a dissipative load to the transmission line.

A two-terminal-pair device is also said to be matched if there is no

reflected wave at one terminal pair when the transmission line at the other

terminal pair is terminated in its characteristic admittance. Lossless

two-terminal-pair junctions can be matched by placing irises or trans-

formers in either transmission line or in both. It is necessary to match a

two-terminal-pair junction for power flowing in only one direction, since

no standing waves exist in either the input or the output lines.

It has already been pointed out that the matching diaphragm should

be placed as close as possible to the load. The extent to which an added

length of transmission line contributes to the frequency sensitivity can

be easily calculated by differentiating the equation of transformation

of an admittance by a line,

1 R. M. Walker, loc. cit.
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Y = —
-* in i

Yl + j tan 0/

1 + jY i. tan 0/

The result can be expressed as

dY„ = j(il
( X )

+ v+JjY Ly

d

L
L

' (86)

1 + OTu.) 2

This equation is easily interpreted if it is realized that

=,/(—! in A
l - 0T) S V 2 J

where

r = 1 - Y
1 + J"'

Equation (86) thus expresses the increase in the frequency sensitivity

of the phase of the reflection coefficient from the added length of line. Jt

appears reasonable, therefore, that a matching suseeptance should be

placed as close as possible to the load.

Resonant irises can sometimes be used to extend the bandwidth of a

microwave device. If the device is matched at one frequency «i, then

at a higher frequency o> 2 a position in the transmission line can be found

at which the admittance is 1 — jB, where B is positive. If a resonant

iris is added in shunt with the line at this point and the resonant frequency

is co], the combination is reflectionless

at co i. If the Q of the iris is properly

chosen, the iris suseeptance can be

made to equal B at the frequency o) 2 .

Thus the total admittance of the iris

and the load is again equal to unity

at w 2 . If the two frequencies do not

differ by too much, the reflections

may be small in the whole region from

03

\

to o)2 . The curve of standing-

wave ratio as a function of o) will

have the form indicated in Fig. 6-29.

If the suseeptance of the load at o> 2 is small, the separation of the resonant

iris and the load is a quarter wavelength. This technique is thus equiva-

lent to that employed in the construction of bandpass filters1 and is

analogous to a double-tuned circuit at low frequencies.

Other resonant devices can be used in a similar manner to extend the

bandwidth over which a load is matched. A resonant transformer can be

made by use of a length of line of high characteristic admittance. If the

1 See Vol. 14, Chap. 3, and Vol. 9, Chap. 10, Radiation Laboratory Series.

Fig. 6-29.—Standing-wave-ratio curve

of a load matched at on with (Curve B)
and without (Curve A) a resonant iris.
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junction effects can be neglected, the line section should be a half wave-
length long. The resonant length when junction effects are present can

be found from Eq. (68) of Sec. 6-17 by equating Fln and YL . The reso-

nant length is given by

oy d
tan Pl = Y

'

l- Ff + & (87)

Another procedure that can be used rather often to obtain a broad-

band match is illustrated in the admittance diagram of Fig. 6*30. The
curves give the input admittance of a transition section between coaxial

line and waveguide when the coaxial line is matched. By adjustment of

Fig. 6*30.—Admittance diagram of a transition from waveguide to coaxial line. The
dimensions of the transition can be adjusted to give a match over a small band shown as

Curve A. If, however, the dimensions are altered to mismatch the junction (Curve B) a

broadband match (Curve D) is obtained by adding an inductive susceptance.

the dimensions of the transition a match can be obtained at one frequency

without the use of any matching susceptances. The match is, however,

sensitive to frequency, and the input admittance is shown as Curve A.

An alteration of the dimensions results in the input admittance shown in

curve B. If the transition were now matched by a capacitive susceptance

placed only a short distance from the input terminal, an admittance curve

very similar to Curve A would be obtained. If, however, an inductive

susceptance is placed a little more than one-quarter wavelength away
from the input terminal, as shown by Curves C and D, a smaller variation

of input susceptance is achieved. Thus the usual rule that the matching

susceptance be placed as close as possible to the junction is violated here.

A more complete discussion of this example and others where a similar

technique is fruitful can be found in Chap. 6 of Vol. 9 of this series.

In all the matching techniques so far described, matching elements
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are placed in only one transmission line. If a two-termlnal-pair device

is to be matched, it may be possible to achieve better results, since the

matching elements can be placed in both transmission lines. The
broadband stub described in Sec. 6-20 is an example of this procedure.

By means of quarter-wavelength transformers in each of the two lines,

it is possible to make the reflections vanish at three wavelengths, and a

much broader bandwidth is obtained. The technique has been employed

very little up to the present time in the design of microwave components.

Since the method appears to be a fruitful one, some discussion of it is

warranted. One possible general approach to the problem has been

Fig. 6*31.—Procedure for broadband matching of a two-terminal-pair network N by
means of the broadband transformers Ni and N 2 .

suggested by R. H. Kyhl. It can be shown 1 that for’two arbitrary fre-

quencies there exists a load impedance Z that is transformed by a given

two-terminal-pair network to an impedance Z'. This is evident, since

if Z exists, it is given at one frequency by

- z~fz <
88 >

and at the other by

z ' = Z'n - z-r^rz- (89)

Equations (88) and (89) can be solved simultaneously for Z and Z' in

terms of the matrix elements at the two frequencies. A given network N
can then be matched over a broad band by the arrangement shown in

Fig. 6*31. The networks N i and N 2 are broadband transformers that

transform Z ' to 1 and 1 to Z, respectively. The network is matched at

two frequencies at one terminal pair and consequently is also matched
at the other.

1 Albert Weissfloch, “Application of the Transformer Theorem for Lossless

Fourpoles to Fourpoles in Cascade Connection, Hochf. u. Elekakus. 61, 11H28, 1943.



CHAPTER 7

RESONANT CAVITIES AS MICROWAVE CIRCUIT ELEMENTS

By Robert Beringer

A dielectric region completely surrounded by conducting walls is a

resonant electromagnetic system. There exist electromagnetic field

solutions of certain frequencies and spatial configurations that satisfy

the boundary conditions and correspond to the storage of electromag-

netic energy over time intervals that are long compared with the periods

of the resonant frequencies. Such a system is commonly called a cavity,

and the resonant solutions are the normal modes of the cavity. Each
cavity has, of course, a different set of normal modes, differing both in

frequency and in spatial configuration. All such sets have an infinite

number of members.

If the set of normal modes is ordered with respect to increasing reso-

nant frequency, it is found that there is always a lowest resonant fre-

quency but, in general, no highest resonant frequency. In the direction

of higher frequencies, the normal modes increase in complexity and in

density, becoming infinitely dense at infinite frequencies. It is the first

few members of the set that are of interest here because, for cavities of

convenient size, these members are found to lie in the microwave region.

In fact, for cavities of simple shape, the linear dimensions of the cavity

are of the order of the wavelength of the lowest resonant frequency. For

this reason, such cavities are commonly used as resonant elements in

microwave circuits.

When a cavity is used as a circuit element, it is necessary to provide

openings in the cavity walls for connection to the remainder of the circuit.

These couplings will, of course, change the nature of the normal-mode

fields. However, in most practical cases, the fields are not changed

appreciably, and a knowledge of the normal-mode fields is therefore still

useful.

The normal-mode fields can be found in terms of known functions for

certain completely isolated cavities of simple geometrical shapes. Some
of these solutions are tabulated in Chap. 4, Vol. 11, of this series. Our

main concern here will be the circuit features of coupled cavities.

Although the complete field solution of a coupled cavity is very difficult

and may be impossible, there are many circuit features which all coupled

cavities have in common.
207
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A microwave circuit that contains cavities as resonant elements is

composed of one or more transmission lines or systems, connected to the

cavities by openings in the cavity walls and perhaps connected together

in various ways as well. Although the general system may be of great

complexity, it can be simplified by cutting each of the transmission lines

near each cavity and separating each cavity from the system. Each

of the separated elements consists of a cavity provided with one or more

short sections of transmission line and their associated couplings to the

cavity proper. Such elements are called cavity-coupling systems. In a

complete circuit solution, each cavity-coupling system is treated sepa-

rately, and the solutions are combined with an analysis of the transmis-

sion lines to give the complete description.

In developing this analysis, it is convenient to use the method of

equivalent circuits, that is, to replace each cavity-coupling system by

impedance elements of known magnitude and frequency dependence.

Such a representation contains all of the facts that are pertinent to the

circuit analysis of transmission systems containing cavities as elements.

There appear thus far two aspects of the problem: the complete

field description of the cavity-coupling system and the equivalent-circuit

representation. It is, of course, true that the two descriptions are

equivalent and that a complete field description is required to give all

of the details of the equivalent circuit. It is also true, however, that

many of the features of the equivalent circuits can be found without a

complete field description. These features are common to all cavity-

coupling systems and form a basis for the circuit theory of such systems.

In any particular case, a field description is required to specify completely

the equivalent-circuit elements.

EQUIVALENT CIRCUIT OF A
SINGLE-LINE, EOSSLESS CAVITY-COUPLING SYSTEM

Consider for simplicity a cavity-coupling system without loss, con-

taining only a single emergent transmission line. Such a system is

shown in Fig. 7T. It is possible to define, at a

reference plane A
,
a voltage and a current that

are uniquely determined by the electromagnetic

fields interior to A. The voltage-to-current ratio

at this plane defines an impedance, which is the in-

put impedance of the cavity-coupling system. It

is pure imaginary and a function of frequency alone.

This impedance function can frequently be rep-

resented by an equivalent circuit. It is desired to

find this function or representation and, in particular, its frequency

dependence.

Fig. 7*1.—Single-

line cavity-coupling
system.
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7-1. Impedance Functions of Lossless Lumped Circuits —The
problem of finding the impedance function of a cavity-coupling system is

closely related to the impedance-function representation of a lossless, or

purely reactive, n-mesh circuit with a single pair of exposed terminals.

The n-mesh circuit is analyzed in the well-known manner of Foster’s

reactance theorem. 1 It is found that any such circuit can be represented

by an input impedance function that is a rational fraction of the form

Z(co) = jAo)
(a)

2 - C0
2
)(a)

2 -
0)1)

• • •

(o)
2 -

C0
2
(o)

2 — cof)(co
2 — u 2

4 )
*

•
• (c*>

2 — w\n_ 2)

0)

The function is a pure imaginary. It has poles and zeros at frequencies

0, o) 2 ,
o) 4 ,

...
,

o) 2n—2 and o)i, o) 3 ,
...

,
o) 2n-i, respectively. As Eq. (1)

illustrates, and it is frequently proved, the poles and zeros of an imped-

2w

L 2

r'Tnnrs

^4

j

L2n-2
p'W'n

—
1 (
— lJr""i—

1
(—

C2 c
4 • c2n_ 2

Kio. 7 -2.—Input-impedance representation of an n-rnesh circuit with poles at oo = 0 and

ance function are simple, or of first order. It is seen from Eq. (1) that

two networks are equivalent, that is, they have the same impedance at

all frequencies, if they have the same poles and zeros and have imped-

ances numerically equal at a single nonresonant frequency. This latter

condition fixes the value of A.

An expression of the form

Z(«) = M»(i + 5 +
a 2

,>2 ——2 +
<A

+ «2n-2

O)o ) (2)

is obtained by expanding Eq. (1) in partial fractions. Such a function

can be represented by the series circuit of Fig. 7-2. The circuit param-

eters are given by

In Eqs. (1) and (2) the network is taken to have poles at both w = 0

and « = oo. In special cases, one or both of these may be removed.

1 Guillemin, Communication Networks
,
Vol. II, Wiley, New York, 1935, Chap. 5;

Schelkunoff, Electromagnetic Waves
,
Van Nostrand, New York, 1943, Chap. 5.
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Removal of the pole at w = 0 corresponds to putting Co = 00 (short-

circuiting Co in Fig. 7-2) so that

Z(a>)—»0 as co—>0. The pole at

go —> oo is removed by putting L2n = 0.

Then Z(co) —* 0 as co —» oo

.

The input admittance function

analogous to Eq. (2) is obtained by

expanding Z' 1^) = Y(co) around the

poles of F(co), namely, coi, co 3 ,
. .

’.
,

Fig. 7*3.—Input-admittance repre-

sentation of n-mesh circuit with zeros

at w =» 0 and w = <*>

.

o)2n-i. This yields

Y(co) = Z(co)" 1

= —jo)A~ l

^ 2 4— 5

2 +
\C0 2 — COf CO" — CO 3

+ ^2n—

1

\
CO

2 - cof*^/
(3)

Equation (3) may be represented by the shunt circuit of Fig. 7*3,

where

In the expansion of Eq. (3) F(co) has been assumed to have zeros at

o) = 0 and at co = oo
.

- As in the impedance representation, these zeros

may be removed in special cases, corresponding to degeneracies in one or

two of the resonant elements.
The zero at co = 0 is removed by

letting one of the Ci = oo
f
id which

case F(co) —> oo as co —> 0. The
zero at co = oo is removed by let-

ting one of the L* = 0 so that

Y (co) —> oo at co —> oo

.

I—K

A* .

,

1 h
L'Tnnr^-J

c.

1

Fig. 7-4.- -Input-impedance representation

near a pole co = w*.

At frequencies near one of the poles of Z(co), Eq. (2) may be written

as

Z(co) « jXk + j
coAcx*

<»l
(4)

an approximation that lumps all contributions from other poles into the

almost constant term X*. This approximation is good at frequencies

near the pole co* and far removed from any other poles. Equation (4)

can be represented by the circuit of Fig. 7*4, where
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2 _ 1

LkCk

'

In a similar manner the admittance function Y(w) reduces to

Y(a)
~ -jB, - j

-4^L
(5)

or — cof

near the pole w*, and Eq. (5) can be represented by the circuit of Fig.

7*5, where

w
'
=

rrc,

and

, _ 1

'' L(/l“ l

In the study of cavity-coupling systems, it is often representation near

necessary to know the behavior of the system at fre-
a pole w

quencies near a particular resonance. There is therefore need for equiva-

lent-circuit representations of the form of Figs. 7-4 and 7-5.

7-2. Impedance Functions of Lossless Distributed Circuits.—The
impedance-function representation just discussed is of great generality

and utility in lumped circuits. It furnishes a method for finding the

equivalent circuit of any lossless, single-terminal-pair network in terms

of the frequencies at which either Z(o>) or Y(<a) is infinite. An extension

of the method to distributed circuits is clearly desirable.

It has been stated that a cavity has an infinite number of resonant

frequencies. This is true for all distributed circuits. The impedance

function, therefore, has an infinite number of poles and zeros, correspond-

ing to an infinite number of network meshes. This suggests an extension

of the foregoing method to the representation of a network with an infinite

number of meshes. Such an extension is formally possible and has been

carried out. 1 The expansions of Eqs. (2) and (3) are formally the same

as those for the lumped-constant circuits, except for the fact that n —» oo .

Schelkunoff has stated that convergence difficulties sometimes arise in

such series.

Although this formal extension is possible, it is more satisfactory to

use the methods of Chap. 5 which make use of the field equations in

defining and formulating the input impedance of a distributed circuit.

In Chap. 5, a region surrounded by a perfectly conducting surface per-

forated by a single transmission line is discussed. Nothing is specified

about the region except that the dielectric constant, permeability, and

1 Schelkunoff, Proc . IRE
, 32, 83 (1944).

Fig. 7*5.—In-
put-admittance
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conductivity are independent of time and of the field quantities. The
transmission line is assumed to operate in a single transmission mode.

It is found possible to define voltages and currents at a reference plane

normal to the axis of the transmission line which describe uniquely the

field configurations in the region interior to the reference plane, except for

certain degeneracies in the completely lossless case. These degeneracies

will be ignored for the moment. By applying energy considerations to

the interior and to the waves in the line, it is shown [see Eqs. (5*13) and

(5*14)] that

,
jo)2(W H - We) \

Z(co) =
T-^r- ’ )

and > (b)

TO =
%ee* I

where W

h

and We are respectively the time average of the magnetic

and electric energies stored in the system interior to the reference plane

and i and e are respectively the terminal current and
voltage measured at that plane.

The zeros of Z(w) [poles of 7(co)] and zeros of

Y (co) [poles of Z(co)] occur at frequencies for which

WE = Wh . These frequencies, infinite in number,

are defined as the resonant frequencies. This defi-

nition of resonance in terms of electric and magnetic

energies is equivalent to the more usual definition of resonance for a simple

lumped circuit. Consider, for example, the circuit of Fig. 7*6. The time
average of the stored electric energy is

il
__ ro

4c*)
2C'

c

H(-
Fig. 7*6.—Simple ser-

ies-resonant circuit.

and the time average of the stored magnetic energy is

Wh = l Ll\ - f cos 2
col dt

* * J o

= iLIl

At the resonant frequency, a = l/LC and so

We JLMe W n

Thus the frequency at which We = WH is the usual resonant frequency.

Referring again to the general expression [Eqs. (6)], it has been shown
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[Sec. 5*24, Eq. (5*162)1 that if F(co) has zeros at coi, <02
,

* *
*

,
then

Z(u>) can be expanded as

n « 1

+ j^iCO, (7)

which is an obvious extension of Eq. (2) to the case of an infinite number
of resonances. The question of the convergence of the series in Eq. (7),

in the most general distributed case, is not always straightforward. All

ordinary cavity-coupling systems, however, are free from convergence

difficulties. In all practical cases, Eq. (7) reduces to Eq. (4) near a

resonance.

7*3. Impedance-function Synthesis of a Short-circuited Lossless

Transmission Line.—It is illustrative to consider a simple example of a

distributed circuit in which Eq. (7) is evidently convergent and the poles

and zeros of the impedance function are well known. A short-circuited

lossless transmission line is such an example.

Let the line operate in the fundamental TEM-mode (X = \0), and

let the characteristic admittance be F0 . Then, at terminals at a dis-

tance l from the short-circuited end, the input admittance is

Y = -jYo cot l

X

= —jYo cot —• (8)

The admittance has poles at

co = acoi, n = 0, 1, 2,
* •

•
,

where on = wc/l, that is, l = Xi/2.

If the substitution l/c — tt'ui is made, Eq. (8) becomes

X. - -j cot IT —
• (9)

Yo <Ji

Expansion of cot 7r(oo/coi) in partial fractions results in

JF
To

( 10 )

Consider the admittance of an inductance Lo] it is Yo = —j/coL 0 . The

first term of Eq. (10) can be identified with such an inductance by

putting

•v 1 _ * 1
jY o J f

,

<o coIjq
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whereby

U =
0)iY o

l

cYo'
(ID

Each term of the sum in Eq. (10) can be identified as the admittance

of a series LC-circuit. Such a series circuit has an admittance

Yn =
j0)Ln uCn

1

• ^»wn _ •

J w* 3
1 _ __
-* o

( 12)

71
“ —

"i

where co
2 = ?i

2
co? = 1/L«C„. The values of Ln and C„ may be identified

if it is noted that

03 03 1

03 12F0 .

X J
• CO

2 Ln
j ,

71- r

from which

and

T =
n

2?0O>l

71 ~ —

l

03*
X

_i T _
2^° 2c To

71 = 1,2, (13)

Cn =
CO^In

2 To

n 2
03iw

21

Y

0

nVc

2 "p n

The short-circuited transmission

line is evidently represented by the

circuit of Fig. 7*7, where the circuit

elements are given by Eqs. (11)

and (13). The convergence of

this representation is assured by
Eq. (10). Near a resonance, a

single term predominates and represents the admittance very well. Fig-

ure 7*8 shows the exact form of Eq. (10) and curves for two approxima-

tions 1 (one and five resonant elements).

Fig. 7*7.—Representation of a short-cir-

cuited transmission line.

EQUIVALENT CIRCUIT OF A
SINGLE-LINE CAVITY-COUPLING SYSTEM WITH LOSS

The theory that has been given thus far is incomplete for the solution

of the problem of cavity-coupling systems, since it deals only with com-
pletely lossless systems. The treatment must be extended to include

1 E. A. Guillemin, “Development of Procedure for Pulse-forming Network,”
RL Report No. 43, Oct. 16, 1944. Guillemin has shown that a better approximation

can be obtained with a finite number of resonant elements by choosing the resonant

frequencies to be slightly different from n« i.
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loss. This can be done by any one of several approximate methods,

each particularly useful for a certain class of problems. Although a

general circuit representation
,

1 valid at low frequencies, exists for an

Fig. 7-8.—Curves showing exact form of admittance function and two approximations.

arbitrary two-terminal network that has lossy elements, it is difficult to

handle. The generalization of the representation to microwave circuits

has not been carried out, and in fact it may not prove to be feasible.

Indeed, even the solution of the field equations obtained by expansion in

terms of sets of orthogonal modes breaks down if the losses become too

great. In practice, microwave devices do not have large losses, and it

will suffice to treat only the cases where the approximate methods apply.

A fruitful method of treating slightly lossy networks proceeds from

Foster’s theorem.

7*4. Foster’s Theorem for Slightly Lossy Networks.—The extension

of Foster’s theorem can be carried out by introducing a complex fre-

1 S. Darlington, “Synthesis of Reactance 4-Poles,” J. Math. Phys., 18, 257-353

(1939).
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quency, or oscillation constant, defined, as X = jo) + £. Input imped-

ances, being functions of this complex frequency, are written as Z(X).

Voltages are defined as Re (Veu), and currents as Re (7ex‘)

;

Veu = Z(X)7ex *.

In this notation, Eq. (1) for the input impedance to a single-terminal-pair

network is written

Z(X) = A
(X 2 - xp(x 2 -X|)>-
x(x 2 - Xi0(X 2 - X2

)
• •

•’ (14)

where Xi, X3 ,
. . . ,

and 0, X 2 ,
X 4 ,

. . . ,
are respectively the zeros and

poles of Z(X). For passive networks all decrements are negative, cor-

responding to a decrease in ampl tude with time. Hence, all functions

Z(X) have negative $ at the poles and zeros; that is, all poles and zeros

of Z(X) lie in the left half of the X-plane. 1 As in the lossless case, Eq.

(14) is expanded around its poles, with the result that

Z(\) x + ? + r?)T, +
d\

X - X 4

+
)

Aao
= AX + + A X

an

X - X.'
n = 0, 2, 4, • (15)

The poles and zeros of Z(X) occur as conjugate pairs so that one term in

the sum is of the form
dn . dft

K X - X*'
(16)

where Xn = ja>n + in and X* = — + in .

If, then, each mesh of a reactive network has a very small amount of

loss (i.e ., small i„) introduced into it, Expression (16) may be written as

X

dn 1
dn

fan — in X + jun — %n

The values of Z(X) that are of interest are those for real frequencies

X = jw, for which Eq. (15) becomes

Z(X) = jAoo - j—0
' + A y .. **<&* y Y ,

« Lf (u>l
-

0>
2 - 2jC0{n + i

2
)

n

which reduces to

Z(X) = jAw - r
-

f (17)
« L*I («; - a)

2 - 2;o>{n)

for small loss. It is seen that Eq. (17) is of the same form as in the loss-

1 Guillemin, loc. cit or S. A. Schelkunoff, Electromagnetic Waves, Van Nostrand,

New York, 1943, Chap. V.
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less case, except that the summation contains an imaginary term in the

denominator. At each resonance w = con ,
therefore, Z(X) does not go to

infinity but has a real contribution Aan/£n from the summation.

The admittance case for small loss proceeds in an analogous fashion.

The result is obtained, for real frequencies (X = jco), that

F(X) = jBo> — j—0 + B
0) 2« 2jo>tn)

where con are the poles of the admittance function, Xi, X H ,
....

7*6. The Impedance Functions

of Simple Series- and Parallel-

resonant Circuits.—The represen-

tation of Eqs. (17) and (18) may Fig - 7-9.-Simple series-resonant circuit with

be accomplished in a way anal-

ogous to Fosters method. Consider the simple series circuit of Fig.

7-9; its impedance is

zm = r

+

j
(
w/j — ±,y

If the resonant frequency w 0 is defined as that frequency at which Z(co) is

pure real, = \/LC and

Z(co) = It + jLu„ (- - -)•
\w 0 /

The Q of the circuit at resonance is

In terms of this Q,

or

q _ 2
energy stored

v T
energy lost per cycle

9 r
jLI 2 uqL

Z(co) — K + jQR ( _W _ COo\

V Wo C*>/

(19)

We see that the summation in Eq. (18) can be expressed by a sum of
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terms of the form of Eq. (19) corresponding to a number of simple series-

resonant circuits in parallel.
1

Consider the admittance of the circuit of Fig. 7-10; it is

Fig. 7-10.—Sim-
ple shunt-resonant
circuit with loss.

where

Y(») =
7i
+ jk+jwC

Oil = LC

At resonance, the Q of this circuit is

from which
Q = woRC y

V( \ 1
,

• Q ( 0) w 0\ym = r+>ru ~

Z («) =
1

,
. Q / u) uii

+ 3 RW

'

jo)0)oR

~<r
col CU

2 + J0)0)0

Q

(20)

Comparison of Eq. (20) with Eq. (17) shows that the summation in Eq.

(17) can be represented by a number of shunt-resonant circuits con-

nected in series.

7 *6. The Equivalent Circuit of a Loop-coupled Cavity.—Thus far,

arbitrary cavity-coupling systems have been treated, first lossless sys-

tems and then systems having a small amount of loss introduced into

each resonant mesh. The circuit representations have been derived

either directly from field considerations or by analogy with lumped cir-

cuits. Although this approach is very fruitful, it is only qualitative in

that there are a number of arbitrary features in the equivalent circuit.

These features can be specified completely only by an actual solution of

the field problem for the cavity-coupling system. This, unfortunately,

has been done only in a few special cases. One of these is the case of a

loop-coupled cavity.

It is instructive to study this solution. The circuits are derived from

a new and more physical point of view; arid in particular, the physical

form of the approximations necessary to treat the dissipative system are

made apparent. It has been shown that the treatment of such systems

by an extension of Foster's theorem is uncertain with regard to the physi-
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cal meaning of the smalldoss approximation. The field approach dis-

plays this approximation more clearly.

Only in certain cases can the general field problem be solved. There

are several limitations. Since such methods begin with the unperturbed

normal modes of an isolated, lossless cavity, these must first be found.

This is possible only for certain regular shapes. Also, the exact form of

the coupling of the transmission line to the resonant mode must be found.

This is very difficult, except for a cavity coupled to a coaxial line by a

small loop or probe. The details of the problem of iris-coupled wave-

guides have not been solved.

A number of authors have treated the field aspects of the cavity

problem, with various degrees of completeness. The normal-mode

fields have received most of the attention. Condon 1 has treated the

normal-mode fields and the effects of dissipation in the cavity walls.

Slater 2 has made a very exhaustive treatment of the general problem;

he treats wall losses and solves the loop-coupling case. Crout 3 and

Banos 4 have applied the very elegant Lagrangian methods to the problem.

This approach will be adopted here, and a brief summary of the simpler

features of the Lagrangian method, as formulated by Banos, will be given.

It will be assumed that the normal modes of the lossless, unperturbed

cavity have been found. These normal modes are the periodic solutions

of Maxwell's equations satisfying the boundary conditions; that is, they

are the solutions corresponding to standing waves in the cavity. They
form a set, each member of which is characterized by a resonant fre-

quency ua (wave numbers ka = co„ and a pair of vector functions of

position Sa and ,’K! a satisfying the wave equations

V 2Sa + klSa = 0,

V 2
3Ca + A-

2
3Ca = 0

and the divergence conditions,

V . 8a = 0,

V - 3C a = 0.

In addition, they satisfy the boundary conditions

n X £<i = 0,

n • 3C rt = 0,

on the cavity walls. They form a normalized orthogonal set, in that they

satisfy

1 E. U. Condon, Rev . Mod. Phys., 14
, 341 (1942); /. Applied Phys., 12

, 129 (1941.)

2 J. C. Slater, “Forced Oscillations and Cavity Resonators,” RL Report No. 188,

Dec. 31, 1942.
8 P. D. Crout, RL Report No. 626, Oct. 6, 1944.

4 A. Bafios RL Report No. 630, Nov. 3, 1944.



220 RESONANT CAVITIES [Stic. 7-6

J 6*
• 8b dr = 5»D

J
3C0 Xh dr = SJD,

where V is the cavity volume. S0 and 3Ca are related by the expressions

ka&a = V x OCa,

-tta = V X 8a.

The electromagnetic field in the cavity can be expanded in this set

of functions by *

a

where the qa are scalar functions of the time. The coefficients in the

expansion have the dimensions of electric charge. The functions qa

corresponding to a normal mode ka are the amplitude functions of the

mode and are analogous to the coordinates of a dynamical problem.

They are the so-called normal coordinates of the system.

The dynamical equation of the system in terms of these normal

coordinates is the Lagrangian equation

where T and V are the total kinetic and potential energies of the system.

The quantity T is identified as the magnetic energy, and V as the electric

energy of the system; that is,
«

T - i * f H> *

a

• and

%X
a

These have the form of stored energies in an inductance and a capaci-

tance, where
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La = nklv,

Ca = (22)

In terms of these relations, T and V may be written as

(23)

The quantities La and Ca are the equivalent inductance and capacitance

respectively, of the mode ka and correspond to the inductance and capaci-

tance of the circuit of Fig. 711. From the relation ka = coa V«m, it may
be seen at once from Eq. (22) that

2 _ 1
6,0

LaCa

Substitution of Eq. (22) in Eq. (20) results in

LaQa "f“

*?« _
0,

Ca
1
J

Fig. 711 —
Norm al-mode
mesh in a lossless

cavity.

as the set of dynamical equations of the system. It is seen that qa is

the charge on the capacitance Ca of the normal-mode mesh.

The frequency o>a is the natural oscillation frequency of the mesh of

Fig. 7T1. This is the frequency at which the mesh resonates, or “ rings/’

after an exciting field has been removed. It is also the resonant fre-

quency of the mesh, that is, the frequency at which the stored electric

and magnetic energies are equal and the series reactance of the mesh
vanishes.

If the lossless cavity is excited by a coupling loop and coaxial line,

Lagrange’s equations are of the form

d ( dT\ dV
dt \dqa) dqa

= ea)

where 0O is the electromotive force induced in the normal-mode mesh by
currents flowing in the loop. The loop is assumed to be so smalLthat the

current distribution is uniform along the loop. Then,

B<x — iH Oa

dio

dt
9

where to is the loop current and Moa the mutual inductance between the

loop and the normal-mode mesh, given by
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Moo pka 3C0 * ds. (24)

The loop is seen to couple to all modes except when the integral of Eq. (24)

vanishes. If 5C0 is known, M0a can be found by integrating Eq. (24)

over the loop area.

The introduction of loss in the cavity walls adds another term to

the dynamical equation, which then becomes

where F is given by

(25)

(26)

<t being the conductivity of the walls and 5 the skin depth. It is assumed

that the dissipation does not change the normal-mode fields 8fl and 3Ca .

It can be shown that Eq. (26) becomes

F = FabQaQb-

The expansion coefficients Rob may be written as

*\Z'UaOlbLaLb

where

For b — a
y

and

Rdb

Qab

Qab

2V (
xa xb dS.

IH.-*il xlds-
Q,

Raa Ra —
UoLq

Qa

In terms of these relations, Eq. (25) becomes

Laqa + |r + Raqa + ^ Rabqb ~ Moa

b^a

(27)

(28)

(29)

This is now interpreted as an equivalent circuit of the following form.

Each normal mode is considered as a resonant mesh containing La ,
Ca ,

Ren and ^ Rab in aeries and coupled through a mutual inductance Moa to
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the loop. The mutual resistances Rab couple all meshes for which Eq.

(27) does not vanish.

It has been shown that Eq. (27) vanishes, for a cavity having the form
of a right circular cylinder, for all modes that can be-

come simultaneously resonant. It is probable that

this is true also for other shapes. This fact con-

siderably simplifies the circuit representation of Eq.

(29), since the mutual resistances vanish and the

meshes can be separated. Figure 7T2 is the repre-

sentation of Eq. (29) under such conditions.

The frequencies o,„ are the resonant frequencies

of the meshes of Fig. 7T2 when the terminals are

open-circuited, that is, the frequencies at which

the series mesh reactances vanish and the stored elec-

tric and magnetic energies are equal. The natural representation of a loop-

oscillation frequencies of the meshes are somewhat
coupled cavlty -

different, being given by

wi = «„ y/l — \Ql>

which for high Q’ s reduces to

, _ 1
.Wa w <i ^

a QQ2

Most cavities have such high Q’ s that o>' and u,a differ at most by only a

few parts in 105
.

Fio. 7*13.—Single normal-mode mesh of Fig. 714. -Alternative equivalent circuit for

Fig. 712. a single normal-mode mesh.

The circuit of Fig. 7T2 can be transformed easily into the form of Eq.

(17). Each normal-mode mesh is of the form of Fig. 7*13, which is

equivalent to the circuit of Fig. 7T4. The circuit of Fig. 7*14 has an

input impedance

Za = j«Lo + r (30)

j(j)La + Ra — j 7nr

== jwLo +
La

- 0,2 +
(31)
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where

If Qa is defined by

/-V 0)oLq
Q° = Tl ’

z» = y«Lo +

= jwLo -jt0^ +
Lia «*-«*+^

• Qa

QaLa

•» ,

If the Q is high, the last term is negligible [at resonance the third term is

Uai.Mla/LJQa and the last term is ua(MlJLa)}. Thus, to a very good

approximation for even moderate Q’s,

, 2 Ml
M-l f

Za = juLo + (32)
L*a o •> i J0)0)a

A comparison of this equation with Eqs. (20) and (17) shows that the last

term may be represented as a shunt-resonant circuit.

u^j
Fig. 7*15.—Representation of a loop-coupled cavity which is equivalent to Fig. 7-12.

Each of the various normal-mode meshes can be written in the form

of Eq. (32). Since in an impedance representation they appear in series,

the total input impedance is

Z = ju>
J
Lq — 2

2
m

i

Lc

0)1 — Q)
2 +

A comparison of Eqs. (33) and (20) shows that the summation can be

represented as a circuit of the form of Fig. 7- 15, where

_ V Ml*
Li La"
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and the terms of Eqs. (32) and (19) can be identified. This leads to the

following relations between the circuit elements of Figs. 7*12 and 7*15.

2
1 1

W
° laCa LaCa

(34a)

/-v (OaLa
ttfa 0)aTaCa > (346)

_ ulMla
•a n ,

/la
(34c)

, _ Ml
La ~

~La'
(34d)

The relations of Eqs. (34) do not identify the magnitudes of the cir-

cuit elements of Fig. 7T5 but only

their interrelations. Clearly,

there would be a loss in generality

by putting each la = La . How-
ever, la may be made proportional

to La ,
in order to separate the mag-

nitudes of the elements of Fig.

•AAA/
1

1

Cl

Hfr

fAAf
1/2

v r\MSL
7*15 from the amount of coupling. l'0 J
This is accomplished by introduc-

ing ideal transformers and putting

Fig. 7*15 into the form of Fig.

7T6, where, without loss of generality, the inductances and capacitances

in Fig. 7*16 have been identified with those of Fig. 7*12. By use of Eqs.

(34), it is seen that the resistances in Fig. 7*16 are given by

Fig. 7 - 16 .—Alternative representation of a
loop-coupled cavity.

= =
nlRa Ra

(35)

The representations of Fig. 7-16 are often more convenient than those

of Fig. 7*15, since the circuit elements are determined by the normal-mode

meshes of Fig. 7-12 alone, not by
the coupling. The coupling is in-

troduced by the ideal transformer,

and the elements of Fig. 7T6 are

not changed when the coupling

changes as they are in Fig. 7T5.

7*7. Impedance Functions

Near Resonance.—It has been

shown, both by the introduction

of a small loss into the Foster representation and directly from the field

equations, that a single-line cavity-coupling system can be represented

by an equivalent circuit of the form of Fig. 7* 15 or 7-17, where in special

cases one or more of the series or parallel elements may be degenerate.

Fig. 7*17.—General representation of a
cavity-coupling system.
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At frequencies near a particular resonance, these circuits are greatly

simplified, since the effects of all but the resonant mesh can be replaced

by nonresonant elements. The most general representations near

resonance are those of Figs. 7T8 and 7T9. In cavity-coupling systems

R' /:

o°
r

oA/W-|(-

•AA/V
R R

Fig. 7-18-—Impedance representation of cavity-coupling system near a resonance.

Fig. 7*19.—Admittance representation of cavity-coupling system near a resonance.

near resonance the terms R’ and r' are always very small, since they

correspond to off-resonance losses in the transmission line and coupling.

They will be considered to vanish.

A very convenient tool in the study and design of cavity-coupling

systems is the Smith impedance diagram. Consider a simple series

ftLC-circuit terminating a transmis-

sion line of characteristic impedance

Z 0 . On a Smith impedance diagram,

the variation of input impedance of

the circuit with frequency describes a

locus like the circle (a) in Fig. 7-20.

At the real axis, u = wo = \/\ZLC
f

the resonant frequency of the circuit.

If the circuit is shunted by a capaci-

tor, the locus is a circle such as (6) in

Fig. 7-20. 1 The new resonant fre-

quency cjq is different from co 0 . The
radius of the new circle is also differ-

ent. If the simple RLC-circuit is

shunted by an inductance, the circle will be shifted in a counterclockwise

direction.

1 This is obtained by transforming (a) to the admittance plane, which is accom-

plished by the reflection of (a) through the point Z<>. The capacitive susceptance is

then added, which rotates the admittance circle. This circle is then reflected back

through Z0 to obtain (6).

Fig. 7-20.—Loci of input impedances
on a Smith impedance diagram, for a

cavity-coupling system.
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It has been shown that the circuits of Fig. 7*18 are the most general
impedance representations for a cavity-coupling system near resonance.

Hence, loci such as (b) are the most
general impedance contours for a

cavity-coupling system near reso-

nance.

Since a change of reference ter-

minals in the transmission line corre-

sponds, to a first approximation, to a

simple rotation of locus (b ) around

Z o, it is evident that by a suitable

choice of reference terminals, any

cavity-coupling system can be

brought into the form of locus (a). Fig. 7-21.—Locus ot input admittance

Hence, any cavity-coupling system on a Smith admittance chart, for a cavity-

near resonance behaves as a simple

series RLC-circuit at suitable terminals in the transmission line.

A discussion of the representations of Fig. 7*19 in terms of the Smith

admittance diagram proceeds in an exactly parallel fashion. The admit-

Ra
L0 + La + Moa

irioa n
a

Fig. 7 22.—Loop- Fig. 7-23.—Alternative representation of

coupled cavity near loop-coupled cavity near resonance of ath

resonance of ath mesh. mesh.

tance of a simple RLC shunt circuit describes a locus such as (a) in Fig.

7*21. The introduction of a series reactance rotates and changes the

scale of (a). As before, a suitable choice of terminals in the transmission

line can bring the locus of the most general representation of Fig. 7T9 to a

form such as (a), and hence the input admittance of any cavity-coupling

system near resonance behaves, at suitable terminals, as a simple shunt

tfLC-circuit.

In the case of the loop-coupled cavity of Fig. 7T2, it is easy to derive

another near-resonance representation which is often more convenient

than the Foster representations of Figs. 12T8 and 12T9. It is clear that

near the resonant frequency w = co0 ,
Fig. 7T2 reduces to the circuit of

Fig. 7*22, which may be represented as Fig. 7*23. It can be shown that

at a single frequency any lossless two-terminal-pair network can be

represented by a length of transmission line, an ideal transformer, and

a series reactance. Thus, Fig. 7-23 can be represented by the circuit of



228 RESONANT CAVITIES [Sec. 7*8

Fig. 7*24. It can be shown that the parameters of this representation

are given by
0)1 .

,
0)Lo

C Z o

0oAt Oa

Zo CSC (cot
- 1

and
L ~ ij Q fl“ljQy

at frequencies o) near the frequency at which the circuit of Fig. 7-24 is

to be used, namely, w«. It is seen that the new circuit resonates at a

L IdealJ

Fig. 7*24.—Another alternative representation of loop-coupled cavity near resonance of

ath mesh.

frequency different from o>a but near to it if L a ^> n2L 0 ,
which is the case

of small coupling. It is further seen that if the length of transmission

line chosen in the representation is the same kind as that physically

connected to the cavity, then new reference terminals may be chosen

n such that the cavity can be rep-

J resented by the lumped circuit of

p
— — L*

jon2
^' Fig. 7-25. This ideal-transformer

o
|

n rj—j nnflP1—^ S| representation is particularly con-

J
g g

j u <>
Ra ca venient for cavity-coupling sys-

^LJdeaTj l\ * < i
terns with several emerging

Ca S n2 Ra transmission lines.

1 7-8. Coupling Coefficients and

„ _ 0 _ 0 , .. , , External Loading.

—

Suppose that
Fig. 7*26.—Representations of loop- .. ..

coupled cavity near resonance w0 at pre- the transmission line emanating
ferred terminal plane in transmission line.

from a cavity-COUpling system is

terminated in its characteristic impedance (admittance). At suitable

terminals, the equivalent circuit of the total system is as shown in Fig.

7*26. The Q of the cavity-coupling system is o)0l/r, when co? = l//c.

This is the unloaded Q of the system, Qu ,
the Q when terminals A are

short-circuited. The loaded Q of the circuit of Fig. 7*26 is o) 0l/(r + Z0).

If the loaded Q is denoted by Ql ,
then

|
Ideal J

Fig. 7*26.—Representations of loop-

coupled cavity near resonance w0 at pre-

ferred terminal plane in transmission line.

r + Zo 1
_|_

Zo

Qu 0)0

l

1 + Zo/

Qu
T

Qur
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Qn = Ql (l + —)• (36)

The coupling parameter is defined as j3 = Z 0/r; which is also the input

conductance of the cavity-coupling system at the terminals of Fig. 7*26,

normalized to F0 ,
or

Zc

r
(37)

Another convenient parameter is the external, or radiation, Q of the cir-

cuit. If Eq. (36) is written as

Ql =
1

_L +T
Qu

T
Qu

(38)

then

I 1 i^ — l
i

Ql Qu Qu Qu 0)<)/

The quantity Qu/fi = wo//^o is defined as Q r ,
the radiation Q.

Fig. 7-20. Equivalent circuit of cavity-

coupling system terminated in Zo at a par-

ticular set of terminals.

Fig. 7*27.- Equivalent circuit of cavity-
coupling system terminated in Fo at a par-
ticular set of terminals.

A similar development exists for the shunt-resonant case as shown in

Fig. 7*27. Here, Q„ = Ru {)C where o>J = 1 /LC. The loaded Q is

c*)0C _ 1 _ 1

i
, y 1 ,

I 0 1
,

RY 0

~R
+ 0

ffwoC 0)0C Qu Qu

and the unloaded Q is

Qu = Q/.(l + KYo) = Qi. ^1 +

Here 0 = R/Z 0 = RYo. That is, 0 is the input impedance of the

cavity-coupling system at resonance, normalized to Z 0 .

It should be noted that if two cavity-coupling systems, one a series

representation and the other a shunt representation, are connected to
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identical transmission lines and have the same coupling coefficients,

then RYo = Zo/r, or R = Z\/r = l/rY\.

7*9. General Formulas for Q Factors.—Thus far only the Q’s of

simple series- and shunt-resonant circuits have been treated. Fre-

quently, it is desired to find the Q of a more complex circuit, such as a

cavity-coupling system with arbitrary terminals. A general formula

for this is easily derived from the fundamental definition of Q which is

Q = 211-
energy stored

energy dissipated/cycle

It can be shown [Sec. 5.3, Eqs. (5.13) and (5.14)] that in general,

n _ 4(TFe - W H )

ee*

v 4(IF* - We)A = rrx- ’ (39)

where B and X are the shunt susceptance and series reactance at the

terminals, e and i are terminal voltages and currents, and W

e

and W h are

the stored electric and magnetic energies in the system interior to the

terminals. It can also be shown [Sec. 5*23, Eqs. (5.140) and (5.141)]

that

&B = 4 ( We + Wh)
du ee*

dX = 4{Wn + Wj)
dco ii*

If values for B or X at some reference terminals can be found and
dB/da or dX/do) can be evaluated, the total stored energy can be found

from Eq. (40). The Q can then be written

Q = 2Tf

= 2Tf

4
ee*

SB
dco

energy dissipated/sec

1 ..,

4
m

dX
do)

energy dissipated/sec

If, in addition, the shunt conductance G or the series resistance R at

the terminals is known, the energy dissipated per second, \ee*G or $ii*R,

can be calculated and the Q may be written as

Q -
dB

2G doo .

—
2R do)

(41)

Equation (41) gives the general Q for a system whose impedance or admit-

tance function is known at a given terminal pair.
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The various Q s thus far defined correspond to various choices of G
or K. To find QUf the loss (and hence the vaiue of G or R) is chosen to
correspond to the internally dissipated energy. To determine Q r or Ql,
the loss is chosen to correspond, respectively, to the externally dissi-

pated energy or to the total dissipation.

7-10. Iris-coupled, Short-circuited Waveguide.—The iris-coupled,

short-circuited waveguide is a particularly interesting example of a

single-line cavity-coupling system, because it can

be approached from several points of view and

illustrates many of the features of the preceding par-

agraphs.

In the first place, transmission-line methods may
be used to construct the equivalent circuit. Con-

sider the device of Fig. 7*28. The broken line in

plane A represents a, coupling hole or inductive iris

of inductive susceptance —jb. Assume that only one mode is propagated in

the waveguide. If the losses in the short-circuiting plate are neglected in

comparison with those in the waveguide of length l
,
then the input

impedance of the short-circuited waveguide (not including the iris) at

plane A is

ZB
= Z o tanh (a + j0)l, (42)

i

Plane

A
Flo. 7*28.—Iris-

coupled short-circuited

waveguide.

where 0 = 2w/\0 and a is the attenuation constant. If the waveguide

is made of a metal that is a good conductor, so that a is small, and if the

length l is not excessive, the Q will be large, al « tanh al
,
and from Eq. (42)

al + j tan 01

1 + j{al) tan 01
(43)

Near resonance, Eq. (43) is further simplified, since at resonance

where n — 1, 2,
• •

•
. Thus 01 ~ w, and |tan 0\ « 1. Since a/ « 1

also,

ZB ~ Zo(ctl -f* j tan 0l). (44)

This may be written in another form by considering tan 01 near resonance,

tan 01 « tan (w — t = —i ~ vf
“

' (45)
y Kg J Kg A O>0

where o>o is the frequency at which tan 01 = 0 and 5 = w — coo. Sub-

stitution of Eq. (45) into Eq. (44) yields

Z.»Z.(ai+J^} <46)

This expression is seen to be of the same form as the input impedance of
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a series RLC-circuit for which

* R + jZLh (47)

near resonance. Here 8 = w — wo, and wo = l/LC, We can, therefore,

identify the terms in Eq. (46) as

« = Zo(al),
)

r = 1. f
(48)

2 X 2 wo j

The iris appears in shunt with this circuit so that the complete equivalent

circuit of the cavity-coupling system at plane A is that shown in Fig.

7*29. The iris susceptance is —jb ~ —j/w£.

ZQ R

St 1'

Fio. 7-29.—Equivalent circuit of an iris- Fig. 7-30.—Equivalent series circuit for

coupled short-circuited waveguide near reso- an iris-coupled short-circuited waveguide
nance. Terminals are at the plane of the cavity,

iris.

If the waveguide of Fig. 7*28 is terminated in its characteristic imped-

ance to the left of plane A

,

the impedance Zo appears across the terminals

of the equivalent circuit in Fig. 7-29. The loaded Q under these condi-

tions may be calculated. The series impedance of the parallel <£, Z 0 com-

bination is jooStZo/(Zo + j<*>£). For a high-Q system w£ « Z0 ,
and this

series impedance is jo)£ + <v
2£ 2/Z 0 . The complete series circuit is that

of Fig. 7*30. The radiation Q is

Qr

for £ «L, from Eq. (48),

The loaded Q is given by

p
1 Zo ^ w?£ 2

,
R

Ql wo£ -j- o>oL ZoWoL Wo/>’

or

J_ _ Yl 2 X* 2(aZ) X 2

Ql 6* t XJ t Xj
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The unloaded Q is

Qu
* K

2(al) \2
’

since woL/R is the unloaded Q of the circuit when the terminals of Fig.

7*29 are short-circuited.

It is seen by examination of Fig. 7-29 that resonance occurs for fre-

quencies somewhat less than w 0 ,
corresponding to n\g > 21

,
or cavity

lengths somewhat shorter than n\u/2. This is also seen by examining

the total admittance at plane A which is

Yt = b 1

F 0 ^ F o
‘ al + j tan pi

__
al _ . b

__
. tan pi

(al) 2
-f* tan 2 ^ Yt) ^ (al) 2

-f- tan 2

In the high-Q case |tan pi
|

» al. Thus P.q. (51) becomes

Vr = al . 6 . 1

F 0 tan 2
0/ ^ Fo ^ tan

(51)

(52)

At resonance, Yt/Yo is pure real. This occurs for negative cot pi, or l

slightly less than n\u/2. We see that the input conductance at resonance

is

(vo),.,
=

tun- Jl
= al

(f„)
' (53)

For a cavity one-half wavelength long, in copper waveguide of dimen-

sions 1- by i-in. by 0.050-in. wall, at X = 3.2 cm, al ~ 4 (10)~4
,
so that

an iris susceptance of 6/F 0 = 50 is required for critical coupling (that is,

for Yt/Yo = 1 at resonance).

We have seen in Sec. 7-9 that the Q of a circuit is given by

Q = (l/2G)co(dB/dco), where B is the total susceptance at the reference

plane and G the conductance. Now,

dB _ dB d\ _ 2itc SB _ __
2tc d\ 0 dB

W
dco

W
d\ do) co d\ co d\ d\,

Since \/\ ff = V I — ( X/Xc )
2 and d\u/d\ = XJ/X 3

,
then

dJl = _ 2rrcKdB = _ X3 dB/
"

co~ x 3 ax„ x2 ax,'

Since 0 = 27r/X^ and dp/d\u — —2w/\2
,
then
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* = tSHB'

M = - <* + Yol(l + cot* 01). (55)

d0 as

Near resonance, cot 2 01 ~ » 1 and l ~ X„/2; and from Eqs. (55)

and (54),

dB X 2
0 db

,
X2 62 x2 X2 62

_ X2 62
.

•ST
- -j^ajsWr. + <56)

since b/Y0 ^> 1.
1

For the radiation Q the shunt conductance is F0 ,
and so

) = z*£(±\
lr 2X2 \F 0/

This is seen to be identical with Eq. (49). For the unloaded Q, the shunt

conductance is Y0(al) (6/F0)
2

,
and

« - 5<a> r-’
<“>

which is seen to agree with Eq. (50).

CAVITY-COUPLING SYSTEMS
WITH TWO EMERGENT TRANSMISSION LINES

As in the treatment of the single-line cavity-coupling system it is

convenient to consider the general representation theory that has been

/tl M1 derived for lossless n-mesh net-

Fio. 7*31.—T-section representation of two-
terminal-pair n-mesh lossless network.

T-section representation is shown in

works and to show the equivalence

of this representation to that de-

rived from field theory.

7*11. General Representation

of Lossless Two-terminal-pair

Networks.—It is not difficult to

extend the reactance theorem to

two-terminal-pair networks of n
meshes. 1 It will suffice here

merely to state the result that

such a two-terminal pair can be

represented as a series combina-

tion' of T-sections or a parallel

combination of II-sections. The
?\g. 7*31, where each Za , Zb, Ze may

1 E. A. Guillemin, Communication Networks
,
Vol. II, Wiley, New York, 1935,

Chap. 5, p. 216.
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be an inductance, a capacitance, or a parallel LC-element. The ideal
transformers are necessary to ensure the physical realizability of the
elements. It is not necessary that

the self- and transfer impedances

of the component T-sections have

coincident poles.

At frequencies near a particu-

lar resonant frequency the repre-

sentation of Fig. 7*31 simplifies to

that of Fig. 7*32, where the ele-

ments Xaf Xb, Xc represent the

contributions from all other poles

at frequencies near the chosen res-

onant frequency. They are representable as inductances or capacitances

near the resonant frequency in question. The elements Za ,
Zb ,

Zc consist

of L
y
C, or parallel LC-combina-

tions.

The reactance Xc represents the

contributions of the other reso-

nances to the transfer impedance.

This is essentially the direct mutual

impedance of the two coupling sys-

tems and is almost always negligi-

ble; that is, only near resonance

does the cavity transmit any ap-

preciable power. In the following sections, X c will be neglected.

Consider the special case where

Xa and Xb are inductances, the

ideal transformer has a ratio of

one to one, Xc = 0, and Za ,
Zh and

Zc are parallel-resonant elements

at the frequency coo. This situa-

tion is Shown in Fig. 7 33, Fiu. 7-34. -Network equivalent of Fig. 7-33

where near the resonant frequency «o = y/\/LC .

Fig. 7*33.—A special T-representation

of a two-terminal-pair lossless network near
resonant frequency wo.

Fig. 7-32.—T-section representation of

two-terminal-pair lossless network near a
particular resonance.

<*>0
= J

£iCi
J = J
£262 TsC 3

The self- and transfer impedances of this network are

n • r
I fafa (^1 + ^s) jc0

3
(£l + £ 8)

L\\ = JotLo -r
~

Zn

COq — CO
2

Wo -

j(aLb+^hp+^l
<06 — O)

2

jw\£* + £»)

«o
—

+ j(t)La,

+ joiLi.

z„ =_ jwfa£»

«0
joi*£n-

(59)
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These expressions are of the same form as those for the network of Fig.

7-34. For this network,

Zu

Z22

Z 12

= jooLa +
<*>o
— CO

2

jcO
ZLo

= jcoLb +

iL 2

co
2 — a;

2

w2 — a>
2

(60)

where a>o = 1/LC, and L' + L"
identifying

L
JA
L

UU
L

= L. The equivalence is established by

= £i + £3,
j

= £2 + £3, > (61)

— £3. )

The network of Fig. 7-34 is easily

z0 1 f *0

1 1 LOJ£*Tr h
Fig. 7*35.—Network equivalent of Figs.

7*33 and 7-34 near resonance.

^nd

where

put into a convenient form by repre-

senting each T-section as a combina-

tion of a length of transmission line,

an ideal transformer, and a series in-

ductance. By this representation,

it is transformed to the network of

Fig. 7-35. The equivalence is es-

tablished by the equations

jw(Li + La)
— —jZo cot Pih — jniZo esc /3J 1 ,

1

jw(Li + L') = jug -- jn2Z 0 cot -- jniZo esc
[

(62)

—juLi = jniZo esc Pih, )

j«(L2 + L*>) = —jZo cot jS 2Z2 — jniZa CSC Pih, \

J«(L, + L") = — jn\Z 0 cot /S2Z2 — jntZo CSC 0th, } (63)

—juLt = jriiZo CSC £2Z2 , )

£' + £" = £.

The solutions for <£' and «C" are,

£' = V - n2La ,

£" - L" - n\U
:

(64)

In all practical cases, U >$> n\La and L" » n|Li>; therefore £ « L, and

the series circuit of Fig. 7*35 resonates at nearly the same frequency as

that of Fig. 7*33 or that of Fig. 7-34.
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It is clear from Fig. 7*35 that if the lines h and U are chosen to be

identical with the physical lines connected to the cavity, new terminals

may be chosen in the physical lines such that the cavity-coupling system

is simply a series LC-circuit coupled by ideal transformers at the input

and output terminals.

The transformation of various other forms of Fig. 7-32 to the form of

Fig. 7*35 will not be treated in detail. This transformation can be

performed in all cases for which Xc = 0.

7*12. Introduction of Loss.—Just as in the case

of the single line or single terminal pair, it is possible

to treat the small-loss approximation, in which loss

is introduced into each mesh of a purely reactive

network. It is clear that the general representation

of such a network is of the form of Fig. 7*3 1 with

resistive elements added to each Zay Zb
,
and Zc .

Near a particular resonance this reduces to the form

of Fig. 7-33 and finally to that of Fig. 7 35, where a

resistive element now appears in the resonant mesh.

This can be verified by a straightforward analysis following that shown
for the single-terminal-pair network.

7*13. Representation of a Cavity with Two Loop-coupled Lines.—The
loop-coupled cavity, like the single-line cavity-coupling system discussed

previously, can be treated rather exactly by field methods. A simple

extension of the single-loop case of Fig. 7*12 shows that Fig. 7*36 is the

Fig. 7*36.—Cavity
with two loop-coupled
lines near too* = 1 /LC.

equivalent circuit of a cavity with two loop-coupled lines at frequencies

near wj = 1 /LC. No direct coupling between the loops L\ and L 2 is

assumed. The circuit of Fig. 7*3(> is easily transformed to that of Fig.

7*37 near the resonance cojj = 1/LC, where L = V + L". This in turn

can be transformed to the form of Fig. 7*35 (including series resistance /?),

where as before £ « L.

7«14. Transmission through a Two-line Cavity-coupling System.

—

Let us consider a transmission system that includes a two-line cavity.

Let us suppose the terminals to be so chosen as to .simplify Fig. 7*35, and
assume the generator and load impedances to be real and to be given by
Ita and Rl at these terminals. This circuit is shown in Fig. 7*38. Trans-
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forming the load and generator into the resonant mesh results in the cir-

cuit of Fig. 7-39. The unloaded Q, which is obtained by putting

Ro — Rl = 0,

is Qu = cooL/R. The loaded Q is

from which

Q _ COftL

“ R + n\R0 + nifiV

I 9 Ro |
n Rl\

1 + nf -p + -p
J

Qu — Ql i »n ^ i , *'2

The input-and output-coupling parameters are defined, respectively, as

_ n\Z0
Pl --R'

02 = n|Z 0

It is customary to define the transmission through the cavity in terms

of a matched generator and load (i.e., Ra = Rl = Zo). Under these

Fig. 7*38.—Equivalent circuit of a Fig. 7-39.—Alternative fornv for the circuit

two-line cavity-coupling system at par- of Fig. 7-38.

ticular reference planes. The generator

and load impedances Rg and Rl are real

at these planes.

conditions, the impedance of the mesh of Fig. 7*39 is

Z = R
[ (1 d- 0! + 02) + jQu (- - -)\H * \w 0 CO /

and the power into the load impedance is

P L = nfZ 0|/|
2 = 02«|/|

2

E2

(i+0i + faY + Q 2 / 0^ _ COOV
w

\C0 q CO /

The available power from the generator line is \E2/Zq = Po.

The transmission-loss function T(co) is defined as Pl/Pq
,
or

40102
T(co) =

(1 + 01 + 02)
2 + Qu

/ CO COoV

\COo co /

(05)
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At resonance the transmission loss is

239

r(«o) = 4/3 iff2

(1 + ffl + ff2)
2

Dividing Eq. (65) by Eq. (66) has the result

T(f*) =

or, putting w = «o + (A<o/2),

T{«)

(66)

(67)

It is noted that T(«) = iT(wo) (i.e., half-power points of transmission

occur) for Aw/wo = I/Ql. The quantity Ao> is frequently called the

“bandwidth” of the cavity at the resonant frequency «o.



CHAPTER 8

RADIAL TRANSMISSION LINES

By N. Marcuvitz

8*1. The Equivalent-circuit Point of View.—The description of the

electromagnetic fields within a region of space enclosed by conducting

walls may be made in either of two ways. On the one hand, the given

region may be considered as a whole and its electromagnetic behavior

described by the indication of its resonant properties and field behavior

as a function of frequency. In this “cavity” method of description, the

problem of determination of the fields within the* region under considera-

tion is treated as an individual one, and no effort is made to apply the

results of its solution to other similar problems. On the other hand,

if the given region possesses a certain regularity of geometrical structure

in some direction—the direction of energy transmission—an alternative,

equally rigorous and more systematic treatment is possible. The given

region is regarded as a composite structure whose constituent subregions

are of two principal types. The fields in each of these subregions can

be described as a superposition of an infinite number of wave types or

modes characteristic of the cross-sectional shape of the subregion. In

the frequency range of interest it is found that in one type of subregion

—

the transmission-line region—only a single dominant mode is necessary

to characterize completely the field behavior whereas in the other type

of subregion—the discontinuity region—the entire infinite set of modes

is necessary for the field description. The resulting complication in the

description of the discontinuity regions is not serious because as a conse-

quence of the rapid damping out of the higher modes the discontinuity

structure may be regarded as effectively lumped as far as all modes but

the dominant one are concerned. It is usually necessary, therefore, to

indicate only the dominant-mode discontinuity effects that are intro-

duced by such regions. The justification for such a simple procedure

lies in the fact that it is the dominant mode which determines the energy

transmission and the interaction characteristics of the over-all system.

Hence, only a knowledge of this mode is of interest.

The description of a composite structure in terms of transmission

regions and discontinuity or junction regions can be put into ordinary

electrical-network form. This is accomplished by the introduction of

voltage and current as measures of the transverse electric and magnetic
240
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fields, respectively, of the dominant mode. As a consequence, the

field behavior of the dominant mode in each of the constituent trans-

mission regions may be represented schematically by the voltage and
current behavior on a corresponding transmission line. The dominant-

mode discontinuity effects introduced by the junction regions are given

by specification of the relations between the voltages and currents at

the terminals of each junction. Such relations may be schematically

represented by means of an equivalent circuit. In this manner it is seen

that the energy-transmission characteristics of the original region are

described by the electrical characteristics of a system of distributed

transmission lines interconnected by lumped circuits. A knowledge of

the propagation constant and characteristic impedance of each trans-

mission line as well as the values of the lumped circuit parameters thus

suffices to give a complete description of the electromagnetic properties

of interest for the over-all system. In contradistinction to the cavity

description, it is to be noted that the results of many comparatively

simple transmission-line and junction problems are combined to give

this composite description.

8*2. Differences between Uniform and Nonuniform Regions.—The
circuit point of view for electromagnetic problems has been only

sketched, since it has been amply discussed elsewhere in this book for

uniform waveguide structures. Its application is not limited to uniform

structures, which are characterized almost everywhere by uniformity

of cross sections transverse to the direction of energy transmission.

The same point of view may be applied as well to certain nonuniform

structures that possess almost everywhere a type of symmetry in which

cross sections transverse to the transmission direction are geometrically

similar to one another rather than identical. Several examples of

structures of this sort are illustrated in Fig. 8T.

The loaded cavity in Fig. 81a is an example of a structure containing

two nonuniform transmission regions, from 0 to r and from r to R
,

separated by the junction region at r. The cross sections of the trans-

mission regions are cylindrical surfaces of differing radii. The tapered

waveguide section in Fig. 8 - lb is a structure composed of two uniform

transmission regions separated by a nonuniform transmission region

from r to R with junction regions at r and R. In the nonuniform region

the cross sections perpendicular to the direction of energy flow are seg-

ments of cylindrical surfaces of variable radii. In Fig. 8T c is repre-

sented a spherical cavity containing a dielectric and composed of two

nonuniform transmission regions from 0 to r and from r to R. The

cross sections in each of these regions are spherical surfaces. In Fig.

8* Id is represented a conical antenna that is composed of nonuniform

transmission regions from r to R and R to oo with junction regions at



RADIAL TRANSMISSION LINES [Sec. 8-2

(c) Dielectric in spherical cavity

R

(e) Tapered coaxial line

Fio. 8*1.—Structures containing nonuniform transmission lines.
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r and R . Figure 8*le represents a tapered section that is the coaxial-line

analogue of the waveguide taper in Fig. 8*16. The cross sections in

the nonuniform transmission regions represented in Fig. 8Tc and d

are either complete spherical surfaces or segments thereof.

The subject matter of this chapter will be devoted principally to

the description of the electromagnetic fields that can exist within the

nonuniform transmission regions represented in Fig. 8-la and b. This

field description will be carried through from an impedance point of view

in close analogy with the corresponding description of uniform trans-

mission regions, which for the sake of the analogy will also be briefly

treated. The impedance point of view stems from the existence of

traveling and standing waves that characterize the field behavior in

the transmission regions. The nature of these characteristic waves

may be found by investigation of solutions to the field equations or,

better, the wave equation, in a coordinate system appropriate to the

geometry of the transmission region in question.

For example, in a rectangular xyz coordinate system the wave equa-

tion determining the steady-state behavior of a typical field component
may be written in the form

dhi

dz*
+ o, W

where, as is customary, the complex amplitude u of the field variable is

assumed to have a time dependence exp (jut) with u = kc denoting the

complex angular frequency and c the speed of wave propagation. Let

the 2-axis be chosen as the direction of energy transmission. In the

associated uniform transmission system the cross-sectional surfaces are

parallel to the :n/-plane and identical with one another. Characteristic

modes or field patterns exist for each of which the operator shown within

parentheses in Eq. (1) is the square of a constant k called the mode
propagation constant or wave number (c/. Chap. 2). For such modes
the wave equation may be rewritten as a one-dimensional transmission-

line equation,

S + = 0, (2)

which determines the variation of the mode amplitude along the trans-

mission system. The two independent mathematical solutions to this

equation may be expressed as

cos kz
,

sin kz

and interpreted physically as standing waves; or alternatively, they may
be written in exponential form as

er’**
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and interpreted as traveling waves (cf. Chap. 3). Since either set of

solutions suffices to specify completely the propagation in the ^-direction,

the impedance description of uniform transmission lines must be expressed

in terms of these trigonometric functions.

Similarly, in a cylindrical r<t>z coordinate system the wave equation

determining the complex amplitude u of one of the field components

may be written as

Id / M /l ^
r dr \ dr ) \r2

d<t>
2 + Jr*

+ ki = 0. (3)

In contradistinction to the rectangular case, every cylindrical field

component does not obey the same wave equation [Eq. (3)]; however,

only this equation will be considered for the moment. Let the direction

of energy transmission be chosen along the r-coordinate. In a trans-

mission system of this type the cross sections, which are <f>z cylindrical

surfaces, are no longer uniform but only similar. Examples of such

nonuniform transmission regions are shown in Fig. 8- la and b. Charac-

teristic modes still exist for such regions, but the operator within paren-

theses in Eq. (3) associated with each of the modes is a constant only

over the cross-sectional surfaces and varies along the direction of prop-

agation. The functional dependence of the mode constant on r has

been given in Sec. 2*13. Substitution of this result into the wave equa-

tion leads to the one-dimensional radial-transmission-line equation

m = 0, 1, 2, (4 )

which determines the variation of the mth mode amplitude along the

direction of energy propagation. As before, two independent mathe-

matical solutions to this equation exist; these are the Bessel and Neu-

mann functions of order m ^Bessel functions of first and second kind,

respectively)

Jm (nr) AT

m {*r)

and, in analogy with the trigonometric functions encountered in the

rectangular geometry, may be interpreted physically as standing waves.

Alternatively a set of solutions may be written in terms of the two types

of mth-order Hankel functions (Bessel functions of the third kind)

Hm (*r), H(

m (*r),

and these similarly may be interpreted as ingoing and outgoing travel-

ing waves. Since the impedance description of radial transmission

lines must necessarily be based on these wave solutions, it is desirable to

list a few properties of the cylinder functions. These properties bear
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a strong resemblance to those of the trigonometric functions. For

example, the relation, or rather identity, among the three different

kinds of Bessel functions,

H$(x) = Jm(x) ± jNm(x), (5)

is analogous to the exponential and trigonometric relation

e±u — CG8 x + j sin x.

The resemblance is particularly close in the range x»r» as can be

inferred from the asymptotic identity of Eqs. (2) and (4) in this range.

In fact for x m there obtains the asymptotic relation

0 )

imx) «

or, equivalently,

cos (x - 2m
4

+ 1

Nm (x) ~ yj x̂
sin ^.r -

2m i (Qb)

Physically these approximations imply that at large distances traveling

radial waves are identical with traveling plane waves save for the decrease

in amplitude of radial waves along the direction of propagation. This

Bessel functions Trigonometric functions

Fig. 8*2.—Comparison of zero-order Bessel functions and trigonometric functions.

decrease is to be expected from the spreading of radial (cylindrical)

waves as they propagate, in contrast to the nonspreading of the constant-

amplitude plane waves. The variable amplitude as well as the quasi

periodicity of the Bessel functions is perhaps best illustrated in the

graphical comparison in Fig. 8-2 where the zero-order Bessel functions

are compared with the corresponding trigonometric functions. The
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similarity of Bessel functions to trigonometric functions and their

interpretation as traveling and standing waves are emphasized by

writing them in the polar form

II <*>

H- «w. .3 1•

a ) = (Tj)
mhne±’'-t (7a)

or, equivalently,

J

m

(*r) = hm cos
2 ^

/ m \
Nm (x) = hm sin Ivm (76)

from which it follows that T
hm(x) = VJi(x) + NKx), hm(x)~J—> for x» 1,

\irx

r \
Nm {x)

Vm{x) = 2 + tan
Jm(xy

Vm(x)
« x — for x» 1.

The amplitude h(x) and phase rj(x) of the Hankel functions of orders

zero and one are shown graphically in Fig. 8*3 and are tabulated in

Fig. 8-3.—The amplitude and phase of the Hankel function of order zero and one.

Table 8*1. The values of the Bessel functions J 0 (x) and Ji(x) are also

included in this table. 1
!

Since in a radial transmission line the point r = 0 is a singular

point, it is not to be expected that the asymptotic small-argument

approximations (for x « ^ 1),

Nm(x) « - (m - l)!/2

7 = 1.781

are closely related to those of the trigonometric functions, although there

is a qualitative resemblance. The corresponding small-argument rela-

1
Cf. the tables in G. N. Watson, Theory of Bessel Functions

,
Cambridge, London,

1944.
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tions for the Hankel function may be obtained by use of the identity
of Eq. (5).

Iable 81 . Values of the Bessel Functions

X h 0(x) hi(x) Vo(x)

0 00 00 - 90°

0.1 1.830 6 . 459 - 57.0

0.2 1.466 3.325 - 47.5

0.3 1.268 2.298 - 39.5
0.4 1.136 1.792 - 32.3

0.5 1.038 1.491 -25.4
0.6 0.9628 1.293 - 18.7

0.7 0.9016 1.151 - 12.2

0.8 0.8507 1.045 - 5.9

0.9 0.8075 0.9629 +0.4

1.0 0.7703 0.8966 6.6

1.1 0.7377 0.8421 12.7

1.2 0.7088 0.7963 18.8

1.3 0.6831 0.7572 24.8

1.4 0.6599 0.7234 30.8

1.5 0.6389 0.6938 36.8

1 .6 0.6198 0.6675 42.7

1.7 0.6023 0.6441 48.6

1.8 0.5861 0.6230 54.6

1.9 0.5712 0.6040 60.4

2 0 0.5573 0.5866 66.3

2.2 0.5323 0.5560 78.0

2.4 0.5104 0.5298 89 .

7

2.6 0.4910 0.5071 101.4

2.8 0.4736 0.4872 113.0

3.0 0.4579 0.4694 124.6

3.5 0.4245 0.4326 153.6

4.0 0.3975 0.4034 182.4

5.0 0.3560 0.3594 240.1

6.0 0.3252 0.3274 297.6

7.0 0.3012 0.3027 355.1

8.0 0.2818 0.2829 412.5

9.0 0.2658 0.2666 469.9

10.0 0.2522 0.2528 527.2

-Oi(x) J o (x ) J,(x)

0 °
1.0000 0.000

0.5 0.9975 0.0499
1.7 0.9900 0.0995

3.7 0.9776 0.1483
6.3 0.9604 0.1960
9.4 0.9385 0.2423
12.8

1
0.9120 1 0.2867

16.6 0.8812 0.3290
20.7 0.8463 0.3688
24.9 0.8075 0.4060

29.4 0.7652 0.4401

34.0 0.7196 0.4709

38.7 0.6711 0.4983

43.6 0.6201 0.5220

48.5 0.5669 0.5420

53.5 0.5118 0.5579

58.6 0.4554 0.5699

63.8 0.3980 0.5778

69.0 0.3400 0.5815

74.2 0.2818 0.5812

79.5 0.2239 0.5767

89.1 0.1104 0.5560

101.

0

0.0025 0.5202

111.8 -0.0968 0.4708

122.8 -0.1850 0.4097

133.8 -0.2601 0.3391

161.5 -0.3801 0.1374

189.4 -0.3972 - 0.0660

245.7 -0.1776 -0 3276

302.3 0.1507 -0.2767

359.1 0.3001 -0.0047
416.0 0.1717 0.2346

473.0 -0.0903 0.2453

530.1 -0.2459 0.0435

Several important differential properties that will prove useful later

are

X~m dX
Jm+l(x) f [

X mNm(x)] —

JL£
xm dx

[xmJm (x)] =
xm dx

[xmNm (x)] = Nm„i(x),

Jm(x)N'm(x) - Nm(x)J'm(x) =
TX

(9)
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where the prime denotes the derivative with respect to the argument.

Equations (9) are also quite similar to the corresponding trigonometric

relations

d
-7- cos x = - sm x

,

ax

d .

-7- sin x — cos x
,

dx

d . d
1

cos £ -=- sin a* — sin x cos x = 1,
dz dz

particularly for large arguments where the xm and xrm factors of Eqs. (9 )

may be omitted in first approximation.

With this brief discussion of the characteristic waves in uniform and

radial transmission lines it is now desirable to turn to the impedance

description of such transmission systems. An impedance description

exists for every characteristic mode. In the following however, this

will be carried out only for the lowest or dominant mode, since this mode
is usually the most important for practical applications. * The treatment

of any other mode in terms of impedances is carried through in an exactly

similar manner. As a preliminary to the impedance description of

nonuniform radial transmission systems, that of the uniform line will

be reviewed briefly (cf. Chap. 3 ). The corresponding treatment of radial

lines is developed in close analogy thereto.

8-3. Impedance Description of Uniform Lines.—In Chaps. 2 and 3 the

electromagnetic field within nondissipative uniform transmission sys-

tems, such as linear waveguides, was described in terms of a superposi-

tion of characteristic modes. The introduction of a voltage V and a

current I as measures of the transverse electric field E
t and magnetic

field H t associated with the dominant mode was made quantitative by
the definitions

E t (x,yt) = V(z)<P(x,y),

H t (x,y,z) = /(*)< X <*>(x,y),

with ( a unit vector in the direction of propagation z, and <1> a transverse

vector function characteristic of the mode. In the steady state, the

voltage and current were shown to satisfy the transmission-line equations

dV
dz

dJ

dz

K~

j*Z*0/,

- 7 2
,

(10)

where k was defined as the propagation constant and F 0 = 1/Z 0 as the

characteristic admittance of the dominant-mode transmission line. A
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section of line is represented schematically in Fig. 8-4 which also shows
the positive directions of V and I. The constant k is expressed in terms
of the angular frequency co and cutoff wave number kc of the dominant
mode by

Since both the voltage and current satisfy equations similar to Eq. (4),

solutions to Eq. (10) can be written in terms of standing waves as

V(z) = A cos kz + B sin kz, \

jZ 0I(z) = A sin kz — B cos kz.
J

The application of the boundary conditions that the voltage and current

at z = z0 are F(zo) and /(z0) leads to

V(z) = V(z 0) cos k(zq — z) + jZ 0I(z 0) sin k (z 0 — z), )

I(z) = I(z 0) cos k(zq — z) + jYoV(zo) sin *(z n — z)
j

as the complete solution for the behavior of the dominant mode,

many of the quantities of physical interest depend only on the ratio of

z

Fiu. 8-4. Section of a uniform transmission line showing positive directions of / and V.

/(*) /(*o)

V(2)

Zo
\V(:

(13)

Since

the voltage to the current, it is expedient to define relative admittances

in the positive direction by

Y'(Z) - 1 W =r { ) Y o V(g) Y o

and
1 /(*,) F(2 „)

F„ V(z„) F0
’

(H)

and by division to convert the solution, Eqs. (13), into the fundamental

admittance relation

_ j + Y\za) cot k(z 0 - z)
' yZ)

cot «(2„ - 2 ) + jY'(Zo) ’
(15)

Equation (15) may be employed for admittance calculations in either of

two ways: analytically with the aid of cotangent tables or graphically

with the aid of transmission-line charts (c/. Sec. 3*6).

An alternative solution to Eqs. (10) may be given on a traveling-wave

basis as
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V(z) = Car#- + De+'“,
j (

ZoJ(z) = Ce~’“ - De+ia
, f

>

where 0 and D represent the complex amplitudes of the incident and

reflected voltage waves at z = 0. Again it is desirable to introduce a

ratio, in this case the ratio of the amplitudes of the reflected and incident

voltage waves at any point z (or Zo)* This quantity is called the reflection

coefficient

r(z) = ^ e)2“ or r(z0) = ^
e’
Ul°.

By the elimination of D/C there is obtained the fundamental trans-

mission-line relation

r(z) = r(z 0)e
y2 ‘ (r~zo)

. (17)

From Eq. (16) it is seen that the relation between the reflection coef-

ficient and relative admittance at any point z is

m =
i - r’(z)

1 + Y\Z)
(18)

Equations (17) and (18) provide a method alternative to that of Eq. (15)

of relating admittances at two different points on a transmission line.

With this brief review of the description of the uniform transmission

regions of an electromagnetic system, it is now appropriate to turn to

the treatment of the discontinuity regions. A discontinuity region is

described by indication of the relations between the voltages and currents

at the transmission lines connected to its terminals. For the case of

two such terminal lines, distinguished by subscripts 1 and 2, the voltage-

current relations are linear and of the form

h = YnV i + Y 12V2
, }

1 2 = Y

\

2V

i

+ Y 22V2 . j

(19)

The positive directions of voltage and current are chosen as in the equiva-

lent circuit of Fig. 8*5 which is a

schematic representation of Eqs.

(19). Since the principal interest

in this chapter is in transmission

systems, the discussion of the prop-

erties of the circuit parameters Fn,
Y 12 ,

Y22 will be omitted. It is as-

sumed that these parameters are

known either from theoretical com-
putations or from experimental measurements on the discontinuity.

In connection with circuit descriptions of discontinuities, it is useful

to observe that equivalent-circuit descriptions exist for transmission

Fiq. 8*5.—Equivalent circuit of a discon-

tinuity region.
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regions as well. This may be seen by rewriting Eqs. (13) as

/(«) = -jYo cot k(z0 - z)V(z) - jYo CSC k(zq - z)[-V(zo)],
\

Hzo)
= -jYo CSC k(zq - z)V(z) - jYo cot k(z0 - z)[-V(zo)],

j

where —V(zo) is chosen as the positive voltage at zo in accord with the

sign convention of Eqs. (19). Comparison of Eqs. (19) and (20) then

shows that the equivalent-circuit parameters of a length (z0 — z) of

transmission line are

Tn = Y 22 = —jY 0 cot k(z 0 — z),

Y 12 = —jYo esc k(zo - z),

Yn - Y u = l’„ - Y» = -jYo tan
~ 2)

- t

In addition to the knowledge of the relation between the admittances

at. two different points of a transmission line, that of the frequency

derivative of the relative admittance is important. This relation may
be obtained simply for a uniform line by forming first the differential

of the logarithm of Eqs. (17) and (18) as

and

Ar (z)

l\Z)

af (*„)

r(zo)~
+ j2(z — z 0)Ak, (22a)

AI'(z) _ _ 2A Y'(z)

T(z)
"

l + [jY'(z)V
(22b)

liquation (22a) states that on a change in frequency the resulting relative

change in the input reflection coefficient of a nondissipative uniform line

differs from that of the output reflection coefficient only by a phase change

of value twice the change in the electrical length of the line. Rewriting

Eq. (22a) in terms of admittance with the aid of Eq. (22b), one finds that

dY'(z) dY'(zo)
K

dK _ . .

K
dK

~

1 +[jY'(z)Y-
MZo Z> +

1 + [jY'(zo)Y’
(23a)

and the desired relation is finally obtained by observing from Eq. (11)

that

d In o)
y

and therefore Eq. (23a) may be rewritten as

dY f
(z)

d In w 4)
k(z° z) +

dY'(zo)

d In u
(236)

r +ijY'(z)Y
j
\kJ

" 1

i + (iT'(zo)]
2

It should be emphasized that Eq. (236) determines the frequency deriva-
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tive of the relative admittance. If the characteristic admittance Yo varies

with frequency, the following relation should be employed to distinguish

between the frequency derivatives of the admittance Y(z) and relative

admittance Y'(z)

= Fo + Y’{z) fp -

d In co d In co d In o>
(24)

8*4. Field Representation by Characteristic Modes.—In the following

sections the electromagnetic fields within radial transmission regions 1 of

cylindrical shape will be described on an impedance—transmission-line

basis in a manner similar to that employed in the preceding sections. A

T°P view Side view
Fig. 8-6.—Coordinates for the cylindrical recoil between two disks.

typical example of a radial transmission system is the cylindrical region
between two annular disks as shown in Fig. 8-6. The discussion starts
from a transmission-line form of the fundamental Maxwell equations and
proceeds to a characteristic-mode representation of the fields and thence
to a detailed treatment of the impedance (or admittance) properties of
several of the lowest modes. As indicated in Fig. 8 0, an r<t>z polar
coordinate system is most suitable for the description of the field. In
this coordinate system the electric field E and magnetic field H are given
implicitly, for the steady state of angular frequency a>, by

1 dEt dE*

r d<(> dz

dEr _ dEz

dz dr

1 djrEfi) _ 1 dEr
r dr r d<f>

= —junHr,

= -jwnH+,

= —ja)nHg ,

1 dHj
r d<f>

dljr

dz

I d ^rHA .
r dr

_
dH

t

dz

_
dllz

dr

1 dHr

r d<f>

— ju*Er ,

= icoeAV,

= ju*E t .

(25)

These equations may be converted to a form that emphasizes the radial
transmission character of a cylindrical region by eliminating the com-

1 C/8. A. Shelkunoflf, Electromagnetic Waves
,
Van Nostrand, New York, 1043; Kamo

and Whinnery, Fields and Waves in Modern Radio
,
Wiley, New York, 1044.
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ponents ol E and H in the direction of propagation r. The resulting
transmission-line equations for the remaining transverse components
then become

and

dE

,

dr

dll.

dr

1 d(rHjJ

r dr

- -jk{

= -M

-jky

-jh

it ,1/1 d'H, d'HX\
* k 2 \r d<t> dz Tt* ) J'

„ 1 /l d 2Ht 1 d*H*Y\
k 2

\r\d<t>2
r dtdz/Y

F j.
1 (i'P* - 1 gMlJ

* k 2

\ dz 2
r d<t> dz) J’

_ F ,1 (\ d*E+ _ 1 d2E\]
‘^k 2 \rd<t>dz r*d<t>2

) J’

(26a)

(266)

where k = w\/[it and f = 3 ,
17
= v /*/« is the intrinsic impedance of the

medium. It is evident from the first of Eqs. (25) that the knowledge

of the transverse field components suffices to determine the radial com-
ponents; the latter will therefore not be considered in what follows.

Since the boundary conditions on the periphery of the cross-sectional

</>2-surfaces of the transmission region are known, the transverse behavior

of the field can be found. This immediately suggests the possibility of

finding a transverse-field representation, in terms of characteristic modes,

that replaces the transverse derivatives in Eqs. (26) by known expres-

sions. The virtue of this procedure is that the field problem is thereby

reduced to a one-dimensional transmission-line problem. For the case

of uniform regions, the appropriate field representation is expressed in

terms of transverse vector modes of two types: the E-modes derivable

from a single component of E in the direction of propagation and the

H-modes derivable from a single component of H in the direction of

propagation. For radial transmission regions, on the other hand, no

similar vector decomposition into E- and E-modes exists. A scalar mode
representation does however exist, and in fact it is related to that employed

in Sec. 2-13 for uniform lines. The representation applicable to a radial

transmission region of height b (Fig. 8-6). consists, for the case in which

Hz vanishes, of a superposition of E-type modes

^ tnV't mr
Ez = cos z cos m<t>,

™ en V\ (m\fmr\ . mr
,

1

E*
=

k 2
6 \r/\6 /

Sm T 2 sm m4>
’

i

jT I', mr
//* = «m^ cos -g- 2 cos W<#>,

(27a)

and for the case in which E, vanishes, of a superposition of //-type modes
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H, = siQ ~r z s^n nu^>
0 o

H*
=w (?)(t)

cos T 2 cos (27b)

„ F," . rnr ,

E+ = €m
2rr

Sm
TT

2 Sm W<^

together with the corresponding modes of opposite ^polarization.

above,

Z = (m,n),

m = 0, 1, 2,
• •

•
,

n = 0, 1, 2,
• •

•
,

In the

The mode amplitudes F* and h, called the mode voltage and current,

respectively, are functions only of r and have been so defined that the

average power flow in the positive r-direction is £ Re (F//*). After

substitution of the mode forms (27a) or (27b) into the* Eqs. (26) and

evaluation of the transverse derivatives therein, there are obtained the

transmission-line equations

dVi

dr

dli

dr

-jKlZJl,

-jK YiVh

(28a)

WrlAfA

.. . , - (=)* . » - (”)’ -

and

Zi = =
T t~ J

>€m
- for the E-type modes,

Yi kki 2wren

Zi = ^ for the //-type modes.
Y l K 0€m

(28b)

(28c)

The superscript distinguishing the mode type has been omitted, since

the equations for both mode types are of the same form. A field represen-

tation similar to this one can also be given if the region has an angular

aperture less than 2r. Such a representation differs from that in Eqs.

(27) and (28) only in the dependence on
<f>
and in the value of the ampli-

tude normalization required to maintain the power definition.

If neither Et nor H t vanishes, the transverse field may be represented

as a superposition of the mode fields in Eqs.* (27a) and (276). In this

case the two types of modes can no longer be distinguished on the basis

of vector orthogonality as in the uniform line. Nevertheless, the four

voltage and current amplitudes of the mixed nmth mode satisfy Eqs. (28)
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and can be determined at any point r from the four scalar components of

the total transverse field at r.

As in the corresponding case of the uniform line, Eqs. (28) constitute

the basis for the designation of V

i

and Ii as the mode voltage and current.

Concomitantly they also provide the basis for the introduction of a
transmission line of propagation constant ki and characteristic impedance

Zi to represent the variation of voltage and current along the direction of

propagation. The transmission line so defined differs from that for a

uniform region in that both the propagation constant and characteristic

impedance are variable. This variability of the line parameters must be
taken into account when eliminating I\ from Eqs. (28a) by differentiation

in order to obtain the wave equation

obeyed by the voltage of an E-type mode. The current of an H-type
mode satisfies the same equation. However both I\ and V[' obey more

complicated wave equations and are best obtained from V\ or 1" respec-

tively, by use of Eqs. (28).

The waves defined by Eq. (29) have already been treated in Sec. 8-2.

There it was shown that outgoing traveling waves were of the form

J/^Ocr), where k2 = k2 —

In a nondissipative uniform line the exponential waves corresponding

to these are classified as propagating or nonpropagating depending on

whether the wave amplitudes remain constant or decrease rapidly

with the distance traveled. The nature of a wave is determined simply

from the sign of the square of the corresponding propagation constant; a

positive sign indicates a propagating wave, and a negative sign an attenu-

ating wave. For a radial line the situation is somewhat more complex.

(1) There is an over-all decrease in amplitude of radial waves due to

cylindrical spreading, but this decrease will not serve as a basis for distin-

guishing the various waves. (2) The square of the propagation constant k

is really not a constant, as can be seen from Eq. (286). The sign may be

positive for large r and negative for small r. No difficulty as to classifica-

tion arises if k

}

is either everywhere positive or everywhere negative, for

this implies that k is either positive real or negative imaginary. Hence

from Eqs. (6a) the corresponding waves are either propagating or non-

propagating. On the other hand, if kJ has a variable sign, there is an

apparent difficulty that is, however, easily resolvable. Since for this

case k is necessarily positive and m is equal to or greater than 1, it follows

from Eq. (6a) that in the range kt > m (i.e., k2 positive) the wave is
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propagating. Conversely it is seen from Eq. (8) that for < m the

waves damp out as Thus the propagating or nonpropagating

nature of a radial wave is determined from the sign of the square of the

propagation constant ki exactly as in the case of a uniform wave. In

the case of radial waves it should be noted that the same mode may be

both propagating and nonpropagating, the propagation being character-

istic of the wave behavior at large distances.

Uniform regions are most suitable as transmission systems if only one

mode is capable of propagating. This is likewise true for radial regions,

and therefore the following section will be concerned with the detailed

discussion of the transmission properties of a radial region in which only

one E- or if-type mode is propagating.

8*5. Impedance Description of a Radial Line.—A typical radial region

to be considered is that shown in Fig. 8-6. The applicability of a simple

transmission-line description to such a region is subject to the restrictions

that only one mode propagate and that no higher-mode interactions exist

between any geometrical discontinuities in the region. These restrictions

are not essential and may be taken into account by employing a multiple

transmission-line description although this will not be done in this

chapter. The simple transmission-line description for the case of only

the lowest E-type mode propagating is based on the line equations

—jkZoI, \

-JkYoV, ( (30)

I. = M,
J

Y o \ € 2ttr J

obtained by setting m = n = 0 in Eqs. (28). The field structure of this
mode is circularly symmetric about the 2-axis; the electric field has only
one component parallel to the 2-axis; and the magnetic field lines are
circles concentric with the 2-axis.

The transmission-line description corresponding to the case where
only the lowest symmetrical //-type mode can propagate is closely

related to that for the E-type mode. The field structure of this mode
consists, for an infinite guide height b, of a magnetic field with only a
2-component and a circular electric field concentric with the 2-axis. A
duality thus exists between the E- and //-type modes, since the (negative)
electric field and the magnetic field of one are replaced, respectively, by
the magnetic field and electric field of the other. This correspondence or
duality between the two mode types is an illustration of Babinet's princi-
ple discussed in Chap. 2. The point of adducing such a principle is that
a field situation for one type of mode can be deduced from that of the

dV ^
dr

dJ =
dr

Z 0 =
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other type merely by the duality replacements. In the transmission-line
description, duality is manifested by the replacement of 7, /, €

,
Z, and

Y of the one mode by /, 7, e
y
/x, 7, and Z of the other. The line equations

for the lowest //-type mode are therefore identical with the line equations
[Eqs. (30)] for the E-type mode. The duality is, however, an idealiza-

tion that is possible only if the height of the transmission structure is

infinite. For a finite height b the 2-component of the magnetic field of

the //-type mode must vanish on the planes that constitute the cross-

sectional boundaries. Since the magnetic field is divergenceless, this

implies the existence of a radial component of the magnetic field. Dual-

ity between the fields of the two modes is thus no longer possible. More-
over, because of the variability of the magnetic field along the 2-direction,

n cannot be set equal to zero in the general fine equations [Eqs. (28)]. As
a result the transmission-line equations for the lowest symmetrical

//-type mode (i.e.
,
m — 0) become

dV
dr

dl

dr

• rj j r* 1 k d7rr
—JkZo/, Z 0 — v - — A .

) o \ e k b

-J*y„r, = r- - (»)'.
(31)

From a comparison of Eqs. (30) and (31) it is again apparent that duality,

in the above-mentioned sense, no longer exists because of the different

characteristic impedances and propagation constants of the two modes.

A modified and useful form of duality, however, still obtains. If 7, Z 0/,

and k of the E-type mode are replaced by /, }
r

07, and k of the //-type

mode, the line Eqs. (30) go over into Eqs. (31) and conversely. Thisis

easily seen if the line equations are rewritten in the forms

E-type

dV
dr

£(Zo/) + (/«/)

r

-jkZJ,

—jkV
,

//-type

d(Y 0 F)

dr
+

dl

dr

(32)

As a consequence of this modified duality, all relative impedance relations

of the one mode become identical with the relative admittance relations

of the other mode provided the propagation constant k is associated with

the E-type and k with the //-type relations.

In both the E- and //-type modes the voltage 7 and current I are

measures of the intensities of the electric and magnetic fields associated

with the propagating mode. This fact is indicated quantitatively in

Eqs. (27a) and (27b). The positive directions of V and I may be shown

schematically by a transmission-line diagram of the usual type as in

Fig. 8*7. This schematic representation of the behavior of the lowest
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E- (or H-) type mode differs from the corresponding representation for

the uniform line in that the characteristic impedance, being variable,

must be specified at each reference plane

I(r) Km),

I j

k

| |

1 1 Ur) W i
I

V(r) 1

1

1

(«) ]

nr0 )

1

r

Fig. 8*7.—A portion of a radial transmission line with positive directions indicated for I

and F.

With this preliminary discussion of the interrelations between the

dominant E- and H~type modes, it is now appropriate to treat the trans-

mission and impedance properties of the individual modes. The modified

duality existing between these modes makes necessary the consideration

of only one mode—the lowest E-type is chosen In the following—since

the properties of the other are easily obtained by the duality replace-

ments. Transmission and impedance properties are readily deduced by
consideration of the wave-equation form of the line equations. The wave
equation for the lowest E-type mode, obtained by eliminating I from
Eqs. (30), is

1 d

r dr
+ k*V = 0. (33)

The waves defined by this equation have been discussed in Sec. 8*2.

The standing-wave solution to Eq. (33) was there shown to be of the form

V(r) = AJ0(kr) + BN0 (kr). (34a)

With the aid of Eqs. (30) and the differential properties of the Bessel

functions, the solution for the current / can be written as

jZ0(r)I(r) = AJ i(kr) + BN,(kr). (346)

The arbitrary constants A and B can be evaluated from the boundary
condition that at r = r 0 ,

the voltage and current are V(r0) and /(r0). In

terms of these quantities Eqs. (34) become

F(r) = F(r0)
1 © 0

to

| 1 o 1 + jZu(jo)I (r0 )
©o0

1
ee

l

1
*
1

0

i

1

ttAto J

(35 )

N 00*1 1
— J ootfi

2
- jV(r lt )

J i
— Nu>J i

2

ji-Ato irkr0

Z0(r)/(r) = Zo(r0)/(r 0)
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where

Jo(fcr) = Jo, Jo(fcro) = J oo, J i(fcr0) = J 10,

and similarly for the N’s.

As in the case of the uniform line it is convenient to define relative

admittances at the radii r and r 0 as

F'(r) =
Zo(r)I (r) Y(r)

V(r) ' Y0(rY
and Y'(r0)

Zo(r0)I(ro) _ Y(r0) .

V(r0 ) Yo(r0)

(36)

Because of the lack of a unique characteristic impedance for a radial

line, it is important to emphasize that relative admittance is here defined

as the ratio of the absolute admittance at a radius to the characteristic

admittance at the same radius. Incidentally, the choice of sign con-

vention for V and I implies that relative admittance is positive in the

direction of increasing radius.

The fundamental wave solutions [Eqs. (35)] can be rewritten as an
admittance relation that gives the relative admittance at any radius r

in terms of that at any other radius r0 . This relation, obtained by
division of Eqs. (35) by one another, may be expressed as

where

and

The ct and Ct functions are asymmetrical in x and y and may be termed

the small and large radial cotangents, respectively; their reciprocals tn

and Tn may be called correspondingly the small and large radial tangent

functions. The nature of the asymmetry of these functions is made
evident in the relation

Y'(r) = 1 + y,
(r°)f(-r»2/) ct(r,y)

Ct Or,?/) + jY'(rn){(x,y)’
(37)

ct(x,y) =

Ct (x,y) =

t(x,y) =

J lN oo — Nyjoo 1

JoNoo - AVoo tn (.x,y
)’

./ioATq ~ AT.qJq _ 1

./iNio — Ar
1.7,0 Tn (x,y)

(38)

J oA^oo NoJ0

J \N \o — NiJ io

t = kr, y — krn .

ct(x,y)£(x,y) = -Ct(j/,a;), (39)

which, in addition, may be employed to obtain alternative forms for Eq.

(37). In fact this relation implies that Eq. (37) can be expressed in

terms of only two of the radial functions rather than in terms of the three

employed. Several practical applications appear simpler, however, if

the three functions ct, Ct, and f are used as above. These functions are

plotted in the graphs of Figs. 8*8 to 8-10 with the electrical length (y — x)
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Tn Uv)

Fig. 8-9o.

|
=» 2010 5 43 2 1

Fig. 8-96.

Fig. 8-9.— (a) Values of Tn (x, y) for y/x > 1. (6) Values of Tn (.r, u) for y/x < l
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as the independent variable and the curvature ratio y/x as a parameter.

The curves of Figs. 8-8o and 8 9a are for y/x greater than unity and apply

to the case where the input terminals are at a smaller radius than the

output terminals of the transmission line. Conversely Figs. 8-8b and
8-96 apply to the case where the input terminals are at a larger radius

than the output terminals. The symmetry in x and y of the f function

permits the use of the single Fig. 8T0 for its representation.

Since the radial functions become infinite at certain values of their

arguments, it is difficult to plot a complete range of their functional

values. Thus in the graphs of Figs. 8-8 to 8T0 it is to be noted that
values above 6 are not shown. The abscissas, however, corresponding
to infinite functional values are indicated by short dashed vertical lines

in the various figures. The hiatus in plotted values constitutes a definite

restriction on the use of the graphs, particularly for impedance calcula-

tions on radial lines of approximately one-half wavelength. In this

connection it should be pointed out that by the use of the identity of

Eq. (39), large values of the Tn function may be found from the graphs
of the ct and f functions. A more complete table of values of the radial

functions will be found in the Waveguide Handbook.

The extension of the graphs to include large values of line length

V — x is rendered unnecessary because of the asymptotic identity of

the radial and trigonometric functions in the range of large x and y.
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This identity may be seen by employing the asymptotic expressions

[Eq. (66)] for the Bessel functions in the definitions [Eq. (38)] with the

result that for x and y» 1

ct (x,y

)

Ct (x,y)

t(r,y)

c°s(* -^ sin^y - ^ -sin^x -^ cos^j/ - ^
cos^x - sin,(y - ^

-sin^z - 0
cos(y - ^

~ cot (y - x),

coJ^y - —
^

sin^x - ^ -sm(y - ^ cos^z - 0
7 3t\T7 3~7r\ 7 3tt\ 7 37r\ (40)

cos/ z - ^ \ sinf y -
J
_ sin( z -

J
cosly - —

J

cot {y — z),

cos(x - fj
Sin(y

-
^

- sin(z - fj
cos(y

-
0

/ 37r\ . / 37r\ . / 37r\ / 3tt\
^osf x -

-j-
j

sinf y
-

4 j

- sinf x - cosf y - -j-

1

C()S|

1.

The insertion of these asymptotic values of the radial functions into the

radial-transmission-line relation [Eq. (37)] immediately yields the uniform-

transmission-line relation [Eq. (15)]. This is not an unexpected result;

for in the range of large radii, the cylindrical cross-sectional surfaces of a

radial guide tend to become parallel planes and thus the radial geometry

approaches the geometry of a uniform transmission line. As a conse-

quence, impedance computations on radial lines for which x and y are

sufficiently large may be performed with the aid of the uniform-line

relation [Eq. (15)] rather than of Eq. (37). The accuracy of such a

computation depends, of course, on the values of x and y\ in fact, for

reasonable accuracy it will be found that both the input and output

terminals of the line must be located at least one wavelength from the

axis of radial symmetry.

For impedance computations on long radial lines in which either the

input or output terminals are located at a small radius (x or y < 2w),

a stepwise method of calculation is necessary because of the limited

range of y — x over which the radial functions are plotted. The pro-

cedure is to divide the long line arbitrarily into a number of radial lines

of length such that the charts of Figs. 8-8 to 8T0 can be employed. In

most cases a division into only two lines is necessary. The output ter-

minals of the first line are chosen at some convenient radius such that its

length y — x is less than about w. For such a line length the range
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of the radial functions plotted in the charts is adequate. The same

procedure is repeated for the second line. The input and output ter-

minals of the remaining portion of the long radial line will then usually

be at sufficiently large radii to permit the application either of the uni-

form-line relation [Eq. (15)] or, equivalently, of the circle diagram with

relatively small error.

Although applications of the radial-transmission relation [Eq. (37)]

will be made in the next sections, it is desirable to consider a few pre-

liminary illustrations of its use with a view toward obtaining some idea

of the physical significance of the radial functions. As a first illustra-

tion let us find the relative input admittance y'(r) of an E-type radial

line with a short circuit at its output terminals located at r = r0 . Setting

F'(r0 )
= in Eq. (37), one obtains for the input admittance

F'(r) = -j ct. (x,y). (41)

The radial function — ct (x,y) is thus the relative 'input susceptance of

a short-circuited E-type line or, by duality, the relative input reactance

of an open-circuited //-type line. It is to be noted from Figs. 8*8a and h

that the length of short-circuited line required to produce a given relative

input susceptance is greater in the case of a radial E-type line than for

the uniform line if the relative input susceptance is less than unity and if

y > x) the radial line is shorter, however, for relative susceptances

greater than unity if y > x and for all susceptances if V < *•

The relative input admittance Y'(r) of an E-type line with an open

circuit at its output terminals is obtained by placing F'(r0)
= 0 in Eq.

(37) with the result that
*

r{r)=j
cth#)

= jTn {x
’y) - (42)

The radial function Tn (x
fy) is thus the relative input susceptance of an

open-circuited E-type line or by duality the input reactance of a short-

circuited //-type line. From Fig. 8-9a and b it is apparent that the rela-

tive lengths of open-circuited radial E-type and uniform lines have, for a

given relative input susceptance, a behavior almost inverse to that of

the short-circuited lines.

The case of an infinite radial line, that is, one extending from r — 0

to r = oo
f
is of interest and will now be considered. The relative input

admittance at r of an E-type infinite line looking in the direction of

increasing radius is obtained from Eq. (37) by setting both F'(r0)
= 1

and yy> 1. With the aid of the relations of Eqs. (5), (65), and (38),

one finds for the relative input admittance

Hr) = -3
H?(kr)

(43a)
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Y'{r) ~ -j —— , for kr « 1
, (435)

kr In 4-
ykr

F'(r) « 1
,

for fcr» 1. (43c)

By use of the definition [Eq. (7a)], Eq. (43a) may be put into the form

F'(r) = ^ [cos (t;i - 170) - j sin (iji - rj 0)]. (43d)

As is apparent from Eqs. (43a) and (43d) the input admittance of an
infinite radial line is in general not equal to the characteristic admit-

tance F0 (r) ! Moreover, the relative input admittance is complex with a

negative imaginary (that is, inductive) part. Correspondingly, by
duality, the relative input impedance of an infinite H-type line is complex

with a negative imaginary (capacitive) part.

The relative input admitance at r of the same infinite Z?-type line but

now looking in the direction of decreasing radius is obtained by setting

r 0 = 0 in Eq. (37). With the use of Eqs. (8) and (38), it is now found that

for all finite F'(0) the relative input admittance is

Y'(r) =
. Ji(kr)
J
Jo(kr)’

(44a)

Y\r) =
. kr~
J 2’

kr « 1, (445)

F'(r) = —j tan (kr - kr^> 1. (44c)

The input admittance is thus seen to be positive imaginary (capacitive)

if it is remembered that admittances are counted negative when looking

in the direction of decreasing radius. Correspondingly, by duality, the

relative input impedance of an infinite H-type line is positive imaginary

(inductive). This asymmetric behavior of the admittance of an infinite

radial line is in marked contrast to that of an infinite uniform line where

the relative input admittance is always real and equal to unity looking

in either direction along the line.

8*6. Reflection Coefficients in Radial Lines.—In addition to the

standing-wave or admittance description of the fields in radial trans-

mission regions, there exists, as in uniform regions, an alternative descrip-

tion on a reflection or scattering basis. This latter description is based

on the traveling-wave solution to the wave equation [Eq. (33)]

:

V(r) = AH^(kr) + BHtf^kr), (45a)

where /I and B are the complex amplitudes of the waves traveling in the

directions of increasing and decreasing radius, respectively. The solution
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for the current I follows from Eq. (45a) by use of Eq. (31) and the dif-

ferential properties of the Hankel functions as

jZo{r)I(r) = AW'ikr) + BH[»(kr), (456)

and this again may be interpreted in terms of waves traveling in both

directions. Reflection coefficients may now be introduced at arbitrary

radii r and r0 and defined as ratios of waves traveling in each direction

at these points. Both current and voltage reflection coefficients may be

defined. The voltage reflection coefficients are

B H<0»(kr)

vK ’ A Htf'(kr)’
l\(r0 )

B H^(kr0)

A H?(kr0
)’

and the current reflection coefficients are correspondingly

(46a)

T/(r) = B H ( "(kr)

A H^(kr)’
r/(ro)

B n\l) {kn)

A H?{kroT
(466)

On the elimination of the factor B/

A

there are obtained the fundamental

transmission-line relations

r*(r) = r„(ro)e
,2(,0<A:,'~’

,“<tr" )

', (47a)

r,(r) = r,(ro)e^’» (*’->-’»(*'-«) l, (476)

that relate the values of the reflection coefficients at the radii r and r0 .

The quantities v<> and rji are the phases of the Hankel functions as defined

in Eq. (7a). The transmission Eqs. (47) also provide a means of relating

the admittances at two points on a radial line. This relation may be

obtained from the wave solutions by division of Eq. (45a) by Eq. (456)

with the result that at the radius r

Hr) _ -y M u?{kr) 1 + T,

F(r)
:

J ,Ar>
Hf(kr) l + I\

(48)

This equation may be transformed to the more familiar form of a relation

between the reflection coefficient and the admittance as

Y'+(r) =
i + r

i + r„

or conversely as

r„(r) _
zl + l'

l + r.

r = _ Lz nr
' I +~yV

(49a)

(496)

if the relative admittance (or impedance) ratios are introduced as

nw =
Kir)

Y(rl

Ytir)’
YL(r) = 1

ZL(r)

Y(r)

Yo(r)’
(50)
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Yt(r) = —jYo(r)
H$\kr)’ *o (r) = jYo(r)

H^\kr)

H$\kr)
(51)

are the admittances associated with waves traveling on an infinite E-type
radial line in the directions of increasing and decreasing radius, respectively

[c/ . Eq. (43a)], It is instructive to note that the radial-line relations Eqs.

(47) to (50) go over into the corresponding uniform-line relations Eqs.

(17) and (18) in the limit of large fcr, for in this limiting region

and

Vo (fcr) = Tji(fcr) = kr -

i\ = -r7
,

Yt = Yo = Yo.

Equations (47) and (49) provide a method alternative to that of Eq. (37)

of relating the admittance at, two different points of an £-type radial line.

The corresponding relations for the case of an H-type line are obtained by

the duality replacements discussed above.

8-7. Equivalent Circuits in Radial Lines.—The radial-transmission-

line relations so far developed permit the determination of the dominant-

mode voltage and current or, alternatively, the admittance at any point

on a radial line from a knowledge of the corresponding quantities at any

other point. These relations assume that no geometrical discontinuities

exist between the two points in question. The existence of such a non-

uniformity in geometrical structure implies that relations like Eqs. (35),

for example, must be modified. The form of the modification follows

directly from the linearity and reciprocity of the electromagnetic field

equations as*

h = Yn Vi + F 12F 2
, }

U = T 12F! + F22F 2 , I

(52)

where 1 1 and F i are the dominant-mode current and voltage at a reference

point on one side of the discontinuity and / 2 ,
F2 are the same quantities

at a reference point on the other side. These equations are identical

with Eqs. (19) which describe a discontinuity in a uniform line. The
discontinuity can likewise be represented schematically by the equivalent

circuit indicated in Fig. 8*5 which shows the choice of positive directions

for the voltage and the current. The equivalent-circuit parameters

Yn, Y 12 ,
and F22 depend on the geometrical form of the discontinuity

as well as on the choice of reference points. As in the case of the uniform

line, the explicit evaluation of the circuit parameters involves the solu-

tion of a boundary-value problem and will not be treated here. The
customary assumption that they are known either from measurement or
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from computation will be made. Even when the reference points

designated by the subscripts 1 and 2 in the circuit equations are chosen as

coincident at some radius, the equations are still valid. Equations (52)

then indicate in general an effective discontinuity in the dominant-mode

voltage and current at the reference radius in contrast to the continuity

that exists at every point in a smooth radial line.

A particularly instructive example of an equivalent circuit is that

corresponding to a length n — r of an E-type radial line with no dis-

continuities between r and r0 . The relations between the currents and

voltages at the reference radii r and r0 have already been derived in Eqs.

(35). They can readily be put into the form of Eqs. (52) by a simple

algebraic manipulation that yields

where

/

1

h

and

-jTo(r) ct(x,y)F i - j VF„(r)Y„'(r,) cst(x
;2/)72 ,

I

-j y/yo(r)Y 0(r0) cst(x,y) Fi + jY0(r0) ct (y,x)V 2 , |

Ii = /(r), 7i = V{r), x = kr,.

U «J(r0), Vi — — F(r0), y = kr0)

cat(x,y)

2 1

7r fry
JoN 00 — NoJ oo

-cst(y f
x).

(53)

The function cst (x,y) is termed the radial cosecant function, since it

becomes asymptotically identical with the trigonometric cosecant

function for sufficiently large x and y . The value of the radial cosecant

function may be computed from the tabulated values of the radial

cotangent functions by use of the identity

This identity goes over into the corresponding trigonometric identity

esc 2
(y — x) = 1 + cot 2

(y — x)

for sufficiently large x and y . From Eqs. (53) it is to be noted that the

equivalent circuit of a length of radial line is unsymmetrical in contrast

to the case of the uniform line. The shunt and series parameters of the

x-circuit representation (c/. Fig. 8*5) for the radial line are seen to be

Yn - Yu = —jY0(r) j^ct(x,2/) + yj%
cst(x,j/)j,

Yu - Yu = -jY0(r0) j^-ct(?/,x) +^ cst(j/,x)j,

Yn = —j y/

Y

0(r) Y0(r«) cst(x,j/).
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Since the corresponding equivalent-circuit representation of a finite

length of an H-type radial line differs somewhat from that of the 2?-type

line just considered, it is perhaps desirable to indicate explicitly how the

duality principle may be employed to obtain the //-type representation.

On use of the duality replacements in Eqs. (53), the circuit equations are

obtained corresponding to a length r0 — r of Zf-type radial line in which

there are no discontinuities; thus

7i = —jZp(r) ct (x fy) h - j V^o(r)Z 0(r0 ) cst (x
y
y)I2 , \

V 2 = -j V2o(r)Z 0 (r0) cst(x, 2/) h + jZQ(n) ct (y y
x)I 2y J

WJ '

where the various quantities are defined as in Eq. (53). These circuit

equations are of the form

V i = Zul i + Z12/2,

Vo = Z 10/1 + Z 22/2

and may be schematically represented as the T-circuit shown in Fig. 8T1.

I
zn~ z

\2
—— o —

I

v;

o

Z
22

Z
\2

-w-

^12

Fig. 8*11.—T-circuit for a discontinuity with positive directions of V and /.

The series and shunt elements of the T are given by

Zu - Zn

Zl<l — Z 12

Z 12

-jZ n(r)

-jZo(fo)

ct (x,y) +

-ct (y,x) +

~j \/Zo(r)Z(ro) cst (r,y).

yjl cst(x,y)J,

^ cst(y ,x)
j

,

(57)

It should be emphasized that equivalent-circuit representations of

the type described in P]qs. (53) apply to radial lines on which only one

mode is being propagated, or at least on which all higher modes are

effectively terminated by their characteristic impedance. If such is

not the case, the equivalent circuits must be modified to include the

description of more than one propagating mode.

The admittance description of radial lines will be completed with the

derivation of the differential form of the relation between the relative

admittances at two points r and r0 on a radial line. To derive this rela-

tion in a manner analogous to that employed for the uniform line, one

first forms the differential of the logarithm of the transmission-line

relation [Eq. (47a)] and obtains
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or

ATv (r) = Arv (r0) .4 r 1 1 1 Afc

Tv (r) r v (r0 ) ^7rL^o(M ^(At0)J fc

(58)

This differential relation indicates on one hand that the change in phase of

the voltage reflection coefficient at the input end of an 2?-type radial

line is the sum of a phase change associated with the output reflection

coefficient plus a phase change associated with the electrical length of

the line. On the other hand, the relative change in amplitude of the

input voltage reflection coefficient is identical with the relative change in

amplitude of the output reflection coefficient. This behavior is analogous

to that of a uniform line, and in fact Eq. (58) becomes identical with the

uniform-line relation [Eq. (22)] for large kr and kr0 . By means of Eq.

(58) it is possible to compute the change in the input voltage reflection

coefficient due either to a frequency change Ak/k or to a change in output

reflection coefficient or to a simultaneous change of both these factors.

In order to express Eq. (58) in the admittance form it is necessary to

find the differential relation between the voltage reflection coefficient

and the relative admittance. Although this relation can be obtained by
differentiation of Eq. (495), such a procedure is not too simple. It is

somewhat more desirable to derive the desired differential relation

between the relative admittances at any two points r and r 0 by starting

from the expression for the amplitude ratio

— B _ J x - jY'(r)J o _ J, 0 ~ jF'(ro)Joo

A Ni -jY'(r)No Niq - jY'(r»)Nj

obtained from Eqs. (34a) and (345) and the definitions of Eq. (36).

Forming the differential of the logarithm of this ratio at x = kr and

y = kr0 and equating the results, one gets, with the aid of the Wronskian
relation, Eq. (9c),

/ AF'W _ ,

\ |
» \JX »

Y'(r)

where

+ L?T'(r)P ' r ' 1 + [jTW

= (..
A3"(r.)

+ UY'{r0)V

a(r) =

+ jy +

It)
'(r0) ) Ak\

1 + L/'V'(ru)]
2
J k )

(59)

a(r)

F'

1 + LfT'(r)]*

[Ji(kr) - jY'(r)J 0(lcr)]*Tkr

The reason for the introduction of a coefficient a(r) lies in the fact that

a(r)/a(r0) approaches unity as kr and krB become sufficiently large. In

this far region Eq. (59) becomes asymptotically identical with the corre-

sponding uniform-line relation [Eq. (23a)]. It should be pointed out that

Eq. (59) can be employed to compute the change in relative input admit-
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tance due to a change either in output admittance AF'(ro) or in frequency

AJfc/fc = Aw/w or in both. A particular case of Eq. (59) which is often

of use occurs when a short circuit exists at the output terminals. For

this case

F'(r0) oo, AY'(ra) A
(z

>

(ro)) [Z'(n)] 2
’

and therefore Eq. (59) reduces to

AF(r)
, f. ,

Y'(r
) \ Afc]

, ,

1 + (jT'(r)] 2 + r +
1 + L/E'(r)]

s
) k J

“ (r)

(oo)

The importance of differential relations of the above type stems from

the fact that they provide a relatively simple admittance means for rigor-

ously computing Q’s of cavities and other parameters, as will be illustrated

in the following sections.

The corresponding differential relation for an //-type radial line may
be obtained by the usual duality replacements. The fundamental dif-

ferential relative admittance relation [Eq. (59)] becomes, under the

duality transformation, a relative impedance relation of exactly the same

form. It is important to note that the characteristic impedance Z 0 (r)

of an //-type line is a function of k in contradistinction to an /7-type line.

8«8. Applications.—In the preceeding sections a variety of methods

employed to describe the electromagnetic fields within radial transmis-

sion systems have been investigated. These investigations indicate

that complex radial systems of the sort often encountered in practice

may be regarded as composite structures consisting of transmission

regions and discontinuity regions. The associated descriptions of the

fields within these component regions fall paturally into two distinct

categories: the transmission-line description and the equivalent-circuit

description. It is thereby implied that the electrical properties of such

composite systems may be computed by straightforward engineering

methods involving only impedance calculations on the transmission-line

and circuit equivalents of these systems. As illustrations of such com-

putations we shall first consider a class of resonant-cavity problems with

particular consideration of some cases associated with the design and
operation of certain high-frequency electronic oscillators.

The electrical properties of a resonant system are determined by
specification of the three fundamental parameters:

1. The frequency of resonance.

2. The Q of the resonance.

3. The resonant conductance.
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The meaning as well as computation of these parameters may perhaps

be clarified by consideration of a general resonant system schematically

represented in the vicinity of the res-

onant frequency by an equivalent circuit

of the form shown in Fig. 8-12. The
representation is recognized to be that

of a lumped-constant low-frequency

shunt-resonant circuit. It is also rep-

resentative at some reference point for

the admittance description of the be-

havior of the electromagnetic fields in

spatially extended resonant systems of

many types. The total admittance associated with the resonant system

may be written

Fiq. 8*12.—The equivalent circuit of

a system near resonance.

Yt = 9t + j'("c - i) - gM +jRtM, (61 )

where the first form pertains to the lumped-constant circuit and the

second to the extended structure. The fact that in the second case the

circuit parameters may depend on the angular frequency has been

explicitly emphasized in the expressions for the total conductance gt and

total susceptance B t .

A resonant frequency of an electromagnetic system is defined as a

frequency at which the average electric and magnetic energies within the

system are equal. Since by an energy theorem (cf. Chap. 5) the total

susceptance of an electromagnetic system is proportional to the dif-

ference between the average electric and magnetic energies stored in

the system, it follows that an angular frequency coo of resonance is

identical with the frequency for which

OOC ~ —~ = B t (COo) = 0. (62)

Since the total susceptance may vanish at more than one frequency,

Eq. (62) determines, in general, a series of resonant frequencies.

The Q of a resonant electromagnetic system is defined as the product,

at resonance, of the angular frequency <o and the ratio of the total energy

stored in the system to the power dissipated or otherwise coupled out of

the system. The total energy stored within an electromagnetic system

can be expressed in terms of the frequency derivative of the total sus-

ceptance and the rms voltage V associated with the equivalent circuit

describing the system. From the energy theorem discussed in Chap. 5

this expression for the total energy is
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Correspondingly, the total power lost from the system is gtV2
. As a

consequence, the desired expression for Q at the resonant angular fre-

quency coo is

and is seen to be independent of the voltage V associated with the refer-

ence plane to which the equivalent circuit pertains. The fact that both

the resonant frequency and the Q of an enclosed system are invariant

with respect to choice of reference point should be evident from their

original definitions in terms of energy. This independence with respect

to reference point does not apply to the last of the three aforementioned

parameters—the resonant conductance. As has already been implied

the resonant conductance gt (o> 0) is defined as the ratio, at resonance, of

the total power lost from the system to the square of the rms voltage at

the reference plane.

As an application of the developments in Sec. 8*3 to 8*7, we shall now
consider a few examples of the computation of the resonant parameters

defined in Eqs. (61) to (63).

8*9. A Coaxial Cavity.—The fii'st case to be considered is that of a

nondissipative cylindrical cavity oscillating in the lowest symmetrical

E-type mode. The cavity dimensions are indicated in Fig. 8T3. As also

Cross-sectional view

s= kr
x
= 0.020 "k

l/
= fcr

2
=0.115"fc

oo

n *2

Equivalent network

Fig. 8*13.

—

A coaxial cavity.

shown in the figure the equivalent electrical network for this structure is

an E-type transmission line of length r2 — r\ and propagation constant

k = 2t/X = o)/c with infinite-admittance terminations at r\ and r2 .

With the choice of 7*1 as the reference radius, the total admittance at

ri is seen to be the sum of the infinite admittance of the termination

plus the input admittance of a short-circuited E-type radial line of

electrical length y — x. By Eqs. (41) and (63) the resonant wave

number k (or angular frequency coo) is therefore determined from the
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resonance condition

ct Or, 2/)
= - oo

. (64)

Reference to the plot of the radial cotangent function in Fig. 8-8a shows

that for

y = * = 5.75,
X Ti

the solution to Eq. (64) is

2/o - xo = A*o(r2 - n) = 3.04,

or
. 2t 0 (0.095) Alnn . A pa
X 0 = -?- = 27r = 0.196 in. = 0.50 cm.

A: 0 3.04

The resonant wavelength is thus about 3 per cent greater than that of a

corresponding uniform cavity of equal length. The remaining resonant

parameters Q and g are, for this nondissipative case, infinite and zero,

respectively.

8*10. Capacitively Loaded Cavity.—As a second illustration let us

consider the calculation of the resonant frequency of a loaded cylindrical

t
E

Cross-sectional view

x=lfcr, =0.020" k

y=)b-2 =0.115" Jt

4=0.007"
6' =0.042"

o n r
2

Equivalent network

Fig. 8*14.—A capacitively loaded cavity.

cavity oscillating in the lowest angularly symmetric 2?-type mode. As

indicated in Fig. 8*14, the equivalent network that describes the fields

within such a structure consists of a junction of an open- and a short-

circuited £-type radial transmission line of unequal characteristic admit-

tances F0 (r) and Y'0 (r) but identical propagation constants k = 2w/\ and

a junction admittance of value jB\. The network parameters are

obtained from Eq. (30) and the Waveguide Handbook as

Fo(r) b
f

Y'0 (r) b
f

Bi _ 2kb’ eb'

Y'0 (ri)
' x

ln
4b’

(65a)

(655)

where In is the logarithm to the base c. Equation (656) is an approxi-

mation that is valid to within a few per cent for the cavity shape under



Sec. 8-11] CHANGE IN HEIGHT 275

consideration. At the reference plane r = ri, the total susceptance

relative to the characteristic admittance Fo(r i) from Eqs. (41) and

(44a),

B,(k) _ B i ^ r,(n) J i(z)+
F'0 (r,) yj(r,)

1

n(r,)J„(*)
r(-

“ ct(*,y),

or to a good approximation by Eqs. (44fo) and (65a)

y;(ri)

Bx

Y'0 (rx)
+ ||

- ct(x,y). (66)

The resonant frequency of the lowest .E-type mode is obtained from that

value &o for which the toted susceptance vanishes. With the insertion of

the numerical values into Eq. (66) the vanishing of the total susceptance

leads to the transcendental resonance condition

- 0.0379/bo ~ O.OGO/bo = -ct (0.020fc 0
,
0.115fc 0) (67)

which can be solved graphically for ko with the aid of Fig. 8*8a. The
left-hand side of Eq. (67) is expressed as a function of

Vo — x0 = k 0 (r2 — ri

)

= 0.095fc 0
,

and as such it is representable in Fig. 8*8a as a straight line of slope

— (0.098/0.095) = —1.03. The intersection of this line with the function

— ct (x,y), with y/x = 5.75, then yields for the solution of Eq. (67) the

value

yo — ;ro = 0.095fro = 1.35,

and consequently the resonant wavelength is

X 0
= ?- = 0.441 in. = 1.12 cm.

A’o

In many applications it is necessary to know the dependence of the

resonant wavelength on the gap height b. This dependence may be

computed exactly as in the above case and will be found to yield the

values shown in Table 8-2.

Table 8-2.—Variation of Resonant Wavelength for the Cavity of Fig. 8* 14

b, in. Xo, cm
0.005 1.24

0.000 1.17

0.007 1.12

0.008 1.08

0.009 1.04

8-11. Capacitively Loaded Cavity with Change in Height.—As a

variant of the two preceding examples let us consider the problem of

finding the gap height b to make the cylindrical cavity illustrated in

Fig. 8* 1 5 resonate at the wavelength X = 1.25 cm in the lowest angularly
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symmetric JS'-type mode. In this specification of the problem the

electrical lengths,

X\ = kr i = 0.255,

x2 = kr2 = 0.638,

x 3 = kr 3
= 1.468

are explicity known, and hence the values of the radial functions may be

obtained directly from the plotted curves. The electrical network that

describes the lowest E-type mode in the above cavity consists of three

jE-type radial lines of characteristic admittances Fo(r), F£(r), and Yq (r)

t

r

1

1 i 1

1

l

l

1

1

T
-L‘

*

Cross-sectional view

r, =0.020
"

r, = 0.050"

r3 = 0.115"

b =?

b' = 0.042"

b" =0.050"

Equivalent network

Fig. 8* 15.—Loaded coaxial cavity with a change in height.

joined at the radii r\ and r2 ,
with the first and last lines being open- and

short-circuited, respectively. The junction admittances jB\ and jB 2 at n
and r2 are capacitances whose susceptance values may be determined to

within a few per cent from the Waveguide Handbook. Higher-mode

interaction effects between the discontinuities at r\ and r2 are assumed

to be of negligible importance. For the cavity indicated in Fig. 815,

the values of the network parameters are

B2

Y'0(rt)

XM =
n'M

2kb'

—- = 1 19
V '

In e 4a

Y0 (r) b' _
Yl(r) b

Yo(r,j

0.016,

0.042

a

(68a)

(686 )

and Bi is determined from Eq. (656) which incidentally is a limiting form

of Eq. (686) for a <K 1. To determine the gap height 6, it is first necessary

to compute the total susceptance at some reference point, say r = n + 0.

The total susceptance at this reference point is the sum of the suscept-

ances looking in the directions of increasing and decreasing radius. The

susceptance in the direction of increasing radius is computed by a stepwise
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procedure. As a first step, the sum of the junction susceptance at r2

and the susceptance of the short-circuited line of electrical length x$ — x2

relative to Y'0 (r2) is computed to be

~ ct(x2 ,x 3) = 0.016 - 1.334 = -1.32

with the aid of Eqs. (68) and Fig. 8 8a. It is noted that the change in

height at r2 has a relatively minor effect in terms of the junction sus-

ceptance introduced thereby but a major effect in terms of the change in

characteristic admittance. With this knowledge of the relative sus-

ceptance at x 2 ,
the relative susceptance at X\ + 0 in the direction of

increasing radius may be calculated with the aid of the radial-trans-

mission-line relation [Eq. (37)] as

B _ 1 — 1.32 ct(xi,£ 2)f(zi,:r2)

r;(r0 “ Ct(zi,xt ) + (1.32)f(a: 1 ,x2)

,

or explicitly by use, of Figs. 8*8 to 810 (with x 2/x\ = 2.5)

(69a)

B _ 1 - (1.32)(4.04)(0.872) _
Yq(t i) 1.36 + (1.32) (0.872)

= — 1.45. (695)

The relative susceptance at Xi + 0 looking in the direction of decreasing

radius has already been found in Sec. 8T0 to be

B 2kb\ eb' . Vxi~ ln
46
+

b 2'Y'0(r .)

B o a i i
0 0285

,

0.00535

Y'0 {ri) b b

The resonance condition [Eq. (62)] that the total susceptance

vanish then leads to

AQ/111 0.0285
,

0.00535
, A0.341 ln —r

1 r— —1.45 = 0,

(70a)

(70b)

B + B

which can be solved graphically for b to give

b = 0.00590 in.

For the case in which the height b is known, the problem of finding the

resonant frequency is solved by a method similar to the one just carried

out. Values of k are assumed, and by a trial-and-error method the

resonance value ko is found as that for which Eqs. (69a) and (70a) are

equal in magnitude but opposite in sign.

8*12. Oscillator Cavity Coupled To Rectangular Waveguide.—As a

final illustration of the computation of the electrical properties of cylin-
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drical cavities we shall consider the case of the radial cavity of Fig.

8*16 oscillating in the lowest angularly symmetric E-type mode and

coupled to a matched rectangular waveguide. Such structures, fre-

quently encountered in high-frequency oscillator tubes, are excited by an

electronic beam along the symmetry axis. The case illustrated in Fig.

Top view (reduced scale)

Fig. 8*16.—Cavity and equivalent circuit of an osillator coupled to waveguide.

8*16 resembles closely the cavity of the Neher tube designed for operation

in the 1-cm wavelength range. The calculation of the over-all electrical

characteristics of such an electronic-electromagnetic system requires a

knowledge of the interaction of the electronic beam and the electromag-

netic field as summed up in the expression for the electronic admittance

at some reference plane. This electronic problem has been considered

elsewhere in the Radiation Laboratory Series 1 and will be omitted in

the following discussion, since the modification thereby introduced is

taken into account simply by inclusion of the electronic admittance in

the expression for the total admittance.

The computations as always are based on the network equivalent of

the oscillating system. As shown in Fig. 8*16, the radial-transmission-

line description of the system to the left of the radius r2 is identical with

that employed in Sec. 8T0, and hence- the values of the associated circuit

parameters need not be indicated again. The only additional values

necessary are those associated with the coupling network at r2 and with

1 Klystron* and Microwave Triodes, Vol. 7.
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the H 01-mode uniform transmission line describing the rectangular

waveguide. In the case under consideration the coupling is accomplished

by a small slit of width d in a wall of infinitesimal thickness. The
coupling network is a simple shunt inductive element whose relative

susceptance is given by (cf. Waveguide Handbook)

J? _X_ (Artf
r0 (r2) 7Tr 2 \d)' (71a)

The effective ratio of the characteristic admittance Yg of the rectangular

guide to the characteristic admittance Fo(r2 ) of the radial guide at r2

is

Yu _ X 47rr 2

Yr
0 (r2 )

“ X, a
’ (716)

where the wavelength X„ in the rectangular guide of width a is related

to the free-space wavelength X by

With the knowledge of the pertinent circuit parameters as contained in

Eqs. (05) and (71), it is now possible to compute in a straightforward

transmission-line manner the total admittance at some arbitrary reference

point and thence the desired resonant properties of the system. How-
ever, rather than proceed in this manner there can be employed a simpler

and more convenient perturbation method of computation that is based

on the smallness of the impedance coupled into the cavity system at

r = r2 . If this impedance were identically zero, the total admittance

at r = ri would be zero and correspondingly the resonant wavelength

would be X 0 = 1.12 cm as computed in Sec. 8-10. The effect of the

coupling is to introduce at r = r2 a small impedance A

Z

2 and thereby

bring about a small relative change in the unperturbed resonant fre-

quency of amount
Aco _ AA’ _ AX

co A' X

Concomitant to these changes there is produced a change A Y[ in the total

relative admittance given by

A yf _ Ak 3} tAY
‘
- k

ek t + m 2t (72)

which merely expresses the fact that the total admittance is a function

both of the frequency and the terminating impedance at r = r2 . Equa-

tion (72) provides the basis for the computation of the frequency shift

caused by the perturbation AZ2 . The imposition of the equilibrium

condition [Eq. (62)] that AB\ = 0 leads to the desired value for A/;/A\
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To perform the calculation it is first necessary to know the numerical

values of the partial derivatives in Eq. (72) that indicate the rate of

change of the total admittance with respect to both the frequency and

the output impedance Z 2 .

The total admittance at r = n + 0 is the sum of the relative input

admittance Y f
of the radial line to the right of ri + 0 plus the relative

admittance Y f
looking to the left of n + 0. From Eq. (67) of Sec.

8T0, the unperturbed values at fco = 14.21 in
-1

(X 0 = 1.12 cm) of these

admittances are

Y\n) = -jl.39,

Y'(r i) = +j(0.098)(U.21) = +jl.39.

The partial derivative with respect to frequency of Y r
for the unperturbed

cavity is obtained by means of Eq. (60) and Table 8T as

k

k

ar
dk

dir

dk

= 3 jY ' - x(i - r 2

) + x —(ar) -jY'Jo(x)

MV)

= j
1
1.39 - 0.284 (1 + 1.93) + 0.284

= j2.78.

0.141 - 1.39(0.980)

0.437

The corresponding frequency derivative of Y* may be computed in a

similar manner, but it is simpler to differentiate Y r
directly, since it is a

linear function of k
,
and obtain

= j(0.098)fc 0 = jl.39,

a value identical with Y f
itself as is to be expected, since Y f

is effectively

a lumped admittance. The frequency derivative of the total admit-

tance at ri is thus, in the unperturbed case, imaginary and of the value

k
dY[

dk J4 .17. (73)

Likewise from Eq. (60) the variation of the total admittance with the

output impedance at the unperturbed frequency ko is

dY\ _ dY' _ X r./,(*) - jY'Jo(x)V

dZ't dZ' y L Jo(y) '
J

_ 0.020 [0.141 - (1.39) (0.098)

0.115 [ 0.437
""
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With the knowledge of the numerical values of the partial derivatives

in Eq. (72), it is now possible to compute the frequency shift caused by
the introduction of a coupled impedance whose value relative to ZJ(r2) is

or

AZ’t = AR'2 + jAX'2
1

B
Y'0 (r2)

2.97 - j‘45.9
(1.41 + j21.8)10-»,

the numerical values being obtained by use of Eqs. (71a) and (716). The
frequency perturbation necessary to maintain the equilibrium condition

of vanishing total susceptance is obtained by setting the imaginary part

of Eq. (72) equal to zero

dB'
t
Ak

dk k
AB't

= * ™ ax; = 0,
dY\

dZ'

and therefore

_ dY'
t

Ak _ dZ'2 ,

k
]
dB[

2

k
dk

(YZ5) @1.8)10-*

4.17
-7.05 X 10~ 3

. (74)

The actual resonant frequency of the coupled system is thus 0.705 per

cent less than the unperturbed resonant frequency, and the smallness of

this frequency shift justifies the perturbation method of calculation.

The remaining characteristics of the system can be computed with

the aid of the results obtained above. The resonant relative conduct-

ance, for example, is the real part of the change in the total admittance

at r = ri due to the coupled perturbation AZ'2 and is given by the real

part of Eq. (72) as

g' = A(ft = %\ AR't = (1 .35) (1 .41) 10"3 = 1.90 X 10~3
. (75)

O/J 2

In connection with these calculations it is of importance to note that the

coefficients of AX2 and AR', in Eqs. (74) and (75) indicate respectively

the frequency and power-pulling factors of the output load on the cavity

(the electronic effects being neglected). It is a straightforward pro-

cedure to further compute the pulling factors with respect to the load

in the rectangular guide.

The loaded Q of the system is given by Eq. (63) as

Q = V k
dk ’
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or with the insertion of the numerical values from Eqs. (73) and (75)

« -WiP x <417 >
“ uo°-

For the computation of the unloaded Q the effects of dissipation on the

metallic boundaries of the system must be taken into account. The

modification required in the over-all equivalent-circuit—transmission-

line picture consists in the introduction of resistive elements into the

circuit parameters and in the introduction of a complex propagation

constant k and characteristic admittance (with variable imaginary

parts) to describe the radial transmission lines. These effects, as well

as finite-thickness effects, will not be taken into account in this chapter.



CHAPTER 9

WAVEGUIDE JUNCTIONS WITH SEVERAL ARMS

By C. G. Montgomery and R. H. Dicke

Low-frequency communication circuits usually consist of networks

composed of interconnected single-terminal-pair circuit elements such

as resistors, condensers, and inductors. Occasionally, circuit elements

with two terminal pairs, such as transformers, are used. In micro-

wave circuits, waveguide junctions with several arms are often employed.

This is necessary because lengths of line long compared with the wave-

length must be used to connect different components together. The
simple connection of a number of components in series or in shunt is

not possible becaqse of the finite size of the components. Thus there must

be a length of transmission line associated with each component, and the

individual transmission lines must be connected together at a microwave

junction.

The description of the behavior of a junction increases in complexity

as the number of arms increases. A convenient classification of junctions

may be made on this basis. Thus it is convenient to speak of a junction

with four interconnecting arms as a member of a class that might be

called “ fourth-order junctions” or “ four-junctions.” In low-frequency

terminology, such a junction would be termed a network or transducer

with four pairs of terminals. As usual, only linear passive lossless junc-

tions are to be considered.
y

T-JUNCTIONS

If a waveguide junction has three arms, it will be designated as a

T-junction. Such a junction is completely characterized by a matrix

of the third order containing six independent elements.

9*1. General Theorems about T-junctions.—Three fundamental

statements that are simple and useful may be made about a T-junction.

By the arguments of Chap. 5, the behavior of the T is identical with the

behavior of an equivalent circuit. Circuits that contain the required

number of independent parameters and are therefore suitable are dis-

cussed in Sec. 4T1. From the properties of these circuits the general

theorems can be proved.

Theorem I.—It is always possible to place a short circuit in one arm

of a T-junction in such a position that there is no transmission of power

between the other two arms. The proof is simple. In Sec. 4T2 the

283



284 WAVEGUIDE JUNCTIONS WITH SEVERAL ARMS [Sec. 91

expression was derived for the resulting elements of the impedance

matrix when a load is placed on one terminal pair of a network. If

the short circuit is placed in arm (3), a load of impedance Zz is placed

across the terminals and the impedance matrix of the resulting two-arm

junction is given by

Z =
Zn -

Z\2 —

Zh
Z 33 + Z 3

Z\

3

Z 33 + Z 3

Z 12

Z 22

Jh_
Z 33 + Z,

Z
\

3

Z33 + Z3J

( 1 )

The plunger stops all power transmission if the mutual element of this

matrix vanishes, or if

Z 12

Z\3

Z33 + Zz
(2 )

Since Zz can take any value from — 00 to + 00
f
this equation can always

be satisfied, and the theorem is proved. The input impedances of arms

(1) and (2) under these conditions are given by

7 ( 1 ) _ 7 ZioZiz
A\n —An — —Fw >

A 2Z

Zr2 ) V Z12Z13
»n
= Z 22 rf

'

A22

(3)

An even simpler proof of this theorem may be given by means of the

circuits of Fig. 4*35. In the series circuit of Fig. 4-35, if the distance of

the short circuit from the terminal plane is such that the total line length

from the short circuit to the terminals of the transformer is an odd
number of quarter wavelengths, the circuit is open at that point and no
transmission occurs. In the shunt case, the transformer must be short-

circuited to prevent transmission.

The determination of the position of the short circuit to stop trans-

mission is a convenient method of determining experimentally the

parametric lengths of the lines in Fig. 4*35. The measurement can be

accurately made, and the indication is positive. If a small amount of

loss is present, either in the junction or in the movable short-circuiting

plunger, the power transmission does not become exactly zero but passes

through a minimum at the proper position.

Theorem II.—If the T-junction is symmetrical about arm (3), a

second theorem is true. A short circuit in the arm of symmetry can be so

placed that transmission between the other two arms is possible without

reflection. A three-junction with a short circuit in one arm is equivalent

to a transmission line whose characteristic impedance can be found

from Eq. (1) if the subscripts 1 and 2 are made equal. The value is
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Z?3

Z33 + Z 12 — Zl Y
Z33 + Z3/

(4)

Since Z 3 may have any value either positive or negative, Z 0 may also

have any value, and in particular Z 0 may be unity. This demonstrates

the second theorem.

The theorem may also be proved from the equivalent circuits. For a

symmetrical T the circuits of Fig. 4-35 reduce to those shown in Fig.

9-1. Perfect transmission from terminals (1) to (2) results if the proper

impedance is placed on arm (3) to resonate the impedance Z. The cir-

cuit then reduces to a transmission line with a characteristic impedance

of unity and a length h + h-

Theorom III.—A third theorem applicable to a general T-junction is

that it is impossible to match such a junction completely. A junction

is said to be completely matched if the input impedance at any arm is

unity when matched loads are connected to the other two arms. The
proof of this theorem follows most easily from the unitary character of

the scattering matrix. If a matched junction is possible, the scattering

matrix must have diagonal elements equal to zero; thus

S =
0

$12

$ 13

$12

0

$23

$13

$23

0

(5)

Since S is unitary, the off-diagonal elements of SS* are zero. From the

(1,2) element

$ll$f2 + $12$?2 + $ 13$32 = 0
or

$13$23 = 0. (6)

Thus either $i 3 or $23 must be zero. However, neither $i 3 nor $23 can

vanish if the diagonal elements of S*S are to be unity. Thus the diagonal

elements of S may not all vanish.

It can also be seen, by the use of similar arguments, that any two of

the diagonal elements of S can vanish only if the third arm of the junction

is completely decoupled from the junction.
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These three theorems are often useful in understanding the operation

of microwave devices, since the theorems are completely general. Indi-

vidual varieties of T-junctions often have other special properties which

are best described by the equivalent circuit.

9*2. The Choice of an Equivalent Circuit. Transformation of Refer-

ence Planes.—Although any one of a number of forms of circuit may be

used to represent a junction, certain circuits are particularly suitable for a

given junction. To establish a criterion of suitability is difficult. Per-

haps the choice could be made on the ease with which the numerical

computation can be performed for a particular application of the junc-

tion. The simplicity of the computations depends upon the application

for which the junction is intended as well as upon the nature of the junc-

tion. For example, since the lengths of transmission line of the circuits

of Fig. 4-35 are easily determined experimentally, it might well be argued

that the terminal planes of the junction should be chosen so as to make
the line lengths all zero. The circuits would reduce to simple series and

shunt circuits whose behavior is easy to visualize. This criterion does

not offer any basis for choice between the shunt and series circuits; both

are true equivalent circuits. For a given junction, however, the posi-

tions of the terminal or reference planes are different for the two circuits.

Thus an additional criterion is suggested. If the reference planes fall

close to a plane in the junction that has some physical significance, the

plane of the junction of the center conductors of a coaxial-line T, for

example, then this choice of reference planes seems a natural one. How
this may be applied to a particular junction is illustrated in the examples

to be discussed.

A second method for choosing a correct equivalent circuit depends on

the manner of the variation of the elements of the circuit with frequency.

Thus if a positive reactance occurs in an equivalent circuit, it would be

satisfying if the variation with frequency were just that of an inductance

varying as a>L. It is somewhat more likely that the reactance would be

proportional to 2wc/\g rather than 2ttc/X, since relative values of the

reactance are usually employed. Whether or not this criterion can be

applied to all cases is not known. If it were necessary to resort to a very

complex equivalent circuit in order to have the amount of the frequency

dependence of all the circuit elements correct, then the usefulness of the

equivalent circuit might be largely destroyed. A simpler circuit with

few elements is valuable, even if the dependence on frequency is wrong.

An examination of special cases will aid in the understanding of this

point.

Since transformations from one set of terminal planes to another are

often made, it is desirable to give the general relations that express the

change in the impedance-matrix elements. A change in the position of
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a terminal plane can be regarded as the addition of a length of transmis-

sion line to the equivalent circuit. The length may be, of course, either

positive or negative, since a line of length —l is equivalent to one of

(\0/2)
— l in so far as impedance calculations are concerned. If the

phases of the currents are also to be preserved, the equivalent length is

n\g — Z, where n is an integer. Since the calculations are easy, a some-

what more general case will be considered. Instead of a line, suppose

that a general two-terminal-pair network is added to the original junction.

In Fig. 9*2 is shown a network N to which has been added a T-net-

work on the kth terminals. The current ik and the voltage vk at the origi-

nal network are to be eliminated and replaced by the new voltage v'k and

current i
f

k . The new and old values are related by

v'k = Zn i'k
- Znik,

|
vk = Zizi'k — Z2‘iih-

J

The negative signs result from the convention that positive currents flow

into the network at the positive terminal of each pair. The network N
is described by the set of equations

V\ = Z\\i\ + • *
* + Z\kik + ' *

*
,

vk — Z\ki\ + • •
* + Z kkik + * * *

•

It is a simple matter of algebra to eliminate vk and ik from Eqs. (7) and

(8). The resulting set of equations will have coefficients that may be

denoted by primes. The values are

Z'-

Z'h

Z'kk

— 7 _ ZnZjk- Aii zkk + 22y
if i, j j* k,

= Ztk

Z 12

Zkk + Z22
zu.

ZkkZu z 11222 - Z?;

Zkk + Z22 Zkk + Z22

(9)

(10)

(ID

If the T-network that was added is a length of transmission line of

unity characteristic impedance and length l, the impedance elements are
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. 2iri

Zll = Z22 = —3 cot -r ’

\0

2rl
Z 12 — J CSC . }

Ag

• 2n222 == ^ *

By successive applications of this transformation, lines may be added to

all the terminals of the network N.

9*3. The £-plane T-junction at Long Wavelengths.—The properties

of branched transmission lines were discussed in Chap. 6 under the simple

assumption that the lines behaved as though they were connected in

series. This approximation is valid for low-frequency transmission lines

(a) (b)

Fig. 9*3.—A series junction, (a) Equivalent circuit of an E-plane T-junction; (b ) cross-

sectional view of an E-plane T-junction.

of all forms. As the frequency increases, the properties of the junction

become more complicated and depend upon the shape of the junction

and the kind of transmission line. Figure 9*3 illustrates diagrammatically

a series junction and defines the convention of positive directions of the

voltages and the currents flowing into the junction. The impedance

and admittance matrices of this system both contain infinite elements

and are consequently *of little use. The linear equations that relate the

voltages and currents are

yi t .2 + .3 = 0
,

1

h = h = la- )

A rectangular waveguide, operated in the dominant mode, that has a

branch waveguide joining it on the broad face behaves, at long wave-

lengths, as a pure series junction of three waveguides. Such a junction

is called an £-plane T-junction, since the change in structure at the

branch occurs in the plane of the electric field. Figure 9*36 shows a

cross section of a waveguide with an J£-plane branch. The equivalent

circuit of this £-plane junction is shown in Fig. 9*3a. The proper choice

of the characteristic impedance of the three lines is immediately obvious.

At long wavelengths the integral of the electric field taken around the
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path shown by the dotted lines is zero;

b\E\ + 62E2 + bzEz — 0. (14)

Thus if the voltages are taken proportional to the heights of the wave-
guides, Eq. (14) is equivalent to the first of Eqs. (12). Since the currents

in the three lines are equal, the characteristic impedance of each line

must be chosen proportional to b. In Fig. 9*3a the characteristic imped-

ances are denoted by Z\j ^2, Z 3 .

Although the impedance matrix of this system does not exist, the

scattering matrix does. By the application of elementary circuit theory,

the scattering matrix S may be shown to be

— Z\ -f- Z 2 -f- Z 3 Z \ZZ\Z<l

Z i 4“ Z 2 4” Z 3 Zi 4- ^2 4" ^3

Z\ — Z 2 4“ Z 3

Z\ 4~ Z<l 4" Z 3

Z VZ\Zz

Z\ 4- Z 2 4" Zz

Z '\/Z‘iZz

Z\ 4" Zv 4* Zz

Z\ 4~ Zz — Zz

Z\ 4- Z 2 4" Zz
j

,(15)

This equation as well as Eqs. (12) is independent of the angle of the

branched line with respect to the main line.

As the frequency is increased, the line integral of the electric field

along the path in Fig. 9 -36 begins to have an appreciable value, and the

behavior of the junction is no longer represented by a pure series circuit.

To investigate the proper equivalent circuit it is useful to restrict the

branching angle to 90° and further to impose the conditions that

b 3 <K b\
y

b 1
— b 2 .

To simplify the notation, it is convenient to write

b\ — bo — b
y 63 — 6

7
.

If a wave is transmitted down the branch line, it is reflected at the

junction with a large reflection coefficient. For small values of 6', the

reflection coefficient is given by £33 of Eq. (15):

q _
33

26 + 6'

If the lines (2) and (3) are terminated in open

circuits, the reflection coefficient is unity. At high

frequencies the field configuration in the neighbor-

hood of the junction must be similar to that pro-

duced by the symmetrical change in height of a

waveguide described in Sec. 6TC>. The electric field is distorted near

the branch line and concentrated to produce an excess storage of electrical

v 3
Q— Q

jB

-o

Jl>2

Fia. 9-4.—Equiva-
lent circuit of an E-

plane T-junction with
junction susceptance.
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energy. Therefore a capacitive susceptance must appear at the junction.

The equivalent circuit becomes that shown in Fig. 9*4.

The value of the susceptance B is

26/

xA 1 + ln
;

relative to the characteristic admittance of the main waveguide. Equa-

tion (16) is valid if both b/\a and V/b are small compared with unity.

This value B may be compared with the junction susceptance B 9

at a

step change of height in a waveguide. This junction susceptance was

found to be

xA 1 + In

which is valid under the same conditions.

It is interesting to compare these two junction effects by calculating

the input admittance of the waveguide structure shown in Fig. 9-5. This

waveguide termination can be re-

'

' garded as a change in height of the
’ b-—-

gU j (je an(j a short circuit a distance

b away. The input admittance is

* ,n ' therefore

: j
;

ot~. (18)

Fio. 9-5.— Istructure for comparing the The structure may also be regarded
junction effects of a change in cross section as an 2?-plane T-jlinction with a
and of an ^-piane T.

short circuit in each of the two main

arms a distance 6/2 away from the branch. The input admittance on this

basis is

Fin = jB
.16' tt6

3 2 b
cot

K
Since b/\g <3C 1, the difference between Eqs. (18) and (19) may be shown
to be

Thus the two methods of calculation give the same results to a good
approximation.

This comparison is a critical test of the reliability of both formulas,

since the short circuits are placed close to the junction (6 « X„) and
consequently interaction effects are to be expected.

It is often convenient to transform the equivalent circuit of Fig.
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9*4 to a new reference plane in the branch arm. *Since the impedance
matrix is infinite, the general form of the transformation given in Sec.
9*2 cannot be used. It is easy, however, to proceed from first principles.

The junction equations are

t»i + vs + y*=0, 1

i\ = t*2 = iz — jBv g. J

' '

If a II-network is connected to arm (3), the new currents and voltages are

given by

A = VnV3 - y nVz,

H == V 12^3 2/22^ 3 *

The network relations become

If the added line is short,

2/o

y ii — y22 —
jpj

— y 12 .

The junction becomes a pure series junction if the coefficient of v'z in

the second of Eqs. (22) vanishes or if

01 = ~ B
yo

(23)

For this length, Eqs. (22) reduce to Eqs. (13). Since l is negative, the
reference plane is within the junction as shown in Fig. 9-6.

Fio. 9 0.— Reference planes of an #-plane T-junction with first-order end correction.

9*4. £-plane T-junction at High Frequencies.—At high frequencies

for which the condition b « is no longer fulfilled, the equivalent circuit

of an 2?-plane junction becomes more complicated. For the symmetrical
case, there must be four circuit parameters. An equivalent circuit

which is convenient to use and which reduces directly to the simple

series circuits for long wavelengths is shown in Fig. 9*7. The elements of

the admittance matrix are indicated on the left-hand side of the figure.

If the II-network in arm (3) is replaced by the T-network that isequiva-
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lent to it, the circuit becomes that shown in Fig. 9*7b. The impedances

are related to the admittances of Fig. 9*7a by the equations

Za

zb

zc

zd

1

yn - y 12

y 33
—

y i3

2/122/33
—

y 13

y13

2/132/122/33

2/12 - 2/13

2/122/33 ~ 2/13

(24)

As 6' becomes small compared with b
,
Z6 and Zd approach zero, Za

becomes very large, and the only remaining element is the shunt capaci-

tance Z c . The circuit elements are shown as inductances or capacitances

Fig. 9 *7 .—Exact equivalent circuits for an E-plane T-junction at high frequencies.

in Fig. 9*7 according to the sign of the admittances when b' = b. Typical

experimental values, for b/\0 = b'/\ 0 = 0.227, are

Za = -jl0.4, \

Zb = j'0.50,
(

Zc
= —^4.85,

(

Zd = —jO.57. )

(25)

Additional values of the circuit parameters are to be found in Vol. 10

of this series.

The circuits of Fig. 9*1 are, of course, equally valid representations

of the symmetrical 2?-plane T-junction. The values of the circuit

parameters of the series representation are

ii = i? = 0.014, 1? = 0.028,
Ag Ag

Z = >0.01, n 2 = 0.829,

for b' = b = 0.2Xf.

(26)

If the three arms of the T-junction have equal heights and branch at

equal angles of 120°, the junction possesses a higher degree ofsymmetry
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than the 90° junction, and the number of circuit parameters necessary

to describe the behavior is reduced to two. The impedance matrix is

of the form

A circuit that exhibits the same symmetry as this junction is shown in

Fig. 9*8. The elements Zi and Z 2 are related to the elements of Z by

the equations

Zn = Zi(2Zi + 3Z 2 )

3 (Z x + Z 2)

Z\ = Zn + Z 12 ,

7 - ^ \
12

3(z 1 + z,r

„ (Zn + Z 12)(Zn - 2Z„) (
^

“ 3Z 12 )

Another special case of considerable interest is the 180° Z£-plane

junction or the bifurcation of a wave-

guide in the E'-plane. Such a junction is

shown schematically in Fig. 9 9a. If the

dividing wall has negligible thickness,

certain special properties are manifest.

The equivalent circuit of Fig. 9*76 may be

drawn as in Fig. 9*9b for the reference

planes indicated in Fig. 99a. Since the

reference planes of the three arms coincide,

the voltage v'3 = V\ + v*. The T-net-

work in Fig. 9*9fr must reduce to a shunt Fig - 9 8 *—Equivalent circuit of a
. . . , , . ., . 120° £-plane junction.
element, and the equivalent circuit be-

comes that of Fig. 9*9a. If the heights of the smaller guides are not equal,

an additional element must be added to the circuit. This additional ele-

(a) (6) (0

Fig. 9*9.—2?-plane bifurcation of a waveguide and the equivalent circuit.

ment may be an impedance in series with the terminal common to arms (1)

and (2).
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Another equivalent circuit which may be useful in some situations is

one that contains a three-winding ideal transformer. This circuit is

shown in Fig. 9T0. The six parameters are the three line lengths, two

turn ratios of the transformer, and Z. The circuit equations are

Vl + v2 + V 3 = 0,

niii + n 2i2 — n 3i3 = 0,
(29)

when the positive directions for the currents and voltages are those

shown on the figure.

Fig. 9*10.—Equivalent circuit of an E-plane T-junction with a three-winding transformer.

The series impedance Z in Fig. 9T b may also be placed in shunt with

the transformer. If the characteristic impedance of line (3) is chosen as

n 2b'/b, the circuit reduces to that shown in Fig. 9-4 at the proper reference

planes in the three lines.

9-6. //-plane T-junctions.—Junctions with three arms in which the

branching takes place in the //-plane may be discussed in a similar fashion

to JS'-plane junctions. For very long wavelengths, the junction is a pure

(a) (6)

Fio. 9-11.—//-plane junction and equivalent circuit at long wavelengths.

shunt junction. The coupling from the main waveguide to the branch

guide is by means of the magnetic fields. If the branch arm is at 90°

to the main line, the coupling will be from the longitudinal magnetic field
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in the main line to the transverse magnetic field in the branch line. Since

these fields are in quadrature with respect to the transverse electric field,

the junction behaves as a pure shunt junction only if a quarter-wave-

length line is inserted between the branch line and the main line. Figure

91 la shows the junction, with the

reference plane indicated. The
equivalent circuit is shown in Fig.

9116. The proper ratio of imped-

ances of the main line and the

quarter-wavelength line is the

ratio of the transverse magnetic

field to the longitudinal magnetic

field. The characteristic imped-

ance of the quarter-wavelength

line relative to that of lines (1) and (2) is therefore 2a/\g . As the fre-

quency is increased, additional circuit elements must be employed to

express the effect of higher modes at the junction, and the circuit becomes

that shown in Fig. 9T2. The values of the elements on the side arm will

depart from those of a quarter-wavelength line. Experimental values of

these parameters for X = 3.20 cm and a = 0.902 in. are

Z rt = j0.17, = j0.19,
}

= — jfl .04, Zd = jl.00. I

1 '

The value of 2a/X
ff

is 1.002 for these conditions.

9*6. A Coaxial-line T-junction.—Stubs or T-junctions in coaxial line

have equivalent circuits that are similar to those of waveguide junctions.

(a) Dimensions of stub used. (b) Circuit.

Fig. 913.—Equivalent circuit of a coaxial T-junction.

Since the coaxial-line junction is physically like a shunt junction, it is

natural to employ a shunt equivalent circuit. The coupling is magnetic,

and no phase shift between the branch line and the main line would be

Fig. 9*12.—Exact equivalent circuit for an H‘
plane T-junction.
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expected for low-frequency waves. At high frequencies a junction

effect becomes important, which may be represented most suitably as

shown in Fig. 91 or 912. As an example of the circuit of a coaxial-line

T-junction, parameters measured 1 at a wavelength of 10 cm are presented

in Fig. 9*13. As expected, the reference planes for which the circuit

has a simple form are close to the junction of the inner conductors.

The reference planes in the main line overlap, as for the //-plane T.

The junction effect is represented by the shunt inductance and the ideal

transformer, and the effects of these elements are not large.

9-7. The T-junction with a Small Hole.—The theory of diffraction by
a small hole, discussed in Chap. 6, may be applied to two waveguides

joined together to form a T-junction whose arms are connected by a small

hole. It will be recalled that the theory proceeds from the assumption

that the field in the hole depends on the incident field only. Radia-

tion takes place from the hole into wave-

guide or into free space as though the

hole were an electric or magnetic dipole

or both, depending on whether the inci-

dent field has an electric or magnetic

component. For the irises discussed in

Chap. 6, a large reflection is produced

by the wall containing the hole and a

small amount of power is transmitted

through the hole. If a hole is located in the side wall of a waveguide

as shown in Fig. 9 14, power incident upon it from guide (3) is almost

totally reflected, but some power leaks through the guides (1) and (2).

Guide (3) appears to be terminated in a large susceptance given by

| {PEI - MiH] - M,Hl),
#

where En is the electric field in guide (3) normal to the hole, Hi and H„,

are the tangential magnetic fields in the directions of the principal axes of

the hole, P is the electric polarizability, and Mi and M 2 are the two
magnetic polarizabilities. The quantity S is a normalizing factor that

is equal to i(\0/\)ab for unit transverse magnetic field and for the

dominant mode in rectangular waveguide. It will be recalled that

this expression neglects the reaction of the load upon the matched
generator, which is small if B is large.

The power leaking into guides (1) and (2) is given by similar expres-

sions. If the amplitudes of the waves into guides (1) and (2) are denoted
by A i and A 2 ,

respectively, then

1 J. R. Harrison, “Design Considerations for Directional Couplers,” RL Report
No. 724, Dec. 31, 1945, Fig. 56.

(3)

Fig. 9*14.—T-junction coupled with
a small hole.
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^ i
- -

£§;
(PESnE ln - MiHziHu - M*H3mHlm),

Ai = {~PE^E^ + MJlvHu ~ M2H3mH ln),

where the difference in sign results from the fact that the waves A x

and A 2 are traveling in opposite directions.

If a wave is incident in guide (1) of the junction, a somewhat different

situation arises. The incident field excites a field in the hole which
radiates waves outward from all three arms of the T-junction. The
wave from arm (3) is given by

The wave radiated away from the hole in arm (1) is a wave reflected from

the hole. The amplitude is

Bl =
\s,

{Pli{ + MlHl - M *H^-

The wave radiated away from the hole in arm (2) produces only a small

change in phase in the incident wave. The amplitude is

A 2
\S i

(PE\ - M xHl

The hole in the side of guide (1) is therefore equivalent to a two-arm

junction with a scattering matrix having the elements

$12 = 1 + A 2^ $11 = P\-

The scattering matrix may be replaced by an equivalent circuit in the

usual way. If a T-network is chosen for the circuit representation, the

elements are

Zit

Zn - Zn

2(1 + ,4o
)

(1 “BO* - (1 + A*) 2
’

T+A 2 )
2

'

Since |A S
|

and |fli| are small compared with unity, Zu is large and

£11 — Z 12 is small.

If the T-junction of Fig. 9T4 represents an //-plane junction, then

Bi

Zw — Z12

Z 12

A*,
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WAVEGUIDE JUNCTIONS WITH FOUR ARMS

Junctions in waveguide which have four arms have many special

properties that have proved to be particularly useful in microwave
circuits. Such junctions are related to the familiar bridge circuits at

low frequencies. These properites are fundamentally the result of the

high degree of symmetry that a four-junction may possess.

9*8. The Equivalent Circuit of a Four-junction.—It is easy to find

many equivalent circuits for a junction with four arms by proceding

Fig. 915,—Equivalent circuit of a four-junction.

according to the general methods outlined in Chap. 4. One equivalent
circuit is shown in Fig. 4-37 and consists of six transmission lines con-
nected in shunt with four shunt admittances. A more useful form
results from the application of the general methods. Figure 4-38 illus-

trates a four-terminal-pair network with a core consisting of a four-

terminal network. If the four-terminal network of Fig. 4*34 is used for

the core, a general form for the equivalent circuit of a four-junction
results. The circuit is shown in Fig. 9*15. The number of independent
circuit parameters is 10—the number necessary to determine the imped-
ance matrix completely. For the voltages and currents defined in the
figure, the impedance matrix can be found from elementary principles,

and the result is

Z =
(Zn
Z \Z 2Y 2

ZiZtiYx 4" F2)

ZiZ aY x

z xz2y2

Z 22

ZJStYt
Z2Z A(Y l + Y2)

Z\Zz{Y\ + F 2)

Z2Z3Y 1

Z 33

Z3Z4F2

(31)

Z XZ XY X

Z 2Z 4(F, + F 2)

Z3Z4F0

Z44

where Fi and F2 are the admittances of the crossed circuit elements.
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From the form of the circuit or from the impedance matrix, certain
properties are evident. (1) With respect to a given arm, there is one
opposite arm and two adjacent arms. (2) The mutual impedance
between the opposite arms (1) and (3) can be made to vanish either by
making Z\ or Z% equal to zero, a trivial case, or by making Y i + F 2 = 0.

For this condition, however, the mutual impedance between arms (2)

and (4) also vanishes. (3) If the mutual impedance vanishes between
two adjacent arms, for example, (2) and (3), then Y x = 0, and the
mutual impedance between the other pair of adjacent arms (1) and
(4) also vanishes if the trivial cases are neglected.

Fio. 9-16.—The circuit of the four-junction of Fig. 9- 15 redrawn.

The analogy of the circuit of Fig. 9T5 to that of a Wheatstone bridge

may be made obvious by rearranging the components as shown in Fig.

9T6. The choice of arm (1) to represent the “battery” of the bridge is, of

course, arbitrary. The circuit could have been drawn with any arm in

this position. The relation that is maintained is that arms (1) and (3) are

opposite arms, as are arms (2) and (4). It would be possible to proceed

from this equivalent circuit to develop the interesting properties of

four-arm junctions. The method that will be adopted, however, is to

consider the scattering of waves falling upon the junction and to derive

the behavior in these terms.

9*9. Directional Couplers.—It is evident from the circuit of Fig. 9T6

that by altering the impedances connected to arms (2) and (4) it is

possible to balance the bridge. The impedances on arms (2) and (4)

may consist of matched loads together with some reflecting irises. In a

similar fashion, if proper irises and matched loads are connected to arms

(1) and (3), no power is coupled between these two arms. The wave-

guide junction may now be extended to include the irises. Furthermore

it is possible to choose the irises in such a way that no reflections are

produced when waves are incident in arms (1) or (2). Under these

conditions the device is called a directional coupler.
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A. directional coupler is defined as junction of four transmission lines

(1), (2), (3), and (4) such that with all lines terminated in their character-

istic impedances, the terminals (1) and (2) are matched and there is no

1 2

Fig. 9- 17.—A directional coupler.

coupling between (1) and (3) and (2) and (4). The suitability of the

name can be seen from Fig. 9T7. A wave incident on the junction in

line (1) leaves by lines (2) and (4). A wave incident in line (2) leaves

l 2

Fig. 9- 18.—Directional coupler with two incident waves, first case.

by lines (3) and (1). Thus the powers absorbed by matched loads on

arms (3) and (4) are indicative of the powers traversing the junction in

lines (1) and (2) in the two directions. The ratio of the power emerging

from line (4) to that incident in line (1) is called the coupling coefficient

of the directional coupler.

A directional coupler has several interesting properties. One of

these is that all the terminals are matched. The waves indicated by
dotted lines in Fig. 9T8 may be

reversed in time and combined

Destructive

interference

Fig. 9-19.—Directional coupler with two

with the waves indicated by solid

arrows. If the amplitudes and

phases of the two waves relative

to each other are properly ad-

justed, the two waves entering

the junction at arm (1) can be
incident waves, second case. made to cancel each other. All

that remains is a wave entering the junction at arm (3) and leaving it at

arms (2) and (4). Thus a wave incident on the junction at arm (3) is

transmitted to arms (2) and (4) without reflection, and the terminal (3)

is matched. In a similar way it can be shown that terminal (4) is

matched. Thus all directional couplers are completely matched.

Another theorem of importance • is that a junction such that two

noncoupling terminals are matched is a directional coupler. It may be

assumed that terminals (1) and (3) of Fig. 9T9 do not couple with each

other and are matched. Waves can fall upon the junction in lines (1)
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and (3) as shown by the solid and dotted arrows. If the phase and
amplitude of one of these waves are adjusted with respect to those of the

other wave, the two waves in line (4) can be made to cancel each other.

A reversal of time causes a wave to enter line (2) and leave at lines (1)

and (3). This is the same situation which is indicated by the dotted

arrows in Fig. 9T7, and therefore the junction is a directional coupler.

9*10. The Scattering Matrix of a Directional Coupler.—The scattering

matrix of a directional coupler is of the form

0 $12 0 Su
$21 0 $23 0

0 $32 0 $34

$41 0 $43 0

The zero elements on the diagonal indicate that the junction is com-

pletely matched, and the remainder of the zero elements indicate that

there is zero coupling between arms (1) and (3) and also between arms

(2) and (4). The remainder of the elements of S are not completely

independent but must be such as to make the matrix symmetrical and

unitary. The conditions thus imposed are that

and

From Eqs. (33) and (34)

and hence

$,k — $

|$, 2
|

2 +
'kjy l

l$u|
2 = 1

, 1

33)

$21$23 + $4 ,$4*3 = 0, )

SuSt4 + $32$*4 = 0. J

(34)

)

|$,2||$23| — |$ 14
1 1$3,|

» ] (35)
|$12| |$14

|

= j$2»j|$*4|, j

l$12|

|$14|

= |$34|, 1

= |$23|. J

(36)

Equations (36) state that the coupling from arm (1) to arm (2) is equal

to that from arm (3) to arm (4) and also the coupling from arm (1) to

arm (4) is equal to that from arm (2) to arm (3). Thus a wave incident

in arm (1) couples the same fraction of its power into arm (4) that a wave

in arm (2) couples into arm (3).

There is still a great deal of arbitrariness in the phases of the ele-

ments of S. This indeterminateness can be eliminated by the correct

choice of the locations of the reference planes. As an example, the loca-

tion of the terminal plane (2) may be chosen in such a way that Su is

real and positive. Similarly the location of the plane of arm (4) may be
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chosen in such a way that Su is positive imaginary, and the location of

the plane in arm (3) may be chosen so that $34 is positive real. From
Eqs. (36),

S 12 = Su = a, (37)

a positive real number. From Eq. (34),

<xS*3 + S41a = 0; (38)

and from Eq. (38),

$23 = 54 i = jP, (39)

where (3 is positive real.

Thus the scattering matrix becomes

S =

0 a
j

0 j/3

a 0 i/3 0

0 i/3 0 a

i/3 0 ; a 0

(40)

The scattering matrix (40) will be regarded as a standard form for a

directional coupler. From the first of Eqs. (33),

a 2 + /3
2 = i.

A theorem that is of considerable importance may now be proved.

It has been shown previously that every directional coupler is completely

matched. It will now be shown that any completely matched junction

of four transmission lines is a directional coupler. If the junction is

matched, the scattering matrix is

- S =

0 Si* $13 $14

S21 0 $23 $24

$31 $32 0 $34

$41 $42 $43 0

(41)

The location of the terminal planes may be chosen in such a way that $21

and £43 are pure real and positive and that $ 4 i is pure imaginary. Then,

since S is unitary,

StiSl3 - SaiSI3 = 0
, 1

,-$ 2i$4*i + $23$4
*
3 = 0.

)

If the first of Eqs. (42) is multiplied by 5 2 i, the second by 3, and the

difference is taken,

(SI 1
- SS8)S„ = 0. (43)

Hence either S2 3 vanishes and the junction is a directional coupler as
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Sti — S4a = a, (44)

where a is a real positive number.

If a is substituted in Eqs. (42),

Sn = Su = jS, (45)

where p is a pure real number.

If these relations are substituted in Eq. (41), S takes the form

0 a $13 jp
)

a 0 jP $24

S31 # 0 a

jP $42 a 0

If the first row of the matrix (46) is multiplied by the complex conjugate

of the second column, and if the first column is multiplied by the complex

conjugate of the fourth row, then because S is unitary,

~jPS 13 + jPS*2 = 0
,

1

aS 31 + aS*2 = 0 .

(47)

If neither a nor 0 vanishes, Eqs. (47) imply that both £31 and $42 vanish.

This puts Eq. (46) into the same form as Eq. (40), and the junction is a

directional coupler. If either a or 0 van-

ishes, the junction is also a directional

coupler. Thus the result has been ob-

tained that any junction of four trans-

mission lines which is completely
matched is a directional coupler.

941. The Arbitrary Junction of Four

Transmission Lines.—It might be

thought that any junction of four trans-

mission lines could be completely
matched by a transformer in each of the

four transmission lines and therefore

could be made into a directional coupler. This cannot be done in gen-

eral, however, as will now be shown. 1

Let us consider the arbitrary junction of four transmission lines shown
in Fig. 9*20. If plungers are inserted in lines (2) and (3) as shown in the

figure, then for any position of the plunger in arm (2) there exists a position

of the plunger in line (3) such that no coupling exists between lines (1) and

(4). The junction with the plunger in line (2) at some definite position is

1 This proof is due to R. L. Kyhl.

Fig. 9-20.—Arbitrary junction of

four transmission lines.
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reduced to a three-terminal-pair junction for which a plunger in one of the

remaining arms can always be used to decouple the remaining two trans-

mission lines. For such locations of the plungers, there exist standing

waves in each of the transmission lines (1), (2), and (3). If now the

plunger in line (2) is moved to a new location, there will again be a new

I U

4

Fig. 9-21.—Positions of nodes in arms of Fig. 9*22.—Linear combination of solutions,

four-junction for two positions of the

plungers.

position of the plunger in line (3) which causes line (4) to be decoupled

from line (1), and there are pure standing waves in lines (1), (2), and (3).

The nodes of the standing waves in line (2) must now be in a new position.

However, the nodes in lines (1) and (3) may or may not be in the same

position. In Fig. 9*21, the dotted lines marked a represent one position

of the nodes, those marked b represent the other position.

Since these solutions represent pure standing waves, they are charac-

terized by the fact that the electric fields are everywhere in phase or

180° out of phase, as shown in Chap. 5. If none of the positions a and b

coincide, a linear combination of

these two solutions, taken with dif-

ferent time phases, corresponds to

running and standing waves in the

lines (1), (2), and (3). Only if the

nodes of the two solutions coincide

in one of the guides will the linear

combination be a pure standing

wave in that guide. The linear com-

bination of solutions is shown in Fig.

9*22. Since the waves in the guides

are not pure standing waves, the amplitude of a wave running one way
is different from that running the other way. This is indicated in Fig.

9-22 by the arrows of different length. It will be assumed that one long

arrow points into the network and two point out. If the converse condi-

tion were obtained, a time reversal would lead to the desired condition.

By the addition of matching transformers to the lines (1), (2), and (3)

Fig. 9*23.—Four-junction with matching
transformers.
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the conditions of Fig. 9*23 are obtained. The transformers set up the
standing-wave pattern of Fig. 9-22.

From a consideration of the terminals located on the transmission-line

side of the transformers in Fig. 9-23, it is seen that the new modified

junction is matched looking into line (2). Moreover, there is no coupling

between lines (2) and (4). The terminals of line (4) can now be matched
by the inclusion of a transformer in line (4). Thus both lines (2) and (4)

are matched, and there is no coupling between them. Hence, by an
earlier theorem, the junction is a directional coupler. Conversely, the

junction may be considered as a perfect directional coupler with trans-

formers that mismatch it in the four transmission lines.

Four transformers are actually not required; it is easily seen that three

are sufficient. If the linear combination of the two standing-wave solu-

tions is taken correctly, one of the lines, line (1), for example, can be made
to contain a pure running wave. Thus the transformer on line (1) is not

essential, and three transformers are sufficient to match the junction of

four transmission lines.

It should be remembered that the foregoing derivation hinges upon

the assumption that none of the nodes a and b in Fig. 9*21 coincide.

Since the plunger in line (2) is moved to a new position in going from

case a to case 5, it is clear that the resulting nodes also move. Hence if

the nodes do coincide in one of the transmission lines, it will have to be

either in line (1) or in line (3). If the nodes a and b of Fig. 9*21 coincide

in line (3) and nowhere else, a linear combination of the two solutions

may be taken such that the waves are completely canceled in line (3).

The combination must be one with equal time phases. The resulting

linear combination is one with standing waves in lines (1) and (2) only,

as in Fig. 9*24. Figure 9-25 is an example of a junction in which standing

waves are set up in lines (1) and (2) by a plunger in arm (2). It is to be
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noted that the junction of Fig. 9*25 is composed of two T-junctions con-

nected together by a transmission line c. The plunger in arm (2) is in

such a position as to decouple c

from arm (1).

It may turn out that the nodal

planes a and b coincide in both

lines (1) and (3). This is possible

only if the waves are completely

absent from line (2). This im-

plies, however, that there are pure

standing waves in lines (1) and (3)

with no waves in the other lines.

This condition is indicated in Fig

9-26.

The procedures just described could be repeated for a wave introduced

into line (4). A standing-wave solution analogous to Fig. 9*24 or 9-26

would be obtained. In each case the network is.equivalent to a junction

of the type shown in Fig. 9*25 (the

lines need not be numbered in this

order) provided all degenerate

forms of Fig. 9*25, such as those

shown in Figs. 9*27 and 9*28, are

included.

To recapitulate, any arbitrary

junction of four transmission lines

can be represented either as a di-

rectional coupler with transform-

ers in three of the lines or as a

junction consisting of two inter-

connected T-junctions.

9*12. The Magic T.—A matched directional coupler with a coupling

coefficient of \ has proved to be an extremely useful device for many
microwave applications and has become known as a magic T. The low-

frequency analogue of a magic T is the well-known hybrid coil used in

telephone repeater circuits. Such a device is indicated in Fig. 9*29.

Among the many applications of the magic T, the more important

ones are impedance bridges, 1 balanced mixers, 2 balanced duplexers, 3

and microwave discriminators. 4

A magic T can be realized in any one of a number of forms, in wave-

1 Vol. 11, Chap. 9, Radiation Laboratory Series.
1 Vol. 16, Chap. 6, Radiation Laboratory Series.

* Vol. 14, Chap. 8, Radiation Laboratory Series.

4 Vol. 11, Chap. 2, Radiation Laboratory Series.

Fig. 9-27.—Equivalent form of a degenerate

Ftg. 9*26.—Behavior of a degenerate four-

junction.
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guides or in coaxial lines. One of the simplest of these forms is the com-

bination of an 2?-plane and an //-plane T-junction which is shown in

Fig. 9*30. A wave incident on the junction in arm (4) has even symmetry
about the symmetry plane, and the

transmitted power is divided with

even symmetry between arms (1)

and (2). No power is coupled to

arm (3), since no mode that has

even symmetry can propagate in

0 ) 3CT-°

Fig. 9-28.- -Another form of a degenerate

four-junction.

O—0(3)0

—

(2 )

Fig. 9-29.—Circuit of a
hybrid coil.

J_!Z

arm (3). There \s also a reflected wave in arm (4). The reflected wave

can be matched out, however, by adding to the junction some post or iris

that does not destroy the symmetry
of the junction. A wave incident

in arm (3) possesses odd symmetry

and therefore excites fields in arms

(1) and (2) which have odd sym-

Fig. 9-31.—Positions of post and iris for

matching a 1- by 1-in. waveguide T.

metry. No power is transmitted to arm (4) ,
since arm (4) will not support

a mode with odd symmetry. To eliminate the reflected wave in arm (3),

a second matching device must be added to the junction. Figure 9*31

shows one method for matching the junction. The dimensions are given

for a wavelength of 3.33 cm in •$- by 1-in. waveguide. The post is 0.125

in. in diameter, and the iris^ in. thick.
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The argument of the preceding section can be repeated with coherent

generators connected to arms (3) and (4) to show that in the matched

junction, arms (1) and (2) are also decoupled. It is easy to see that the

impedance matrix must have the simple form

Z

0 Oi i 1

j 0 0
j

-1 1

V2
1 -1

!
0 0

1 1
j

0 0

(18)

for the proper choice of reference planes. It may be shown that

Y = — Z = -S,

since Z- = — I. An equivalent circuit of a magic T is shown in Fig.

9-32.

Another form of a magic T-junc-

tion is shown in Fig. 9-33. Three

of the arms are coaxial lines, and the

fourth arm is rectangular waveguide.

-j

Fig. 9*32.—Equivalent circuit of a magic T. Fig. 9*33.—A magic T in coaxial line and
waveguide.

The symmetry of the junction ensures that there is no coupling between

arms (3) and (4). If the junction were matched, there would be no

coupling between arms (1) and (2). Many other 1 magic T’s can be

made from ring circuits, which are discussed in the next section.

9*13. Ring Circuits.—A four-arm junction may be equivalent to four

three-arm junctions connected together to form a ring circuit as in Fig.

9*34. The lines l\, i2 , h, U which interconnect the networks may have

arbitrary lengths and arbitrary characteristic impedances. If the series

transformer representation of Fig. 4-35 is used for each of the three-arm

junctions, the equivalent circuit may be reduced to a simpler form. The
series impedance elements of each three-j unction may be combined with

the lines that interconnect the networks, with the possible exception of

one remaining series element. If the network possesses some symmetry,
1 See also Sec. 12*24.
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this remaining element is also absent. The turn ratios of the trans-

formers may also be adjusted if corresponding changes are made in the

line impedances.

A ring circuit may be easily realized in waveguide by combining four

2£-plane T-junctions as shown in Fig. 9*35 for a symmetrical case. If

( 1 )

Fig. 9-35.—A symmetrical ring circuit made of four J£-plane T-junctions.

the distances between the reference planes are so chosen that each T-junc-

tion is a pure series junction and that each is separated by \„/4 from the

adjacent junctions, the device becomes a directional coupler of a common
form, sometimes called a double-stub coupler. If b ' « b, the reference

planes may be chosen as shown in Fig. 9 0. The directional coupler is

matched if b" has the value

and the coupling coefficient C is given by

If b
f

is very small compared with b, b" may be made equal to b and the
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coupling coefficient is simply (b'/b )
2

. A simple equivalent circuit for

this directional coupler is shown in Fig. 9-36.

If the coupling coefficient of a directional coupler is equal to the

device becomes a magic T. At long wavelengths, a magic T could be

made as shown in Fig. 9*376 from £?-plane T-junctions. Shunt junctions,

which are the duals of the series

junctions, may also be used. A
synthesis of a magic T in coaxial

line is shown in Fig. 9*37a.

A still more general form 1 of

directional coupler in which each

line has a different characteristic

impedance can be constructed.

Such a device is illustrated sche-

matically in Fig. 9*38 where only

the characteristic impedances of

the lines a^e indicated. There are

four parameters: the coupling co-

efficient C and three arbitrary quantities K
,
L, M . If C = 0.5, a magic

T is obtained.

The configurations so far discussed are composed of T-junctions

separated by quarter-wavelength sections of line. Another series of

(3)

( 1 )

.(M\A~l

3 b

lOOP-T-

n—

)

A 6

-±- .4
3 b

im)

.6'

_L .4"-J
6

—v.SLSISLr

-

I 6'+

A

3 \~r)

(4)

~
3
b |-0

*—c
(2)

Fio. 9*36.—A simple equivalent circuit

for the directional coupler of the kind shown
in Fig. 9-35.

(4)

(2)

Fro. 9*37a.—A magic T in coaxial line.

Fio. 9*376.—A magic T made from AT
-plane T-junctions.

junctions results if one of the lines is chosen to be three-quarters of a

wavelength long. For example, a magic T composed of 2£-plane wave-

guide junctions is shown in Fig. 9*39. The four lines may also have

different characteristic impedances, and Fig. 9*40 shows the values that

1 B. A. Lippmann, “The Theory of Directional Couplers,” RL Report No. 860,

Dec. 28, 1945.
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these impedances must have for the junction to be a matched directional

coupler.

9*14. Four-junctions with Small Holes.—The theory of the diffrac-

tion by small holes is useful in the discussion of several important types

of directional couplers. One example is the two-hole directional coupler

shown in Fig. 9*41, where the holes are spaced by a quarter of a guide

wavelength. The equivalent circuit is a special case of the ring circuit

Fia. 9*38.—A general form of directional Fig. 9-39.—A magic T composed of

coupler in which each line has a different 2?-plane waveguide junctions,

characteristic impedance.

Fia. 9-40.—Values of impedances necessary to make the junction of Fig. 9-39 a matched
directional coupler.

of Fig. 9-34. The line lengths U and U are effectively zero, and h and h

are one-quarter wavelength. The two waveguides are coupled by the

longitudinal magnetic fields, which excite magnetic dipoles within the

holes. If the holes are small, the dipoles are of equal strength and 90°

out of phase. The dipoles radiate into the second waveguide; but

because of spacing between the holes, the radiation is reinforced in the

direction of the original wave in the first waveguide and is canceled in

the opposite direction. Thus one arm of the junction (that containing

the termination in the figure) is decoupled from the arm in which the

power is incident. The amount of radiation from the holes may be com-

puted by the formulas given in Sec. 9-7. The interactions between the

holes are, of course, neglected in the formulas, whereas in practical
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directional couplers such as the one shown in the figure, the interactions

may not be negligible.

It is also possible to couple from one waveguide to another by two

holes so that the wave in the auxiliary line travels in the opposite direction

to that in the main line. Such a device is shown in Fig. 9*42. Direc-

tional couplers of this type are called reverse couplers. The two coupling

holes are located on opposite sides of the center line, on the broad side

of one waveguide and on the narrow side of the other. The longitudinal

Fig. 9*42.—Schwinger reverse-coupling directional coupler.

magnetic fields that excite the holes are in the opposite directions. The
holes are spaced along the waveguide by a quarter of a wavelength,

and therefore radiation from one hole is reinforced by radiation from the

other for the wave traveling in the backward direction. The coupling
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coefficient for this coupler also may be calculated from the small-hole

formulas if the proper relative values of the fields are inserted.

Another directional coupler, which operates on a different principle,

is shown in Fig. 9-43. This device is known as a Bethe-hole coupler.

Since the hole is in the center of the broad face of the waveguide, it is

excited both by the normal electric field and by the transverse magnetic

field in the waveguide. Both an electric dipole and a magnetic dipole

are produced in the hole, and both dipoles radiate in both directions into

the second waveguide. The electric coupling is an even coupling about

the axis of the hole, wheras the magnetic coupling produces fields with

odd symmetry. The strength of the magnetic coupling can be adjusted,

therefore, to be equal to the electric

coupling, by the rotation of one

waveguide with respect to the other.

The phases of the fields are such

that if power is incident on the cou-

pler in the lower waveguide from

the left side of thte figure, the power

coupled into the upper waveguide proceeds in the direction of the arrow

labeled “To detector.''

Design formulas for Bethe-hole directional couplers and for other

types as well are given in Chap. 14 of Vol. 11 of this series.

9*16. Degenerate Four-junctions.—In Sec. 9T1 it was shown that a

degenerate form of a four-junction that did not have the properties of a

directional coupler consisted of two three-junctions connected together

as in Fig. 9*25. To find the conditions on the elements of the impedance

matrix that must be satisfied in order that the junction be degenerate,

it is most convenient to find the impedance matrix for two T-junctions

connected together. If the terminals of one T-junction are designated

by (1), (2), and (3) and those of the other T-junction by (4), (5), and (6),

and if terminals (3) and (4) are connected together, then

vz = i>4, iz = — U-

These relations may be used to eliminate v z ,
vA ,

iz , and i\ from the network

equations. The result is the impedance matrix

'

r/ Z*
3 y __

ZnZw
"11 rj i rv * "12 r/ i r/

" 33 1 " 44 Z< 33i-/M 4

... 7 _ Z\

3

"22 rr ~i rf" S 3 "i " 44

Z

\

ZZ 45 Z 13Z46

Z 33 “bZ44 Z33+-Z44

Z23Z45 Z2zZ46

Z33+ Z44 Z33+Z44

7 Z\ h 7 Z45Z46
" 66 rr « rr " &6 r* \ ry" S 3 r "44 "33 1 "44

. .
. £ _"66 7 » 7"33 1 "44 J

Absorber

To detector

Fig. 9-43.-

Main line

-Bethe hole coupler.
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The characteristic feature of this impedance matrix is that the determi-

nant of the upper left-hand portion which is partitioned off is equal to

zero. The corresponding determinant of the general impedance matrix

of Eq. (31) is

ZJS 9(Yx+Yt) Z\Zk Y\

ZtZzYt Z2Z*(Y i + F2
)‘

This determinant is equal to zero if

(Y x + F 2)
2 = Y\

or

F2 = 0, -2Y x .

oAVVfVW

(2)

(1) Xl
2

(3) 0

When the admittance F 2 = 0, the general equivalent circuit can be

redrawn in a way that makes evi-

dent the two three-junctions. This

circuit is shown in Fig. 9*44.

Another degenerate case of par-

a^/vv+a^VVo ticular importance is that for which

Y 2 becomes infinite. Again the cir-

cuit may be redrawn to make the

relationships between the lines obvi-

ous. Figure 9*45 shows this circuit.

The admittance Y' consists of Z\

and Z 4 in parallel, or

Yx

2
(4)

Fig. 9*44.—Equivalent circuit for

T-junctions connected together.

two

and similarly

Y" = J. + JL
Z 2

+
Zs

Z22 -Z*

It is more custdtmary to replace the II-network formed by F', Y'

and Y x by the equivalent T-net-

work. For the symmetrical case,

when lines (1) and (4) are identical

as are lines (2) and (3), the circuit

becomes that of Fig. 9-46, where

the network elements are labeled

with the values of the impedance

elements. The circuit of Fig. 9*46

is useful for symmetrical struc-

tures such as four waveguides

joined together in the //-plane,

the //-plane cross (Fig. 9*47a), or the coupling of a coaxial line to a wave-

guide (Fig. 9*476). Some values of the circuit parameters for the //-plane

Fig. 9-45.—Equivalent circuit for two sym-
metrical T-junctions connected together.
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cross are to be found in the Waveguide Handbook

A

Unfortunately few
data are available for the transition from coaxial line to waveguide.

^22~~^23 Zi2 “^23

Fig. 9*46.—Second form of equivalent circuit of Fig. 9*45.

The problem has, however, received considerable experimental 2 and
theoretical 3 investigation. If

suitable reference planes are

chosen, it is possible to reduce the

values of the series elements
(Zn — Z i4, for example) to zero.

9-16. A Generalization of the

Theory of Four-terminal Net-

works to Four-terminal-pair Net-
works.—By partioning the
impedance matrix of a four-termi-

nal-pair network, a formal exten-

sion 4 to the usual four terminal

Fig. 9-47.—Examples of junctions for

which the circuit of Fig. 9-46 is valid: (a)

//-plane cross; (b) coupling of coaxial line

to waveguide.

network can be made. The network equations may be written

V' = Zni' + Z 12 i",

v" = Z 2 ii' + Z 22 i",

where the Z*/s are portions of the impedance matrix Z, thus

Z =

Zn Z 12 Z 13 Zu)
Z 12 Z22 Z2Z Z24

Z 13 z23 Z33 Z 34

Zu Z24 Z 34 Z44
.

Zn
Z21

z 12

Z22

1 Waveguide Handbook
,
Vol. 10, Radiation Laboratory Series.

* Microwave Transmission Circuits, Vol. 9, Chap. 6, Radiation Laboratory Series.

8 J. C. Slater, Microwave Transmission
,
McGraw-Hill, New York, 1942, Chap. VII;

“Properties of the Coaxial-wave Guide Junction in the 725A and 2J51 Output,”

BTL Report No. MM-44-180-4, Nov. 20, 1944; S. Kuhn, “The Coupling between a

Rectangular Wave Guide Carrying an H 0 i Wave and a Concentric Line,” ASE Report

No. M439, September 1942; L. B. Turner, “Impedance Transformer and Junction

Box for Cm-wave Coaxial Circuit,” ASE Report No. M522, June 1943.
4 Lippmann, op. cit
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It should be noted that

Zn = 2n, Z 12 = Z 2 I) Z22 = Z 22*

As in Fig. 9 48, a four-terminal network Zi may be connected between

terminal pairs (1) and (2) of Z and a second network Z 2 between ter-

-—(roV—W
(2)

— — / \ ^4—(rj )

—

(4

—

Zi z

mm
Z 2

Fig. 9-48.—Circuit for matrix generalization of image impedance.

minal pairs (3) and (4), together with series generators The network

equation then becomes

e' = (Zn + Zi)i' + Zi 2 i",

e" = Z 21 i' + (Z 22 + Z 2)i",

where

The solutions obtained for the currents are

V — (Zi + Z\n)- le' — (Zi + Z 1

r)“
l Zi 2(Z 2 2 + Z 2 )

-1e //

,

i" = -(Z 2 4 Z i

Jr)-
l Z 2 i(Z 11 4- Z0- le' + (Z 2 + Zy)- 1©",

where

z*r = Zn — Zi 2(z 2 2 + z 2
)- iz 2 i,

Z2 = Z 22 — Z 2i(Zn + Z,)Z„

are the generalized input impedances. The image impedance of the

four-junction may be similarly generalized, and the image impedances

Z' and Z" are defined by

Z' = Zn — Z 12(Z 22 + Z")- lZ 2 i,

Z" = Z22 — Z,i(Zn + Z*)- lZx»

If a four-terminal-pair network is terminated by the image imped-
ances on each side, then
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' = KZ')- le\ for e" = 0,

i" = ^(Z")- 1©", for e' = 0.

From this equation, it is evident that if terminals (1) and (2) are to be

decoupled and terminals (3) and (4) are also to be decoupled, Z' and
Z" must be diagonal matrices,

Z' = i

z ' °1 Z" = I*’ °J
lo Z,J’ (o z 4J-

The currents are therefore

11 =
2Z7

€

2

12 “
2Zi

for e" = 0,

II
cc<S>

• _ e4
4

2Zl
for e" = 0.

Lippmann 1 has extended the development of the theory to the treat-

ment of chains of four-terminal-pair networks. The method runs

parallel to the corresponding treatment of chains of four-terminal

networks. An image transfer constant and a propagation constant

may be defined, and the generalization is essentially complete. A
somewhat similar problem arises in the consideration of a chain of

cavities connected in a ring that forms the resonator system of a strapped

magnetron. 2

RADIATION AND SCATTERING BY ANTENNAS

The concept of a generalized waveguide junction which was estab-

lished in Chap. 5 may be extended to antenna problems. One terminal

of the junction is the transmission line connected to the antenna. The
other terminals are infinite in number and may be chosen in any of

several ways. The currents and voltages at these terminals or, alterna-

tively, the wave amplitudes form a representation of the electromagnetic

fields in the vicinity of the antenna.

9»17. Representation in Terms of Plane Waves.—The transmission-

line terminal of an antenna differs in no way from a terminal line of

any waveguide junction. A wave incident on the antenna through the

transmission line may be partially reflected, or the terminal may be

matched, and no reflection takes place. The amplitude of the reflected

wave may be expressed in terms of a scattering coefficient or in terms

of a shunt or series impedance terminating the waveguide. If large

reflecting objects are near the antenna, the magnitude and phase of the

reflection coefficient in the transmission line depends upon the position

and nature of the reflector. In nearly all cases, however, such reflected

1 Lippmann, op. at.

* See Microwave Magnetrons
,
Vol. 6, Chap. 4, Radiation Laboratory Series.
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power is negligible compared with the reflected power from the antenna

itself. As an example, the particular case of an antenna consisting of

the open end of a rectangular waveguide may be considered. At the

end of the waveguide the fields are distorted to satisfy the boundary

conditions, and both electric and magnetic energy is stored near the end

of the pipe. This stored energy produces effects equivalent to those

produced by a lumped suscept-

ance. Energy is also radiated,

and this energy may be repre-

sented by a lumped conductance.

The equivalent circuit of the trans-

Ed issi on line is therefore that

shown in Fig. 9*49a. In Fig.

9*496 the field near the end of the

pipe is indicated. In the Z?-plane

shown, #-modes are excited and

produce the equivalent of a capac-

itive susceptance. For a rectangular waveguide, //-modes are also

excited. The net effect is capacitive, however, for waveguides of the

dimensions usually encountered in practice.

Several cases of the abrupt termination of a transmission line in

space have been rigorously solved, 1 and the results are collected in the

Waveguide Handbook .
2 The conductance G may be regarded as the

relative conductance of space; its magnitude is of the order of (fca)
2

,

where k is the wave number and a a dimension of the waveguide.

The remaining terminals of the antenna are usually chosen to be

located a very large distance away from the antenna, and the wave
amplitudes of plane waves proceeding outward are taken as a repre-

sentation of the field. Thus the radiation pattern of the antenna is

commonly used to describe the antenna properties. The maximum
radiation intensity relative to an isotropic radiator that radiates the

same total power is called the gain of the antenna. The radiation

patterns of certain simple cases have also been rigorously calculated.

It is also possible to calculate the radiation from a small hole. For a

small hole at the end of a waveguide the value of B in Fig. 9*49 is the

same as that of an iris placed across the guide, and G is given by

n %r ab\ gG ~ 3" -As-

certain general theorems may be proved about the radiation and

scattering from antennas, but it is more convenient to choose a different

representation for the terminals for this purpose.
1 J. Schwinger, unpublished work.
* Waveguide Handbook

,
Vol. 10, Radiation laboratory Series.

Fig. 9-49.—The termination of a wave-
guide or a parallel-plate transmission line in

free space.
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9*18. Representation in Terms of Spherical Waves.—It is convenient,

in dealing with infinities, to replace a nondenumerable set by a denumber-
able one. One way in which this can be done in the case of the radiation

problem is to expand the field quantities in spherical waves whose

angular dependence is simply related to the various tesseral harmonics.

The total electromagnetic field is determined by the amplitudes of these

various waves. This representation in terms of spherical waves is

equivalent to the introduction of terminals with incident and reflected

wave amplitudes for each of the spherical waves.

In a vacuum, the electric and magnetic field vectors satisfy the

same differential equation, namely, the wave equation,

V‘E - c* = 0. (49)

By V 2
is meant the vector operator

V 2 = VV * - V X V X . (50)

In terms of cartesian components, Eq. (49) reduces to the three scalar

equations

iS
-
- c'

a

'eP
- 0.

where A is the Laplacian operator. It is seldom useful to solve Eq.

(51), as the three solutions are not independent, being coupled by the

condition

V • E = 0. (52)

A solution of the scalar equation [Eq. (51)], however, can be used to

construct permissible solutions of Eq. (49) for certain special coordinate

systems. One such coordinate system is that of spherical coordinates.

The solutions are systems of spherical waves about the center of the

system.

It is convenient to assume a sinusoidal time dependence. Equa-

tion (49) becomes, in the usual way,

V 2E + fc
2E = 0. (53)

The scalar wave equation becomes

Au *4" k 2u = 0. (54)

For any solution of Eq. (54), there is a vector solution of Eq. (53) given

by
L = vu. (55)

It should be noted that Eq. (52) is not satisfied by L. However, L

can be used to construct solenoidal vector fields. Let R be a radius
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vector from some fixed point. Then

and
M = R X L

N = v X (R X L)

(50a)

(566)

are solutions of Eqs. (52) and (53). It should be noted that M is normal

to R. Because of the occurrence of R in Eq. (56), the coordinate system

in which this equation has the most simple form is the system of spherical

coordinates shown in Fig. 9-50.

Scalar Wave Equation .—In the spherical coordinate system Eq. (54)

becomes

r2 dr \ dr ) r2 sin 6 dd \ dd )
+

l dht

r 2 sin 2 d d<t>
2
4- k*u = 0. (57)

A set of single-valued solutions to this equation is

1
Umn — PLm| (cos d)eim<t>

y/kr
Zn+y\(kr), (58)

where n and m are integers such that

n ^ 0,

Z

\m\ < n,

P^ml (cos d) is the associated Legendre poly-

nomial, and Z is a cylinder function. If the

origin lies inside the region under considera-

tion, the field quantities must be finite at this

point and Zn+x must be the Bessel function

./n+H- If the point r = 0 is excluded from
the region, Zn+yi may be a Bessel, Neumann,
or Hankel function. The details of the

solution of this equation, together with the

properties of the various functions, may be

found in many places 1 and will not be dis-

cussed here.

The associated Legendre polynomials have the form

(1 - x 2
)
m/2 dm+n (x 2 - 1)'*

2nn! dxn+m

Fig. 9-50.—System of spherical

coordinates.

p:(x) = (59)

where x = cos d. Home examples of these polynomials are

Pjj = 1, P\ = cos d
,

P\ = sin d
}

Pi = i(3 cos 2 d — 1),

P\ = 3 sin d cos d,

P| = 3 sin 2
d\

1 H. Margenau and U. M. Murphy, The Mathematics of Physics and Chemistry
,

Van Nostrand, New York, 1943.
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The functions eimP (cos 0) are called tesseral harmonics and have

the important property of orthogonality. It may be shown that

eirn+P%(cos 6)e*v+P x*\cos 0) sin 6 dd d<t> = 0 (61 )

forp m and/or q ^ n.

The behavior of the various cylinder functions for large values of kr

will shed some light on the physical meaning of Eq. (58). It is easily

shown that in the limit x —> <*>

,

It is clear that a solution with a Bessel or Neumann function for its

radial dependence represents a spherical standing wave. The two
Hankel functions represent running waves that either diverge from the

origin or converge upon it. It is clear that a wave running out from the

origin requires a source, and this is a physical reason for the necessity

of excluding the origin in the case where the radial dependence is that

of a Hankel function.

Vector Wave Equation .—Each of the solutions [Eq. (58)] of the

scalar wave equation can be used to generate solutions of the vector wave
equation as in Eqs. (56a) and (566). Let

Mmn = R X Vumny (63)

Nmn = V X (R X VUmn). (64)

These are solenoidal solutions of the vector wave equation [Eq. (53)].

It is to be noticed that M mn is normal to R. For this reason, a solution

for which Mmn is the electric or magnetic field is called transverse-

electric or transverse-magnetic respectively. It should be noted also

that if the electric or magnetic field is Mmn ,
the corresponding magnetic

or electric field is of the form Nmn .

It may be demonstrated that the set of waves of Eqs. (63) and

(64) forms a complete set of solutions of Maxwell’s equations which, for

empty space, vanish at infinity.

In addition to this completeness property, the set of solutions given in

Eqs. (63) and (64) have the important property of orthogonality. This is
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the dame orthogonality property which was invoked in the case of a wave-

guide with several propagating modes. Because of the orthogonality of

the functions in Eqs. (63) and (64) ,
the stored electric or magnetic

energy inside a simply connected charge-free region is equal to the sum
of the energies computed for the various modes. Moreover, the power

entering or leaving the bounding surface is equal to the sum of the

powers computed for each of the spherical waves.

9-19. Solutions of the Vector Wave Equations.—Since the magnetic

field may always be determined from the electric field, it is necessary

to consider only the electric field in a description of the electromagnetic

field in a charge-free space. It is convenient to use Hankel functions in

the description of the field. Let us consider the description of one of

the spherical waves of the set of Eqs. (63) and (64),

Mmn = H X (65)

The occurence of the complex function in Eq. (58) is inconvenient.

Therefore a new set of waves may be defined,

Consider the wave

m

n

2
"4” -M—m ,n)>

Ml = i. (M.. - M_„).

M'mn = R X Xu'mn ,

= P^ ira'(cos 0) cos m<t> —L Zn+ i^(kr).

y/kr

(66 )

(67)

The solutions M' are even in <f>, and the solutions M" are odd in <£. The
function Zn+yi will be assumed to be a linear combination of the two
Hankel functions,

Zn-lrli = + blln+l^
2)

. (68a)
*

In case the region includes the origin, the field at the origin must be

finite, Zn+H must be a Bessel function, and

a = 6 . (686)

If there is an antenna at the center of the region, the origin must be

excluded and then there is no simple relation between a and 6. However,

the various a's and 6's are linearly related to each other, and it is pos-

sible to define a scattering matrix that relates the various incident

waves to the scattered waves. This is completely analogous to the scat-

tering matrix that was defined in Chap. 5 for generalized waveguide

junctions.

It is convenient to introduce a single index instead of the double

index of MJ*n . The way in which this is done is of no particular impor-
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tance. However, for purposes of definiteness let the new subscripts be
assigned according to Table 9T.

Table 9*1. Replacement of Double Subscripts by Single Subscripts

Subscript Mode Mode character

2 M
i

3

4

M m
M"

J

Electric dipole

5 K,
6

7

N„
K

Magnetic dipole

The subscript 1 will refer to the terminals in the transmission line that

excites the antenna. As in Chap. 5, column vectors will be introduced

to represent the incident and scattered waves. Let

These vectors have an infinite number of dimensions. It is convenient

to normalize the a’s and b
1

s in such a way that ?a*an represents the

power incident on the antenna in the nth mode. Since the a’s and b ’

s

are linearly related, a scattering matrix S may be defined such that

Sa = b. (70)

The methods of Chap. 5 can be used to show that S is unitary and

symmetrical. However, it is worth while to arrive at these results

in a simpler way. Since

S*a* = 6* = a*s*,

then (71)

3*S*S*a = 6*b.

But l6*b is the total power scattered by the antenna, and it must

equal the total incident power yS*a. Therefore

a*§*Sa = a*a. (72)
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Since Eq. (72) applies independently of the vector a,

§*S = I,

or

(73)

(74)§* = s- 1
.

Thus S is a unitary matrix.

To show that S is symmetrical, it should be noticed that for any

solution of Maxwell’s equations for zero loss there is another one with

time reversed. For example, if

is a solution,

E(r, 6, <t>,t) = 2j
Re

m,n

E(r, 6, <f>, -t) = ^ Re ^ Re (M'mV'“0

(75)

is also a solution. However,

M' =

R X V {PIT 1 (cos 6) cos m<t> — [
ajfn) (kr) + b8H (2) (kr)]yb1

and

M*' =
(7C>)

R X V {P^cos 0) cos [a*If ri) (kr) + b*H (l) (kr)]

\
y/kr

Thus from Eq. (76), if Sa = b represents a solution of Maxwell's equa-

tions, then another allowable solution is

or

therefore

Sb* = a*. (77)

1
- (77) is

S*b = a

S*-'a = b; (78)

S *-1 = S. (79)

Eq. (74), it can be seen that

§ = S (80)

and S is symmetrical. It should be noticed that the symmetry property

depends upon the fact that the angular dependence of M' is pure real.

9-20. Scattering Matrix of Free Space.—When there is no antenna,

the wave amplitudes a\ and 61 are meaningless and consequently the
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scattering matrix has its first row and column omitted. The relation

Eq. (686) requires that the remainder of the scattering matrix be just the

identity matrix

(J )

;
l 0 0 ..

i
0 1 0 .. ..

0 0 1 .. "
(81)

9*21. Scattering Matrix of a Simple Electric Dipole.—Assume that an
electric dipole radiates the mode Mj lf and that it is matched to its

transmission line. It may be assumed also that the antenna does not

affect any of the other modes. The scattering matrix is

0 eia 0 0 0 ..

eja 0 0 0 0 .. ..

0 0 1 0 0 .. ..

0 0 0 1 0 ..

0 0 0 0 1 .. ..

c*’
- - -

It should be noted that the assumption that the antenna is matched

and radiates only mode (2) determines the first column of matrix (82).

The second column follows from the symmetry and unitary property of

S. The first two rows are fixed by the symmetry of S. The remainder

of the matrix is fixed by the assumption that the antenna does not disturb

the other radiation modes. It has the same form as Eq. (81).

Such a dipole antenna will absorb power only from the one dipole

mode that it radiates. It also absorbs all the power incident on the

antenna in this mode. If a plane wave falls on the dipole antenna, the

antenna absorbs the one dipole mode and leaves the rest of the wave

undisturbed. The absorption of the dipole mode may be described as a

dipole wave radiating out from the antenna and having the right ampli-

tude and phase to cancel the dipole component in the plane wave. This

negative wave will be called the scattered wave. Scattering of this type

may be described by the matrix

0 e>'
a

GO II CO 1 CO
©

II €ia __ l
j

°

0
; 0

(83 )
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It should be noted that the power scattered by the antenna is equal to

the power absorbed by the antenna, independently of the type of wave

falling on the dipole.

9-22. The General Antenna.—The scattering matrix of a general

antenna that is assumed to be matched to its transmission line is

0 S 12

s = S21 S22 -- -
(84)

-

There are a few interesting things to be seen about matrix (84). The
first of these is the reciprocity property. Since

Sn l = n, (85)

an antenna that absorbs |<Si„|
2 of the power incident on the antenna in

the nth mode also radiates |&in
|

2 of the total radiated power in this

mode. Similarly, there is a reciprocity for the scattering of one mode
into another by the antenna.

For a unit incident wave in the antenna line, the wave radiated by

the antenna is

0

$21

(86 )

Because of the unitary property of S, a wave incident on the antenna such

that

ai
=

Sti

Sti = b? (87)

will be completely absorbed. It will be recognized that a» is just b r with

a time reversal.

The general antenna is not of great interest. Its generality is so

great that any pile of tin with a transmission line exciting it may be
called an antenna. It is evident on physical grounds that such a pile of

tin does not make a good antenna, and it is worth while to search for some
distinguishing characteristics that can be used to differentiate between an
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ordinary pile of tin and one that makes a good antenna. When the

properties of a good antenna are considered, the only one that stands

out is the general economy of metal. A good antenna does not have an

ensemble of metallic ears, flaps, and springs that play no useful role in

the business of radiating. In other words, there may be two antennas

that have identical radiation patterns. One of them may have miscel-

laneous structures attached to it that are not necessary. Since the

radiation patterns are identical, the patterns cannot be used to distinguish

between the antennas. It might be expected, however, that one antenna

would scatter more than the other. It is worth while therefore to see

what can be done in the way of differentiating between a good and bad

antenna on the basis of scattering.

9*23. The General Scattering Problem.—It is convenient to break the

scattering matrix of a general antenna into two parts

where

S — Si J,- S2,

Sti\

l! !
0 )

0 0

$22

0 0

J J

(88)

(89)

(90)

Similarly, it is convenient to break the column vectors a and b into two

parts

a = a(1) + a(2
\ (91)

a 1
0

0 d'l

0

0
,

a(2) = ci%

0 ~

s >

(92)

The quantities of interest are

Power radiated by the antenna =
Power absorbed by the antenna = £a (2^*SfSia (2\
Power scattered by the antenna = i[(S 2 — l)a (2>]*[(S 2 — l)a (2)

].

(93 )
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The eigenvalue solutions 1 are convenient for the calculation of scattering.

Let

Sa* = skdLk , (94)

where the a* are a complete, orthogonal, and real set of eigenvectors.

The column vectors a* are normalized in such a way that

a*a* = 1. (95)

Thus for each of these eigensolutions, the power radiated by the antenna

is

= ial (96)

where a* is the first component of the k,h eigenvector.

Likewise, the power absorbed by the antenna is

iap*srs iai
s> = (97)

if

* II
to to

1 la (98)

the scattered power is

*f?f*. (99)

However,

U = (S - l)a* - S iai» - (S - l)ai», (100)

f* = (sk
- l)a* - SiaS® - (S - 1)3^, (101)

but

S,a?> = s*ai‘>,

and

S 2a (

,
11 = 0.

Therefore

fk = (s* - l)a* - at1
' + a't

n - S,ai»

.
= («*- l)ai« - Stfj". (102)

If the first column of S is designated by the column vector

HI
(103)

v f

then S 1ai
l> = o*r, and therefore

h = (s* - l)ap - o*r._ (104)

The scattered power is £ of

fff* = («J
- 1)(«* - l)ars

-ai
s

> + air*r - (a? - l)a*a?>*r
-

(8k - l)o*r*ajt!> . (105)

1 See Chap. 12 for the mathematical formulation of eigenvalue solutions.
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Since a* is pure real,

Also

= ra^ = skak ,

f*aP - a?afc .

r*r = 1,

(106)

ftf* = fof - !)(•* - 1)SW + [1 - (st
- l)s* - (a* - l)s*]af. (107)

It should be noted that

[^a^](r*r) ^ [6?>r][r*a?>]. (108)

From Eqs. (106) and (108)

a(W ^ = a|;

therefore

f?f* ^ [Wf ~ !)(** - 1) + 1 - («* ~ 1)«* - (** - l)«J]ai,

ftf* £ (2 - = a\.
t

(109)

Thus the scattered power for an eigensolution is always equal to or greater

than the absorbed power.

9-24. Minimum-scattering Antenna.—A minimum-scattering antenna

will be defined as an antenna for which the scattering is a minimum for

each eigensolution. Under this condition, Eq. (109) becomes an equality

for all k. It is to be expected that of all antennas producing a given

radiation pattern, any minimum-scattering antenna will be the least

like a pile of tin. However, it remains to be seen if any arbitrary antenna

pattern can be obtained with a minimum-scattering antenna.

In order for f*f* = a\ in Eq. (107), either

4
2) = al (110)

sk = 1. (111)

It is clear that Eq. (Ill) cannot be satisfied for all k
,
as this would yield

the identity matrix for the scattering matrix and this corresponds to no

antenna at all. In order for Eqs. (106), (106a), and (110) to be satisfied

for some value of k (k = 1, for example) it is necessary, however, that

ai
2) = ef'ai r*, (112)

where the phase factor y is real.

If Eq. (112) is multiplied by Si,

but

Siai" = e^aiSir* = e”a[l)

;

S xap = sia
(

!

l)
.

Therefore

$i = rjy . (113)
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Now either the remainder of the eigenvalues are equal to unity, or

there is another eigenvalue

52 7^ 1, (114)

but then

a* f2,a (

2
2) = al (115)

Because of the orthogonality of the eigenvectors,
•

a2*ai = 0, (116)

a*(S>a<i) = a2(Ii) (117)

and
a£“ = —c~l

'
ra2 r*) (118)

also

s 2 = — Si = —eiy
. (119)

This exhausts the class of all eigenvectors with eigenvalues not equal to

unity. This follows because Eqs. (112) and (118) are the only pure real

vectors of this form. The remaining alternative, with

s 2 = 1, '

,
(120)

will be considered later.

The scattering matrix may be computed as follows:

S = TSdT- 1

, (121)

where T is a matrix with the eigenvectors normalized to unity as columns

and Sd is a diagonal matrix with eigenvalues as entries. From Eq. (110)

it can be seen that for the eigenvectors normalized to unity which satisfy

that equation,

l«i| = N =

It can be assumed, without loss in generality, that a\ = a2 = — In

order to simplify the notation let

(123 )
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S„

s, 0 0 0

0 -8! 0 0

0 0 10
0 0 0 1

Equation (121) can be written as

S = T(Sd - l)T-‘

Since

T~‘ = t,

Eq. (125) is easily evaluated.

S = h

(si - 1)

(«l - 1)02

(Si — 1)03

-(s, + l) 0 0

(8, + 1)02 0 0

(si + l)ff3 0 0

-1

8 102

$1<72 $l</3

~Q\ — <72^/3

— r/af/2 — r/I

(124)

(125)

(126)

1 9i g 8

1 —02 —0S

+ 1. (127)

"b 1* (128)

Equation (128) can be simplified somewhat by choosing the terminals in

the antenna transmission line in a new place. It is possible to choose this

location so that

then

8 , = + 1
;

0 02 03

02 (1 - 02 ) -0203

03 -0302 (l - gl )

(129)

(130)

It will be recalled that there was a second alternative to Eq. (114)

which is that

s 2 = 1. (131)
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By following through a procedure analogous to that leading to Eq. (128),

it may be shown that the condition

requires that

Six = 0

Si = —
1,

(132)

(133)

and this leads to a scattering matrix of the form Eq. (130).

The scattering matrix (130) has some interesting properties. It is,

for one thing, pure real, and this introduces a symmetry in the antenna

pattern. To see this, note that if a is the column vector of a plane wave
incident on the antenna, then a* is the column vector of a wave incident

from the opposite direction. Thus if

then

Sa = b, (134)

Sa* = b*.

Thus the components of b* differ only in phase from those of b, and the

gain of the antenna in one direction is identical with that in the opposite

direction.

Another property of antennas to which the scattering matrix (130)

applies is that they scatter radiation with the same pattern that they

normally radiate. To see this, it should be noted that the radiation

pattern of the antenna is given by the first column of matrix (130).

On the other hand, the matrix that represents the scattering of the

antenna is

0

-<A
o -gm

o

-<72<73

-<A
(135)

This matrix is of such a form that any column vector operating on it

yields a column vector of the form

o'

02

- 9*
.

where c is some number.
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It can be easily verified that the scattered power is always equal to

the absorbed power, independently of the mode of excitation. If the

incident wave is represented by

the power absorbed by the antenna is

Pa = i(fa)Tra), (137)

where r has the same significance as in Eq. (103). The power scattered

by the antenna is

P* — i[(sT—*5o)a]
+

[
(S 2 — S 0)a]

,
=*[(ra)r]*[(ra)r]

= £(ra)*(fa). (138)

Thus the scattered power is always equal to the absorbed power.

To recapitulate, a minimum-scattering antenna has identical gain in

opposite directions. It scatters with the same antenna pattern that it

radiates. It always scatters the same power it absorbs. A dipole

antenna is an example of such a minimum-scattering antenna.



CHAPTER 10

MODE TRANSFORMATIONS

By E. M. Purcell and R. H. Dicke

Waveguides are usually designed to have only one propagating mode
over the frequency range within which operation is intended. In the

neighborhood of discontinuities in the guide, to be sure, the electromag-

netic field cannot be described by a single mode, but the higher, non-

propagating modes that are there excited die out quickly with distance

from the region of the discontinuity, and only the dominant mode,

represented by a wave running in each direction, remains. As has been

seen, this circumstance greatly simplifies the analysis of waveguide

circuits, for it allows any length of guide of uniform cross section to be

treated as a simple transmission line. In many instances, however,

the waveguide-circuit designer must concern himself with the properties

of guides that admit more than one propagating mode at the frequency

used. Some of the practical reasons for interest in such questions are:

1. The special types of symmetry that some of the higher modes

possess can sometimes be utilized to advantage. The waveguide

rotary joint based on the axial symmetry of the 7W 0r-mode was

the first such application and remains one of the most important.

2. The attenuation of a running wave in a waveguide, which is the

result of the finite conductivity of the walls, decreases as the wave-

guide is enlarged in cross section for a given frequency and a given

mode. When attenuation is unusually costly, it may be desirable

to use for transmission either the lowest mode, in a guide too large

to prevent propagation of other modes, or a higher mode such as

the TEoi-vnode for which the decrease of attenuation with increasing

guide dimensions is exceptionally rapid.

3. In waveguides of circular cross section there is no single lowest

mode. Rather, for any arbitrary choice of a direction perpendicu-

lar to the axis of the guide, there are two modes with identical

cutoff wavelengths distinguished by the polarization which may
be parallel or perpendicular to the reference direction. 1 Propaga-

tion of this type provides the guided-wave counterparts of the

1 The lowest mode is likewise double, or degenerate, in, this sense for a guide whose

cross section is a square or any figure of 4n-fold .symmetry, blit the choice of axis is

then not wholly arbitrary.

334
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multitude of effects associated with elliptically polarized light and
lends itself to a variety of uses.

From a theoretical point of view the propagation of two modes,

rather than just one mode, in a uniform guide is a subject of limited

interest. It was pointed out in Sec. 2*18 that the normal modes are

orthogonal and should therefore be treated entirely independently, at

least in regions remote from discontinuities or nonuniformities in the

guide. Thus, the problem of a uniform guide carrying power in, for

example, n modes is formally identical with the problem of n separate

guides each permitting propagation in its fundamental mode only, these n
guides being connected together in various ways at certain junction

points. The latter may be thought of as corresponding to discon-

tinuities or irregularities in the guide carrying many modes simultane-

ously, since they serve to transfer energy from one mode to another.

It is these junctions which will demand most of our attention in this

chapter. Such a junction will be referred to as a mode transducer. This

is a broad and rather loose use of a term which in circuit theory is custom-

arily applied only to two-terminal-pair networks.

10-1. Mode Transducers.

—

The early literature on waveguides 1 con-

tains many descriptions of means by which a particular waveguide

mode can be excited. Usually the means suggested involve one or more

antennas projecting into the guide and driven in appropriate phase

relation to one another. This technique is illustrated by the elementary

examples of Fig. 10*1
,
which shows how the TE2o-mode in a rectangular

waveguide might be excited from a coaxial line.

In Fig. 101a the coaxial line is made to branch at A into two lines

that are carried above and below the guide, respectively, to drive antennas

B and C. These antennas are displaced by the same distance S/2 on

either side of the center of the guide; and because they are driven in

phase
,
the total length back to the junction A being the same for each

branch, there is no excitation of the fundamental TE'io-mode. The

TE20-mode, however, is excited. If the dimensions of the guide are so

chosen as to permit propagation of the TE i0- and TE^o-modes only,

transmission will actually be effected only by the TE^o-mode if it is

assumed that perfect geometrical symmetry has been realized. Several

adjustable parameters are available, notably d
}
h

,
and S in the figure, by

which one might hope to satisfy some additional electrical requirement,

1 R. I. Sarbachcr and W. A. Edson, Hyper and Ultrahigh Frequency Engineering
,

Wiley, New York, 1944, Sec. 6- 14, p. 201, Sec. 8-8, p. 309; J. G. Brainerd, G. Koehler,

H. J. Reich, and L. F. Woodruff, UUra-high-frequency Techniques
,
Van Nostrand, New

York, 1942, Chap. 14, p. 479; F. E. Terman, Radio Engineers } Handbook
,
McGraw-

Hill, New York, 1943, Sec. 3, p. 261.
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1

such as that of an impedance match looking into the coaxial input line

when the waveguide has a reflectionless termination.

In Fig. 10-16 a similar transformation is effected in a different way.

The antennas B and C are brought in from the same side of the guide and

symmetrically disposed but are driven exactly out of phase, the line AC
being made just one-half wavelength longer than AB ; Again the

T2?2<rmode is excited, and the TE i 0-mode is not. Whereas in the device

of Fig. 10-la the achievement of “mode purity,” that is, the freedom from

excitation of the !F2?io-mode, depends on geometrical symmetry only,

this is not true of the circuit of Fig. 10- 16. The extra section of line,

nominally one-half wavelength long, will vary in electrical length if the

frequency is changed. Thus, if extreme mode purity over a band of

frequencies is a requirement, the scheme 6 is not a good one. This

illustrates one of the practical considerations that influence the design of

mode transducers.

There is another difference between the circuits of Fig. 10* la and 6

which should be noted in passing. If the waveguide were large enough to

allow still higher modes to propagate, these would, in general, not respond

in the same way to excitation by the two probe arrangements a and 6.

The TEti-mode
,
for example, the field configuration of which may be

found in Fig. 10*2, would be excited by the system of Fig. 10-16 but not

by that of Fig. 10-la, whereas the converse is true for the TEu-mode.
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The essential difference between the antenna configurations a and b of

Fig. 10T is that the former is symmetrical about a line or axis running

longitudinally down the guide whereas the latter is antisymmetrical about

a vertical plane through this axis.

Schemes of this sort can be elaborated in nearly endless variety.

Also, use could be made of suitably placed current loops rather than the

antennas of the electric type shown in Fig. 10T. There are, however,

difficulties associated with loop antennas if strong coupling—for example,

an impedance match—between transmission line and waveguide is

desired. In this case the loops are necessarily large, and large loops do

not behave as simple magnetic dipoles.

The methods thus far discussed have not actually found wide use in

microwave engineering for the
reason that their application is con-

fined to transitions between coaxial

line and hollow waveguides. If it

is desirable to use hollow wave-

guides for transmission because of

the advantage in power-handling

capacity or because of their con-

venient size, it is usually desirable

for the same reasons to exclude even

short sections of coaxial line from the circuit.

Waveguide-to-waveguide transitions, with a change in mode, are

sometimes effected in a manner that resembles the multiantenna method
already described. Figure 10-3 shows a transition from the TE i 0- to

the TJ£ 2<rmode in rectangular guide. The coupling between the guides is

Fia. 10-2. —Field configurations for the
TE 21-inode.

Fio. 10-3.— Coupling from the TEur-mode in one waveguide to the T7? 2o-mode in another

by means of small holes.

effected by two small holes separated by a distance equal to one-half the

wavelength of the TEio-mode in guide (1). If the holes are not too large,

the magnetic field in one hole due to a wave in guide (1) will be just

opposite to the field in the other, which is the condition required for

excitation of the TE*o-mode in guide (2), without simultaneous excitation
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of the riJio-mode. The coupling is weak, however; that is, a wave
entering guide (1) will be almost totally reflected, only a small fraction

of the power being transferred to guide (2) when guide (2) is provided

with a reflectionless termination.

If strong coupling is desired—for definiteness, let us say a matched

condition—two courses are open. The nearly total reflection could be

compensated by an impedance-matching element, which could be placed

in either guide. For example, an inductive iris might be included in

guide (1), as in Fig. 10-36. In effect, this creates a resonant cavity at

the end of guide (1). The matched condition would be attained only

over a very narrow frequency range, and the resistive losses in the part

of the guide that forms the cavity would be greatly increased, as would the

Plunger

(a) (b

)

Fig. 10-4.—Matched mode transducer from the TE 10- to the TE 20-mode.

electric field strength, for a given power transfer. For some purposes,

however, this might not be objectionable.

The original transducer can be altered in another way, by enlarging

the coupling holes. If this course is pursued in an effort to obtain a

matched mode transducer, the elementary explanation of the action of

the two coupling holes soon loses its validity. Instead, there exists a

complicated field configuration not easy to analyze, and there is no longer

any assurance that only one mode will be excited in guide (2). Never-

theless, it may be possible to achieve the desired result by a cut-and-try

procedure, in which one or more geometrical parameters are systematic-

ally varied and their effect upon the impedance match and upon the

excitation of the unwanted mode in guide (2) is examined. Perhaps the

simplest example of this treatment is shown in Fig. 10-4. Here the entire

wall common to the two guides has been removed. A plunger in guide (a)

provides an adjustable parameter which is found, experimentally, to

control the excitation of the TEio-mode to a considerable degree. In one

specimen of this type, the fraction of the power incident on the junction

from guide (1) which was transferred to the TUio-mode in guide (2) could
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be reduced to 0.001 by adjustment of the plunger. At this plunger

setting, moreover, the reflection of incident power was not large and could

be eliminated by a relatively minor impedance transformation introduced

ahead of the junction in guide (1).

The final junction, shown in

Fig. 10*46, belongs to a class of

mode transducers of considerable

importance in microwave engi-

neering. Such transducers are

characterized by an abrupt change

of mode effected in a space that

is closely coupled to both input

and output pipes. The stored

energy associated with this region

is small, and as a result the

properties of the junction do not change rapidly with frequency (Chap.

5). The transducer shown in Fig. 10-5 belongs to this class also; it

effects a transformation from the TE i 0-mode in rectangular guide to

the TA/oi-mode in round guide.

Fig. 10-6.—Mode transducers that employ a taper from one mode to another, (a) llec-

tangular-to-round transition, (b ) transition from the TE 10- to the TEso-mode.

A different approach to mode-transducer design is suggested by the

tapered transmission line. It has already been pointed out (Chap. 6)

that waveguides of different characteristic impedance can be joined in an

Fig. 10-5. Transducer from the TE 10- to the
I'Moi-mode.
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almost reflectionless manner by means of an intermediate section in

which a gradual change from the dimensions of one guide to those of the

other takes place. Provided this tapered section is at least a few wave-

lengths long or, more precisely, if the change of cross section per wave-

length is slight, propagation through the composite guide occurs with

very little reflection over a wide frequency band. This principle is

applied in the “ rectangular-to-round ” taper frequently used to connect

a rectangular guide operating in the TJ^io-mode to a guide of circular

cross section operating in the TEn-mode (Fig. 10-6a). Since the two

modes involved have essentially the same character, this device scarcely

Kit;. 10-7.— Transducer for converting from 7 ’A’ 20-mode in rectangular guide to 7
,

A’ni-mo<ie

§
in round guide.

deserves to be called a mode transducer. Fig. shows a “ taper” by
which the transformation from the TE i0- to the TE 2o-mode can be

effected in a gradual manner. The operation of this taper should be

self-evident if the reader will notice that the abrupt cessation of the

dividing wall at A can have no effect on the propagation of the TE20
-

mode, because the currents that flow on the two sides of the wall are equal

and opposite.

The TE2(rmode in rectangular guide can, in turn, be converted into

the TE01-mode in round guide by the transducer sketched in Fig. 10*7.

Successive sections through the transition section are shown, and the

field configuration is indicated.

10-2. General Properties of Mode Transducers.—The general state-

ments that can be made about mode transducers are few and follow
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immediately from the observation that a waveguide in which n modes
can propagate is equivalent to n guides, in each of which only one prop-

agating mode can exist. Thus, the properties of a junction of m guides

supporting rt\
y
n2 ,

. . . nm modes, respectively, can be described by an
N-hy-N impedance matrix, N being the total number of propagating

modes, or N = The basis for this assertion is the orthogonality

of the waveguide modes, which ensures the absence of cross terms involv-

ing the fields of two or more modes from the expression for the power flow

normal to a boundary surface drawn across a guide.

To such a junction, then, all of the general theorems of Chap. 5 may
be applied. The symmetry of the impedance matrix is again an expres-

sion of the reciprocity theorem or, in this case, of the reversibility of the

mode transformation. To be sure, this result is fairly obvious, and it

was not stressed in the preceding section in which each transducer was

described arbitrarily in terms of a wave incident from one side only.

The transducer of Fig. 10-4 can be described by a 3-by-3 matrix,

Z = Z
Z 13

Z 12

Z 22

Z 2 3

^ 13

Zu >

Z33

in which the subscript 1 is identified with the TE i 0-mode in the narrow

guide and the subscripts 2 and 3 with the TE20
- and TE 10-modes, respec-

tively, in the wide guide. If the junction is lossless, an allowable assump-

tion for junctions of this type, the elements of Z are all imaginary. An
ideal transducer of this sort would be characterized by

Z 23 — Z 13 — 0
, ( 1 )

tmd Zu — Z 22 — 0,
| /Q)

Z\ 2
- Zi,Z 22 - 1 = 0 .)

v

Equation (1) expresses the fact that the TEi 0-wave in the wide guide is

not excited by the other waves. Equations (2) state the condition for a

matched transition between terminals (1) and (3). Since the 3-by-3

impedance matrix for the lossless case originally contained six unknown
quantities, the application of Eqs. (1) and (2) leaves only two quantities

to be specified. One of these can be identified at once as Z 33 ;
the remain-

ing quantity is to be associated with the equivalent length of line between

terminals (1) and (2). The result that has been obtained is perhaps so

obvious as to command little respect. It amounts to the statement that

an ideal mode transducer is equivalent to a lossless matched two-terminal-

pair network and hence to some length of uniform line.

The third terminal pair is completely disconnected from the remainder
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of the system, by virtue of Eqs. (1). A wave incident from (3) will be

totally reflected as if, for this mode, there existed a short circuit some-

where within the transducer. The apparent position of the short circuit

is specified by Z 33 .

In practice mode transducers are not quite perfect, either because

they are not perfectly matched or because an appreciable amount of

energy is transferred to the unwanted mode or for both reasons. A
slight mismatch is usually tolerable and in any case presents no new

problem. Excitation of one or more unwanted modes, on the other hand,

often proves very troublesome. It is in the examination of this problem

that the description of a transducer as an n-terminal-pair device is most

helpful.

If a transducer is considered such as the one in Pig. 10*4, it is seen to

involve only one unwanted mode and can be regarded as a three-terminal-

pair device. The general three-arm lossless junction has the property

(Chap. 9) that a short circuit suitably located in one arm, say (3), entirely

decouples the other two arms from each other.
#

Hence, no matter how
weak the excitation of the unwanted mode, if it happens that the energy

transferred to that mode is sub-

sequently reflected back, without

loss, to the junction and in pre-

cisely the most unfavorable phase,

there will be no transfer of energy
Fig. 10*8.—Interconnection of two threo-

terminal-pair networks.
between guides (1) and (2) in the

steady state. A wave incident

upon the junction from guide (1) or from guide (2) will be totally

reflected. A situation like this can arise when two mode transducers

are connected together by joining the multimode pipe of one to the

corresponding pipe of the other. This is equivalent to connecting

two three-terminal-pair networks as in Pig. 10 8. The behavior of the

combined network may be expected to depend critically on the length of

the connecting pipe.

Little can be said, in general, about junctions involving more than

three modes. In special cases symmetry conditions may simplify the

solution. An example is provided by the junction shown in Fig. KMa
which, if the plunger is removed, becomes a four-terminal-pair device.

It is a very special four-terminal-pair device, however, for inspection

discloses that in so far as the four propagating modes are involved, it has

precisely the symmetry of the magic-T four-junction. The T2£ 2o-mode

in arm (2) plays the role of the series branch of the magic T. Thus
any result derived for the latter junction applies at once to Fig. 10-4a.

It is interesting, although perhaps disappointing, to note that there is not



Sec. 10-3] THE PROBLEM OF MEASUREMENT 343

obtained thereby a theoretical prediction that the plunger in Fig. 10*4

can be adjusted to eliminate excitation of the T^i0-mode in the wide

guide. That is to say, the magic-T four-junction does not belong to the

class of four-junctions that are equivalent to two cascaded three-junctions

(see Chap. 9).

If a mode transducer cannot be assumed to be lossless, the only general

statement that can be made about it is the statement of the reciprocity

theorem.

10*3. The Problem of Measurement.—When two or more modes are

excited in the same waveguide, it is not easy to determine by measure-
ment the amplitude and phase of each. The difficulties are mainly

practical ones, which would not arise if the experimenter had at his dis-

posal infinitesimal probes that could be moved about within the guide

at will without disturbing the existing fields.

Only in exceptional cases is the usual slotted-line technique applicable,

for it is usually impossible to cut in a guide a slot that will be everywhere

parallel to the lines of current flow in each of the two modes and will

therefore seriously disturb the field of neither. One such exception is

found in the case of a guide of circular cross section carrying the TEU-

and TM Oi-modes, neither of which is modified by the presence of a narrow

longitudinal slot. A probe in the form of a small antenna can be moved

along such a slot, as in the usual standing-wave experiment, and a quan-

tity can be measured that is some function of a linear combination of the

amplitudes of the four traveling waves, two of which are associated with

each mode. The interpretation of the “standing-wave” pattern so

obtained is a more complicated affair than in the case of a single mode.

For example, if the guide is matched for both modes so that there are two

waves only, running in the same direction, the power picked up by the

probe will nevertheless go through maxima and minima as the probe is

moved along the guide. The reason for this is the difference between the

guide wavelengths X„i and X„ 2 of the two waves. Suppose that Jp ,
the

rectified probe current, is proportional to the square of the electric field

amplitude at the probe and that x measures the position of the probe

along the guide. Then,

Jp £2
|^/(2*-x/xbo q- })i>i

6ei{2rx/x, 2
)|

2
, (3)

where be’
9 accounts for the relative amplitude of the second wave and its

phase relative to the first wave at x = 0. The distance between succes-

sive positions of maximum I p is

Xy iXjj/2

(X.1 - Xp,)
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and the apparent “ standing-wave ratio” is

Ip max _ (1 + b )
2

Ip min (1 &)
2

An analysis of the fields within such a guide, even when several waves

are present, can be made on the basis of a number of probe readings taken

at points distributed along the guide. In principle, six probe readings

should suffice to determine the six quantities of interest: the relative

amplitudes of the four traveling waves (three numbers) and their relative

phases at some reference point

(three numbers). This, of course,

assumes that the guide wave*
length for each mode is previously

known as well as the relative

degree of coupling to the probe,

that is, the field at the probe in

each mode when equal power is

flowing in the two modes. If slots

are ruled out, as they often are,

fixed probes may be used. These

may take the form of small holes

in the guide walls coupling to

external guides to which a detec-

tor can be connected. In any
case, the deduction of the desired

quantities from several probe
Fig. 10*9.—Proix?s for detecting the 7\Uoi- readings is a process discourag-

mode
- ingly tedious and probably inac-

curate unless the circumstances permit simplifying approximations.

A difficulty that may arise from the use of a probe is the coupling

between the two modes caused by the probe itself. This is especially

troublesome when one of the modes present has a low intensity. The
difficulty can be avoided, at some cost in complexity, by a scheme that

also furnishes a method for measuring the amplitude of one mode alone

in the presence of the other. Let the circular guide supporting the

TEn- and TM 0i-modes be provided with two diametrically opposite

longitudinal slots and a traveling probe for each slot, as shown in Fig.

10*9. If the transmission lines coming from the probes are joined

together externally at a point equidistant from the two probes, the volt-

age at this junction point will be a measure of the amplitude of the

TMoi-mode only. Of course, this is merely an application of the multi-

antenna mode transducer described at the beginning of Sec. 101. The
principle can obviously be extended to any mode configuration if the

complexity of the resulting apparatus can be tolerated.
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When there are more than two allowed modes, the difficulty of

quantitative determination of the fields within the guide becomes indeed

formidable. In many cases, however, it is possible to ascertain the prop-

erties of the mode-transducing junction through measurements made in

the single-mode guide that usually forms one arm of the transducer.

Consider such a transducer, exemplified by the devices shown in Figs.

10*1 and 10*5, which serves to couple a guide carrying only one mode to

another guide in which more than one mode can propagate. For brevity,

the single-mode guide will be referred to as A and the multimode guide

as B . It is assumed further, for simplicity, that only two modes are

excited; the desired mode (2) is strongly excited, whereas the mode (3)

is excited only weakly. The following remarks thus appjy to the TE i0
-

to 7Woi-mode transducer of Fig. 10*5 if the junction is free from irregu-

larities that would introduce asymmetry and result in the excitation of the

77?u-mode as an elliptically polarized wave in pipe 5, which is in this

case the circular guide. Let us see how the electrical properties of the

junction can be determined from standing-wave measurements made in

guide A only. While the procedure to be described is a practical one, it is

discussed here chiefly as an application of the ideas of the preceding

section.

It should be noted at the outset that one operation which can be

performed on the waves in pipe B in a nearly ideal manner is that of

reflecting them from a short-circuiting plunger, which fits snugly into

pipe B and the face of which is a flat metal surface normal to the axis of B .

Such a plunger introduces no coupling between modes. Moreover,

because the phase velocities of the two modes in B are different, motion of

the plunger varies the terminations of the two modes at different rates.

It was shown in the preceding chapter that an equivalent circuit of

the form shown in Fig. 10T0 can be drawn for a lossless three-terminal-

pair network, and this representation is convenient for the present pur-

pose. Three of the parameters in this general description are the line

lengths Zi, Z 2 ,
and Z3 ,

which are of no immediate concern. The other

parameters are the turn ratios ni 2 and ?ii 3 of the two ideal transformers,

and the convention is adopted that ?ii 3 < 1 for a voltage stepup from line

(1) to line (3), which is the situation suggested in Fig. 10*10. The ideal

transducer is then characterized by n i2 = 1, riu = 0. The case of inter-

est, however, is rin = 1, 0 < tin « 1.

The plunger in pipe B now serves to connect to lines (2) and (3)

impedances Z 2 and Z 3 which, but for losses in pipe B
,
would be pure

reactances jXi and /XV Any combination of Xi and X2 can be realized

if pipe B is long enough and if the guide wavelengths of the modes in B
are incommensurate. Measurements of the impedance of the junction,

as seen from pipe A, for a sufficient number of plunger positions provides,

in principle, information from which the parameters of the equivalent
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circuit can be determined. If tin « 1, as assumed, it is well to examine

the situation more closely. In particular, suppose that the most sig-

nificant piece of information required is the value of rin, which is a meas-

ure of the degree of coupling to the unwanted or parasitic mode. The
effect of nis will be most pronounced at plunger positions for which the

line (3) is terminated in a very high impedance. In fact, if there were no

loss in line (3), total reflection of power incident from A would result

when the distance of the plunger from the transformer, which, of course,

includes the distance h> was (2n + 1) X 03/4, n being an integer and \0l

denoting the guide wavelength for the mode in question. Actually,

because of attenuation in B, Z 3 will not become infinite but will be very

large when theplunger is near the position just specified.

Fig. 1010.— Equivalent circuit of a lossless three-terminal-pair network.

The behavior of Z 2 and the resulting variation of the impedance Z\

observed at the terminals (1) can be analyzed by applying the trans-

mission-line formulas. Suppose that the total distance L between the

transformer rin and the plunger is close to m\ gJ\ (ra = 1, 3,
• •

•) so

that kL = 2ttL/\0 ==. wtt/2 + 0, where 0 « 1. Let the attenuation con-

stant for this mode in B be denoted by a (as in Sec. 2*16, for example).

If a\ « 1, as is usually true, an approximate formula for Z 2 is easily

derived

The impedance connected to line (2) can be treated as a reactance

jXif
even though the attenuation constant of mode (2) is comparable to

that of mode (3) if plunger positions in the neighborhood of L2 = m\gJA
are excluded. The impedance seen looking to the right, at T

,
can then

be written
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A measurement of the standing-wave ratio in A, as a function of

plunger position, will disclose sharp minima, and it is in these regions

that Eq. (6) applies. If the variation of X 2 through such a narrow region

is neglected, the impedance ZT will traverse a curve in the J?Z-plane

similar to that drawn as Curve I in Fig. 10- 11 a, as the plunger is moved
through a region m = wij.

For ra 2
,
some other value of m, the impedance Z T will trace out Curve

II, which is similar to Curve I but displaced by a different value of X 2 .

Now if m i and ra2 are both fairly large, and if \rrii — ra2
\
« mh the

maximum resistance observed at T will be approximately the same.

Curves I and II, if transformed to

the Smith chart of Fig. 10- 116,

will then come close to the same
resistance circle, provided the ref-

erence plane T has been properly

selected. Since the position of T
(governed by the length Zi) is not

known in advance, the procedure

is to plot the observed standing-

wave ratio and the corresponding

plunger position, measured in

units of \o2y on the Smith chart.

The whole diagram can then be

rotated until the circles so obtained touch the same resistance circle.

Thus, with some approximations, the position of T has been found, and

if a is known Wi 3 can be immediately computed.

The degree of coupling between mode (3) and the rest of the system

can be estimated in another way if it can be arranged to excite in guide B
this mode only. Such a wave, incident on a perfect transducer, will be

totally reflected, as has already been noted in Sec. 10*2. If ?i u > 0,

however, there will be transferred to the other modes a small fraction of

the incident power, a measurement of which will at once determine tin.

10*4. Mode Filters and Mode Absorbers.—The example just dis-

cussed in Sec. 10-3 could have been analyzed much more easily had it

been possible to assume that guide B was terminated in a matched load

for mode (2) at the same time that mode (3) was totally reflected. The

term jX 2 in Eq. (6) could then be omitted. In other words, a terminat-

ing element capable of reflecting one mode totally while absorbing another

Fig. 1011.—Impedance loci in the neigh-

borhood of resonances.
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or transmitting it without reflection would be useful. In any given case,

the electromagnetic field configuration of the modes in question will

suggest at once means by which, at least in principle, this can be achieved.

Figure 10- 12a and 6 shows two such selective devices. Each consists of a

screen of conducting wires (supported, if necessary, by a thin dielectric

sheet). The wires are, respectively, perpendicular to the electric fields

of the TMoi-mode (a) and the TE0i-mode (6). Hence the screen a

will transmit TM 0i-waves without reflection but will reflect, at least

partially, TZ^oi-waves and others such as those of the TMn-mode.
Conversely, the screen b transmits TE0 i-waves.

Modes that are reflected by such a screen, or mode filter ,
will not, in

general, be totally reflected. The reflection coefficient will depend on the

diameter and the number of the wires. In fact, such a screen can be

regarded simply as a shunt susceptance, similar to a metal post in a

10*12.—Wire mhooii* for .selective t ran»tniH«ion of (a) 7\Uoi-mode and (6) 'T/£oi-mode.

rectangular guide. As a practical matter, it is difficult to achieve a very

large reflection coefficient for one mode without causing appreciable

reflection of the mode to which the screen is intended to be transparent,

since complete transparency presupposes wires of infinitesimal diameter.

In certain special cases, one of which is represented by Fig. 10*126,

conducting sheets parallel to the guide axis may be employed. If each

wire of the screen of Fig. 10*126 is translated along the guide, it generates

a septum, and through these septa the TEoi-waves will pass undisturbed.

Such a scheme is obviously limited to TE-modes, since the equivalent of a

“ magnetic wall” does not exist.

An important variant of Fig. 10* 12a makes Use of a single resonant

ring, instead of the concentric rings of wires, to reflect 77?n-waves. Such

a closed resonant ring would not totally reflect 7
7AT

0 i-waves.

The application of waveguide-circuit analysis to mode filters them-

selves is straightforward and not particularly interesting. If the filter

in question does not couple one mode to another, it is necessary to insert
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in each of the equivalent single-mode transmission lines the appropriate

impedance element.

If the wires shown in Fig. 10-12 are not perfectly conducting, the

resulting device is a selective mode absorber . It is not easy in practice

to constrict a mode absorber that presents a matched load to one mode
and that transmits another freely. This is not always necessary, how-
ever. Often it is required merely that sufficient selective attenuation be
introduced in a multimode guide that connects two mode transducers to

avoid difficulty arising from a resonance. This problem was suggested

in the preceding section, the results of which are immediately applicable.

Let us suppose that the transducer to which Fig. 10*10 applies is

provided with a matched termination for mode (2). This might, in

practice, take the form of a similar transducer connected to transfer back
to the single-mode guide. If the term jX2 in Eq. (6) is replaced by
unity, it is noted that the maximum reflection of a wave incident from

pipe A will occur when 0 = 0, and the standing-wave ratio pa in A can

then be written, if p is not large, as

PA 1 «
4W

1 3

m\ U3a
(7)

— m\9a

Now e
4 is the attenuation of the amplitude of a wave running one way

between the junction and the plunger in line (3). This might be written

more generally as e
~y

,
including the effect of any mode absorber intro-

duced into pipe B. Then

Pa 1 ~
7

(8)

It should be noted that the quantity (/tu)
2

,
which has been used to specify

the coupling of the unwanted mode, is approximately [(ni3)
2

<3C 1] the

ratio of the power transferred into mode (3) to that transferred into mode

(2) when both are terminated without reflection. If it is required for a

given application that pa — 1 shall not exceed a specified number, regard-

less of the distance between the junction and the reflecting termination

of the parasitic mode (3), Eq. (8) prescribes the amount of attenuation

that must be provided in pipe B by a selective mode absorber.

10*5. The Tfn-mode in Round Guide.—The rZ?n-mode in wave-

guide of circular cross section, which was mentioned at the beginning of

this chapter, deserves special attention. Propagation can occur in two

modes simultaneously in such a guide, but there is an essential arbitrari-

ness in the description because the two modes have identical cutoff

frequencies and because there is no unique direction to fix the

coordinate system in which the field configuration is to be described.
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First, two mutually perpendicular planes through the axis of the guide

may be selected, and modes (1) and (2) may be defined as the two TEU-

modes with electric fields parallel and perpendicular respectively to

each of these planes. Any wave in this pipe, for example a wave polar-

ized in a plane making some angle with the two chosen planes, can be

represented as the sum of waves associated with modes (1) and (2).

The wave, in other words, can be resolved into what will be called two

basic 'polarizations. The basic polar-

izations need not be perpendicular

to each other, but this choice is

usually convenient; and if it is made,

the modes (1) and (2) will be said to

be orthogonal.

Figure 10* 13 shows how a plane-

polarized wave at some arbitrary

Fio. 1013—Resolution of a plane- polarization angle may be resolved
polarized wave into two basic waves. into twQ basic polarizations. It is

clear that there is nothing fundamental about the particular directions

chosen for the basic polarizations. If these basic polarizations are rotated

to a new position, an alternative representation is obtained for the plane

wave.

In a similar way two plane waves may be superposed to make a circu-

larly polarized wave as shown in Fig. 10- 14. Thus, a circularly polarized

wave may be said to be resolvable into these two basic polarizations.

Basic waves need not be taken as

plane polarized. For instance,

it is well known that two circu-

larly polarized waves can be com-
bined to form a plane-polarized

wave. Thus the two circular

polarizations form a possible set

of basic waves.

For the analysis of circuits

and circuit elements employing

the TEn-modes, a description by means of scattering matrices, which

were introduced in Sec. 5*13, is helpful. As before, a waveguide carrying

two modes is to be regarded as equivalent to two transmission lines, and
the terminal of such a guide is represented by two terminal pairs, each pair

being associated with one of the basic polarizations. The new element

in the situation arises from the possibility of shifting, at will, from one

set of basic polarizations to another. Such a change in representation

involves a transformation of the scattering matrix that “mixes” the

original terminal pairs, so to speak. Although this is a procedure that

Fio. 10- 14.— Resolution of a circularly

polarized wave into two plane polarized

waves.
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can be carried out formally for any guide carrying two modes, it usually

lacks the useful physical interpretation that can be given in this special

case.

10*6. Permissible Transformations of a Scattering Matrix.—Con-

sider the system shown in Fig.

10-15. The two planes of polar-

ization are designated by the num-

bers (1) and (2). The remainder

of the terminals are located in rec-

tangular waveguides and are des-

ignated by the numbers (3) and

(4). As was shown in Chap. 5, if

the incident waves are represented

by the column vector

a =

and the scattered waves by

b =

(3)

Fig. 10-15.— Waveguide junction with
four terminals. Two terminals are in rec-

tangular guide; the other two terminals
are two basic polarizations in the round
waveguide.

= b, (11)

where the matrix S is symmetrical and unitary. It is implicitly assumed

that the polarizations (1) and (2) are normal to each other.

Fig. 10-16.—Transformation of basic

polarizations by a rotation.

It is evident that the planes of

polarization chosen in Fig. 10*15 are

not unique and a rotation of (1) and

(2) to a new position should be per-

missible. A rotation can be charac-

terized by a linear transformation of

the wave amplitudes. A rotation of

the basic polarizations by an angle

0 changes the wave amplitudes ai

and a 2 , in Fig. 10-16, into the cor-

responding primed quantities; thus

ai = a\ cos 0 — a'2 sin 0

,

a 2 = a[ sin 0 + a* cos 0.
( 12 )
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Equations (12) may be written, using the matrix notation, as

a = Ta', (13)

where

T =

cos d — sin 8

0

sin 6 cos 6

1 0

0

0 1

(14)

In a completely analogous way,

b = Tb'; (15)

and if these are substituted in Eq. (11),

b' = T-iSTa'. ’

(1«)

The matrix

S' = T >ST (17)

is the scattering matrix for the new terminals,

inspection of Eq. (14) that

It may bo soon by

II7h-
(18)

and thus T is orthogonal. It was found in Sec. 5*12 that a sufficient

condition that Eq. (16) provide a permissible transformation is that the

matrix T be real and orthogonal. A permissible transformation is one

that leads to a symmetrical and unitary scattering matrix.

Many transformations T that are real and satisfy Eq. (18) and are

therefore permissible are not particularly useful, for, in general, these

transformations mix all the components of a with one another. If the

transformation is restricted to a mixing of the terminals (1) and (2), it is

found that the resulting transformation is either the rotation described

by Eq. (14) or a reflection in some plane containing the axis of the guide.

There are cases in which the more general transformation (having no

simple geometrical significance) is useful, but they will not be considered

here.

In addition to the rotation or reflection of the reference polarizations,

there is another important type of transformation. This is a transforma-

tion which is equivalent to choosing the reference plane of each of the

terminals in a new place. It is effected by the diagonal matrix P dis-

cussed in Sec. 5T6. If the A;th terminal reference plane is shifted out a

distance dki then
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e’*' 0 0 0

p = 0 e’*> 0 0 /iq\

0 0 0 ’
(19)

0 0 0 ei4>l

where <t>k = ^(dk/Xk)- It should be noted that P* = P_l . The matrix

S' obtained by the transformation

S' = PSP (20)

is both symmetrical and unitary.

If transformations of the type given by Eqs. (17) and (19) are induced

successively, it can be shown that^any such sequence is equivalent to a

single transformation S' = 0SU, where U is a unitary matrix.

Consider the following example. Let

1 -1
0

1 j j

V2
\/2 0

0

0 V2

The matrix U may be represented as the product

U = PT,

where T is a rotation [see Eq. (14)] of 45° and

h oi ]

It may easily be seen that transformation by U changes the reference

polarizations into circular polarizations. To see this, note that a particu-

lar case of a = Ua' is

= J

V2 0

The left-hand side of hap (23) represents a circularly polarized wave.
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The matrix given by Eq. (21) is a special case of a transformation that,

in the more general case, changes the basic polarizations from plane to

elliptical polarizations.

10*7. Quarter-wave Pipe.—Perhaps the simplest device that dis-

plays the characteristic features of 7^11-mode propagation is the quarter-

wave pipe. It is a length of guide having a circular cross section at either

end but departing from circular symmetry in the intermediate section,

where it is symmetrical about a plane only. The departure from circular

symmetry in this region is just great enough to introduce a net difference

of ir/2 in the electrical length of the pipe with respect to basic polariza-

tions chosen respectively parallel to and perpendicular to the symmetry
•

i
—1.21^ -

1 .250 - •J0.2151L

Fio. 10*17.—Quarter-wave pipes. The steps at each end of the fin are quarter-wavelength
transformers for matching; the dimensions given are for \ = 1.25 cm.

plane. In other words, if two waves polarized in these directions are

passed through the pipe, a quarter-wave retardation of one with respect

to the other results* This device is the exact analogue of the optical

quarter-wave plate made of a doubly refracting crystal, and it is employed

in the same manner, that is, to convert a linearly polarized wave into a

circularly polarized wave and vice versa.

The requisite retardation can be effected in many ways, with negligible

reflection of the incident wave. It suffices, for example, to make the

guide slightly elliptical in cross section for some distance, or a dielectric

slab may be introduced or a metal fin, as in Fig. 10- 17. In any case, if

reflections can be neglected, the scattering matrix for the quarter-wave

pipe can be written

fo 0 1 ol

0 0 0 J

10 0 0

0 j 0 0

S = r’* (24)
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An incident linearly polarized wave.

Y
1

o

10

emerges as a circularly polarized wave

355

pi4>

0

0

1

U
The angle <f>

is simply a measure of the electrical length of the pipe for a

wave polarized along (1). If $24 and $42 in Eq. (24) are replaced by —1,

the scattering matrix is obtained for a half-wave pipe
,
a device that can

be used, for example, to convert a right-hand circularly polarized wave
into a left-hand circularly polarized wavp.

10*8. Rotary Phase Shifter.—The rotary phase shifter 1 may be cited

to illustrate the use of the transformation discussed in the previous section

Quarter -wave platesto facilitate analysis. Figure
10T8 is an exploded view of such

a phase shifter. It consists of two

sections of round guide separated

by a sandwich of a half-wave pipe

between two quarter-wave pipes.

The heavy arrows on these sections

indicate the planes of polarization

that are retarded by the pipes.

The half-wave pipe is mounted in

such a way as to be rotatable. If the incident plane wave has a plane

of polarization (1) or (2), it will be shown that the device acts as a phase

shifter as the angle 6 is changed.

Consider first the section marked A in Fig. 10T8. This is just a

section of uniform waveguide with arrows indicating the directions of

polarization for the four terminal pairs. It is easily seen that the scat-

tering matrix for this section is

Fig. 10 - 18 .—Hotary phase shifter.

s t =
V2

>) 4> 1

0 0 1

>

1

0 0 -1 1

1 -1 0 0

1 1 0 0

(25)

1 A. G. Fox,

160-25.

‘Waveguide Filters and Transformers,” BTL Memorandum MM-41-
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where <t> 1 is a phase angle depending on the length of the guide. After

passing through the quarter-wave pipe, the scattering matrix becomes

S2 = := e}<

\/2-

0 0 1

'

-j
0 0 -1 -j

1 -1 0 0

-3 -j 0 0

(26)

The axis of the half-wave pipe is at an angle 6 with respect to the direction

(4). Therefore, the problem is simplified if the matrix of Eq. (26) is

transformed by a rotation through an angle 6 by the matrix

Then

S', = TSjT =
V2

cos 6

sin 0

— sin 0

cos 0

o

e~i$ —je-'e

11

p—jO —
0

j<’ •'

(27)

(28)

Now passage through the half-wave pipe has the effect of changing

the sign of the fourth row and column. Therefore,

S = _ ej*»

V2 tr* -e»

jtr* +je'°

+./V '9

— +j<',e

(29)

A rotation by — 6 is now indicated, in order that the scattering matrix of

the quarter-wave pipe should be simple. This rotation is effected by

V - T( — 0) = T(0). Thus,
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S4 = T'S3T' = 1
J,

0

e-w

-e™

V'2~ e~~
2jd

je
~ 2,9 +je 2‘e

0

(30)

Passage through the final quarter-wave pipe changes Eq. (30) to

S6

e-w

1 *
<t> 5

0
_ c2)9

V2 e-y» — e2>e

0

e-w +e 2*

ft

e2>9

(31)

A rotation by 45° brings the basic polarization planes into coincidence

with (1) and (2) and is accomplished by setting S 6 = T"ST", in which

T" is given by Eq. (27) with 6 = 45°. When this transformation is

carried out and the terminals subsequently moved to the end of the guide,

the final result is

S 7 = ('>*

r 2'* 0

e~2id 0

0 c 2'*

[0

0

(32)

It should be noted that for an incident wave

the scattered wave is

0

0

0

b 0H+7-2B)
0

1

10
.

(33)

(34)

The outgoing wave contains 6 as a phase angle. Thus, as 0 is increased,

the equivalent line length between input and output terminals is increased.

For an incident wave
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the scattered wave is

0

1

0

0

I3 = £>;(<>7+2®)
a

UJ

(35)

(36)

and the line length is decreased as 6 is increased.

10*9. A Rectangular-to-round Transducer.—Figure 10* 19 shows a

^ rectangular-to-round mode trans-

ducer. The junction between the

two guides may be symmetrical as

shown (i.e., have one or more sym-

metry planes), or it may be com-

pletely unsymmetrical. The ter-

minals (2) and (3) may be plane

polarizations located symmetrically

with respect to a symmetry plane

as shown, or they may be elliptical

polarizations in any position.

It is evident that since the junc-

tion has three terminal pairs and negligible loss, all the results obtained

for lossless T-junctions of various kinds are also applicable here. These

results are mainly the following:

Fig. 10*19.— Rectangular-to-round
transducer.

mode

A. It is impossible to make a T-junction that is completely matched.

B. If a T-junctio^n is matched at two terminal pairs, the third terminal

pair is completely decoupled from the other two.

C. A plunger in any arm of a T-junction can be so placed as to

decouple the remaining two arms.

D. If the T-junction is symmetrical, a plunger in the arm containing

the symmetry plane can be so placed that the remaining two

junctions are matched.

Each of these results is applicable to Fig. 10T9. For instance, assume

that the E-plane of the figure is a symmetry plane of the junction.

Assume that the terminals (2) and (3) are elliptical polarizations whose

major axes make angles of 45° with respect to the symmetry plane. The
plane polarization indicated in the figure is clearly a limiting case. Two
circular polarizations form the other limiting case. From the result (D)

it is clear that there is a position of a plunger in the rectangular guide such
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that the terminals (2) and (3) are matched. For example, there is a
position of the plunger such that a linearly polarized wave, polarized as

(2) in the figure, is reflected back, polarized as (3).

The statements (A), (B), and (C) apply regardless of the symmetry
of the junction or orientation of the polarization. The interpretation

of the statement (A) is obvious. Theorem B states that if terminal

(1) is matched and (2) is the polarization excited in the round guide

by a wave incident in (1), then the polarization (3) orthogonal to (2)

is completely decoupled from (1) and (2). Alternatively, if a polariza-

tion (2) is completely reflected polarized as (3), then (1) does not couple

with the round guide.

The theorem (C) has an interesting application to the junction of

Fig. 10*19. If a plunger is inserted in (1), then for any polarization (2)

there is a position of the plunger such that this polarization is reflected

back unchanged. Also, for this same position the orthogonal polariza-

tion (3) is unchanged by reflection.

10-10. Discontinuity in Round Guide.—A round guide with a dis-

continuity in the middle is an

example of a four-terminal-pair

network. As such, it satisfies the

conditions applicable to direc-

tional couplers. One of the most

interesting of these is the follow-

ing: Any four-terminal-pair junc-

tion that is completely matched 1

is a directional coupler. To state

it in other words, if a junction

of four waveguides is matched at

each waveguide, then for any

guide there is one other guide to

which it does not couple (see Chap. 9).

This theorem may be taken over completely in the case of the round-

guide junction. If, for a given set of basic polarizations, the junction is

matched, then it has the properties of a directional coupler. Referring

to Fig. 10*20 this implies that the polarization (1) (shown as a plane

polarization, whereas it may be elliptical or circular) does not couple to

one of the polarizations (2), (3), or (4).

The case of no coupling between guides (1) and (2) is rather trivial.

In this case no power is reflected in either (1) or (2) for incident power in

(2) or (1). This is also true for any linear combination of (1) and (2).

1 As usual the term “matched” is intended to mean that if all terminal pairs but

one are provided with refleetionless terminations, a wave incident at the one terminal

pair is not reflected.

(3)
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For any polarization incident on one side, the power is transmitted

wholly through to the other side.

If (1) and (2) couple, then there is zero coupling between (1) and (3)

and between (2) and (4). Thus, all los less matched junctions of two
round guides may be divided into two classes:

1. Those in which power entering one guide in any polarization is

wholly transmitted out the other guide.

2. Those in which each of the basic polarizations of one guide couples

with one and only one basic polarization of the other guide.

10*11. Principal Axes in Round Guide.—In Fig. 10-21 is shown a

round guide having a lossless termination. Plane polarizations (1)

and (2) are chosen as basic polar-

izations for the device. Since the

directions of (1) and (2) were chosen

at random, the resulting scattering

matrix is complicated. It will now
be shown that it is possible to

choose directions for the polariza-

tions (1) and (2) such that these

polarizations are not changed by
the reflection at the termination.

Let S be the scattering matrix

(a 2-by-2 matrix, of course) of the

junction referred to the original ter-

minals. Now assume that there is

some incident wave a which is reflected back unchanged, except perhaps,

for a change in ph^se. Assume, in other words, that

Fig. 10 -21 .- -Round waveguide with lossless

termination.

Sa = sa, (37)

where s — e’+.

In order for Eq. (37) to be satisfied by a nonvanishing a, the determinant

8n
S2 i

— s S 12

S22 — 8
= 0 . (38)

This leads to a quadratic equation in s (called the characteristic equation

of S), the two roots of which are, in general, unequal. The roots will be

of the form e*+ because the box is lossless.

Provided 8 has one of the roots of Eq. (38) as its value, there will be

nontrivial solutions of Eq. (37). As yet, however, there is no guarantee

that the resulting solutions for a do not represent elliptical polarizations.

It will now be shown that the a's do indeed represent linearly polarized

waves.

If Eq. (37) is multiplied by 8*S*, and if it is remembered that
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s* = s-\
then

S*a = 8*a. (39)

If the complex conjugate of Eq. (39) is added to Eq. (37), the result is

S(a + a*) = s(a + a*). (40)

But a + a* represents a pure real column vector, or a linearly polarized

wave. Hence, linearly polarized waves can be found that satisfy Eq.

(37). These particular planes of polarization afford convenient basic

polarizations because the resulting scattering matrix has only diagonal

elements.

If the termination of the waveguide is lossy, the scattering matrix is

no longer unitary and Eq. (40) is no longer valid. It is still possible to

obtain solutions of Eq. (37), but these solutions, in general, represent

elliptically polarized waves.

10- 12. Resonance in a Closed Circular Guide.—The problem to be

discussed in this section derives its importance from the use of waveguide

rotary joints employing the TMoi-mode. It has already been pointed

out in Sec. 10*3 that even very weak excitation of one of the TEn-modes
by a transducer such as that shown in Fig. 10*5 may have a pronounced

effect on the behavior of a rotary

joint made from two such trans-

ducers connected in cascade in the

event of a TEu-rcsonance in the

pipe connecting the two. To find

the conditions under which such a

resonance can occur, it is neces-

sary to take into account the fact

that a TEn-wave incident on one

of the transducers is reflected with

a phase that depends, in general,

on the polarization of the wave.

That is to say, the transducer, as

regards TEu-waves, acts very
much like the junction of Fig. 10-21. There is, of course, some “loss”

representing the leakage of power through the transducer into the rectan-

gular guide, but this can be disregarded in the search for the resonance

condition, as can the presence of the Til/ 0 r-wave in the pipe. The prob-

lem can thus be reduced to that of the section of round guide closed at

both ends, which is shown in Fig. 10-22.

The waveguide is cut in the middle to allow the two sections to be

rotated with respect to each other. The two halves of the guide are

identical. Their terminations are totally reflecting and are identical

Fig. JO-22.—Hound waveguide closed at both
ends.
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also, although of some irregular shape. The principal axes of the ends

are indicated by the directions a and b. The median plane is taken as a

common terminal plane for the two halves of the system, and the polariza-

tions (1) and (2) are common to the two halves of the system. The
problem is to find the conditions for which, at a fixed frequency, a wave

can exist in this closed lossless system. This problem was first treated

by H. K. Farr. 1

The two ends are designated by the numbers 1 and 2. If the scatter-

ing matrices for the two ends are Si and S 2 ,
then

SiHi = bi,

S 2a 2
= b 2 * (41)

Since the incident wave for one end is the scattered wave coming from

the other end, it is clear that

ai

a 2

(42)

From Eqs. (41) and (42),

S iSocio = Sibo — Siai = bi = a 2 . (43)

From this result it may be inferred, as in the preceding section, that if

solutions are to exist with a 2 5^ 0, we must have

det (SiS 2 - I) = 0. (44)

Now Si and S 2 are not unrelated, for the two ends are the same, except

for rotation of one with respect to the other. It is convenient to take as

reference the situation in which the ends are oriented so that their

principal axes are parallel and coincide with the basic polarizations (1)

and (2) of Fig. 10*22. In this case 0 = 0,

If now the two halves of the guide are rotated by 0 and — 0, respectively,

we have

51 = S(0)

and

5 2 = S( — 0),

where S(0) is the matrix of Eq. (45) transformed by a rotation of T(0),

according to Eq. (14). Thus Si becomes

cos 2
0e>*' + sin 2 de**1 cos 0 sin 0(e/* 1 — ei<pJ )

cos 0 sin 0(e'*‘ — e1*2
) cos 2 Be1*7 + sin 2 0c;*»

1 H. K. Farr, “A Theory of Resonance in Rotary Joints of the TM0 i Type,” RL
Report No. 993, January 1946.
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and S 2 is the same except for a change in sign of the off-diagonal elements.

It is merely a matter of straightforward algebra to substitute these

matrices in Eq. (44) and thus obtain a relation connecting 0, </>i, and fa.

If, instead of <t> i and fa, the angles e and 5 are introduced, these angles

being defined by
€ = <t>i + fa, 8 = 4>i — fa, (47)

the result assumes a particularly compact form

sin 2 20 = cos 8 — cos €

cos 5 — 1
(48)

The angles 8 and e have a simple interpretation. If the termination is

represented by two selective reflectors or short circuits, one acting on a

wave polarized along one of the principal axes and the other effective for

Fl(;. 10-23.—The quantities h and U in resonant round waveguide.

a wave polarized along the other principal axis, then Air is the sum of

the distances from the midplane to each of the two reflectors and 5Xy/4x

is the distance between the two reflectors. For the structure shown in

Fig. 10-23,

€ = r“ (l\ + h)
A a

and

S = ^ (/. - h),

assuming that the edge of the fin acts as a short circuit at (hat 'point for a

wave polarized parallel to the fin.

If the guide were terminated at each end by a flat plunger, 5 would be

zero and solutions of Eq. (48) would exist only for e = 2me, (n = 1,

2, . . .). This means that the total length of the pipe between plungers

must be n\g/2, the familiar condition for resonances in a closed uniform

guide.
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If 6 is not zero, Eq. (48) shows that resonance can occur at some value

of 6 for any « within a limited range. The situation is best illustrated

by curves of constant S on the (0 — e)-plane, as in Fig. 10-24. If 5 = jt/4,

for example, resonance will occur for some value of 0 if € lies within the

Fig. 1024.—The angle of rotation 0 for the occurrence of resonance of a closed round
waveguide.

range 2n7r±7r/4, (n*= 1, 2,
• •

•); and if 8 = t, a resonance will occur

for some value of 0, no matter what value of « is chosen.

If resonances are to be avoided, it is clearly desirable to have 8 small,

thereby increasing the range of lengths for a given frequency (or, at fixed

length, increasing the range of frequencies) over which resonances are

excluded.



CHAPTER 11

DIELECTRICS IN WAVEGUIDES

By C. G. Montgomery

11-1. Waveguides Filled with Dielectric Materials.—In the preceding

portions of this book, it has usually been assumed that the medium in

which the phenomena take place is either free space or a material in

which the energy losses can be neglected. It is now desired to investigate

more closely what happens when the energy losses must be taken into

account as well as to indicate the mechanism of these energy losses.

Dielectric loss can be formally described by considering the dielectric

constant to be a complex number which can be written as

€ = *' - je".

In a condenser made with a lossy dielectric, the power loss for a given

applied voltage will be proportional to the real part of the admittance.

The conductance is

G = Re (F) = Re (juC) = Re (ju> i C0

)

= Re (ja - Co + « - Co )
- « - Co.

\ «o €o / €o

It is evident therefore, that the amount of energy loss is proportional to

The phase angle <p of the dielectric constant is often used as a

measure of the loss, and

-

tan (p = -p-

If € is a complex number, then the wave impedance becomes complex,

and the transverse electric and magnetic fields become out of phase.

The propagation constant y also becomes complex. If frequencies above

the cutoff frequency are considered, then

and

7 a + jP = ot +

a = \g
«yv

4tt

K *

x?
tan <p , ( 1 )

366
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where X is the wavelength corresponding to the frequency a> of uniform

plane waves in the medium and X 0 is the corresponding wavelength of

uniform plane waves in free space. The guide wavelength \0 is given by

2 -|W\->4

X' = X«0o"!) 1 + (2)

If it may be assumed that e"/e 0 is small compared with unity, may
be expanded in powers of e'Veo

(3)

Thus, to the first order, the wavelength is unchanged by the presence of

the e" term in the dielectric constant. These fQrmulas are also valid, of

course, for TT^M-waves. It is necessary only to set \g = X and Xc = oo .

The equations become

Vi \~\

2

/ t" \
2

x‘ - Xo
(«,

“
xf)

i _ !(
*»

8 1
«' X? |

+ • • •

\«o k/

k - x
*\/?(5 + 5[

1+ (7)T

- %/
(
.

2t«

(1 + sec <f>y

,2

+

(4)

)
If it is desired to express the losses of the medium in terms of an

equivalent conductivity of the medium, then the substitution

gives the results

and

Y±'-.Hr

= we"

X, a /mo

Xo 2 \ «o

!
a Mo

1 “g(
2ir *0

«' 3

Uo

Xq }

+

(5)

(6)

Still another set of parameters is sometimes used to describe a lossy

medium. The index of refraction is assumed to be complex, and quan-

tities » and k are defined by
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The quantity k is called the absorption index. It can be seen that

- = »* - A;
2

,

€0

— = 2nk.
to

The parameters n and k are most often used when dealing with optical

frequencies but occasionally are used in the microwave region.

When a dielectric is introduced into a waveguide, the transmission loss

is increased because of the losses in the dielectric and the increase is

measured by a as calculated above. The Joule heating losses in the walls

of the waveguide are also altered. The change in the metal losses

caused by a change in the real part of the dielectric constant is a simple

one. Since the propagation constant is given by

y
2 = k 2 —

co
2
e/i,

we see that a fractional change in e produces a change in y of the same
amount as would be produced by the same fractional change in a

>

2
.

Thus, it can be seen from Fig. 2T3 that an increase in 6 will decrease the

metal losses at a frequency near the cutoff frequency but will increase

these losses at higher frequencies. Since the only metals considered

here are those which have conductivities so high that the form of the

fields in the waveguide is unchanged by the losses that result, the total

loss can be computed by adding directly the values of a for the metal

and for the dielectric.

To find the effect on the metal losses of an imaginary term in €, a

more detailed examination must be made. In Chap. 2 it was shown that

the value of the attenuation constant for the metal, am ,
is given by the

expression

Ofm
1

2y

a

Re (Z,r)

( \HU
J walls'

Lcross section
\H<\'-dS

where J/ua is the magnetic field tangential to the metal walls and Ht is

the transverse magnetic field. Two cases must now be treated. First,

E-modes may be considered, where no longitudinal magnetic field exists,

and Ht = i/un on the boundary of the waveguide. The ratio of the two

integrals in the expression for am depends only on the shape and size of

the guide, and the dielectric constant occurs only in Re (Zj?). Thus

(a*') 2 + (^") 2
1 1
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For a lossless dielectric,

1 _
ReJZS “ T

Hence, the fractional change in the metal losses resulting from an imagi-

nary term in the dielectric constant can be written as

or

1 1

Aam = Re (Zk) Re (Zj.)

dm 1

Re (Zk)

Ac*™ = sin (9)

It is seen from this equation that the effect is of the second order in

€"/V. Moreover, the change can be either positive or negative, depend-

ing on whether \0 is less or greater than \/2 X.

For //-modes, the situation is somewhat mbre complicated, because

there is a longitudinal magnetic field. On the boundary of“the wave-

guide

\

H^\> = |//,|
2 +

\

Ih \\

where Hi is the longitudinal magnetic field. However, Hi is proportional

to H ty and from Eq. (2*89) it is seen that

u f
H '

Hi = const.—
7

Thus am can be split into two parts and written as

“m =
Re (Z„) (

4 +
|y|

2)’

where A and B are"geometrical constants. However,

since

Hence
M 2 = «2 +

Aam __ oc
2 A

Ctm A l
B

A +
02

A and B are positive quantities, and therefore Aam/am is always positive.

A
For high frequencies, 0 becomes small and Aam/am approaches a 2

^ and
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becomes independent ot frequency. It is seen that the expression

A

a

m _ tan 2
<p /XA 4 d

(10)

is of the second order in c"/c'. Here again, because am has been calcu-

lated only under the assumption that a/p « 1, the total attenuation is

given by a + am .

11*2. Reflection from a Change in Dielectric Constant.—The bound-
ary conditions that are to be satisfied at the surface of a discontinuity

in the properties of the medium are that the tangential components of

the electric and magnetic fields must be continuous. Suppose that there

is such a discontinuity in a waveguide and that the plane of the dis-

continuity is perpendicular to the axis of the guide. The power flow

down the guide is P — / \H ,\

2 ds, where the integral is taken

Now II t must be continuous across

(1) (2 )

Fig.

Reference

plane

11-1.—Equivalent circuit for a change
in dielectric constant.

over the cross section of the guide,

the interface of the two dielectrics,

whereas the wave impedance Zw

will change discont inuously.
Therefore, it is clear that there

must be a reflected wave at the

interface, and this will be sufficient

to satisfy the conditions at the

boundary. Moreover, the equiv-

alent impedance that will correctly describe this reflection should be

chosen proportional to the wave impedance. Hence, the equivalent

circuit representing the discontinuity is simply that shown in Fig. 11 1.

The standing-wave ratio r is the ratio of the impedances taken in

such a way that r > 1. The position of the minimum is either at the

junction or a quarter wavelength away from it, depending on the loca-

tion of the observation point with respect to the reference plane.

The value of the wave impedance, as derived in Chap. 2, differs for

E- and //-modes, and the two values are

Zn
7

' (2-91)

For the case of no loss, these reduce to

(2-35)

(2-39)
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where X is the wavelength in the medium and f is VmA* In terms of

the wavelength in free space, the impedance of guide (2) relative to that

of guide (1) may be written

and

If «<*> > €
(1)

,
then the relative //-mode impedance decreases monotoni-

cally as e
(2) increases. The relative E-mode impedance is not a monotonic

function but may increase, pass through a maximum, and then decrease.

It is easy to show that the maximum value occurs when

and the maximum value is

(14)

Thus, for sufficiently large values of X0/Xr ,
there are two values of

e
(2) that make equal to unity, namely,

e
<2) —

6 ( 1 )

and

The second value corresponds to the case of Brewster's angle for plane

waves, that is, the angle at which, when the electric vector lies in the

plane of incidence, there is no reflected ray from the boundary between

two mediums. Figure 11*2 shows values of the relative wave impedance
for (Xo/X0)

2 = 0.8 when €
(l) = €0 .

When the dielectric material is lossy, the wave impedance becomes
complex. Its value can be expressed in terms of the complex dielectric
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constant as follows. From Eq. (2-91),

371

(15)

(Hi)

It is seen from these expressions that the change in the real part of

Z a or Ze is of the second order in i"

.

For TA’-modes, the presence of

Dielectric constant C
a
/t0

Fiu. 1 1 -2.——Relative wave impedance as a function of dielectric constant.

loss makes the wave impedance slightly inductive; for TAf-modes, the

reactive part is either positive or negative depending on the frequency.

Near cutoff Zs is capacitive; at higher frequencies it becomes inductive.

The expressions for Z H and Z B can be transformed to a somewhat more

useful form in the following way:
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z
x„

zf - £ >/'- c“’ ”
(

1 +
s

l“"’ * (v)
- ’ Un *B (V

)

The wave impedance Ze is thus purely resistive when

(x)'
- 2

>

and its value is

To obtain corresponding expressions for' transmission in a dielectric

medium but not in a waveguide, it is necessary only to set \0 = X.

If it be assumed that guide (1) is empty and that guide (2) is filled

with a lossy dielectric, then the reflection produced at the junction can

be easily calculated. Let the dielectric-filled guide be so terminated

that there are no reflected waves from the termination. If the dielec-

tric is very lossy, then the use of a sufficient length of the material is the

obvious solution. If the dielectric has low loss, the use of a tapered

section from the dielectric back to empty guide is a relatively easy

method of obtaining a matched termination. The reflection will be

equal to that in a line terminated by the relative impedance Z = R + jX.

The quantities R and X may be obtained from the impedance given by
Eq. (17) or (18), divided by the value of the wave impedance when no

dielectric is present. If an //-mode is present, and if X' denotes the

guide wavelength in' the dielectric and X y the guide wavelength without

dielectric, then

K
V;

1+
5

ta
"’*C0’

X = \
R tan v ,

where X' is the wavelength of uniform plane waves in the dielectric

medium. Equations (2) and (4) may be used to obtain X' and X' in terms

of «' and €". Thus, expressions for t
f and t" in terms of R and X may be

written. These expressions are useful in the determination of dielectric
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constants. If X/R — tan 0, then e'/e0 is given by the positive solution of

+ tan 2
0) + (1 — tan 2

0)
2 + p4 tan 2 0 = 0, (20)

where v — Xo/\c . When «'/

e

0 has been found, it is possible to calculate

tan <p = y
= tan 20

€ °
* (21)

*0

These expressions can be simplified considerably in most cases. Thus
if <p « 1 and 6 « 1

,

.2 _1_ O 1 ~ v ~

f
1 .2 1 o v T ^ r>.>

1 _ „2 l
1 “ » _ 02

1 “ V
~ «"

to
+

/f
2

6
i

r

l
, ,

i
- ’

/?
2

and
(22 )

^ = 26

v
2 +

R 2

1 - 72
’

R 2

If 6 is not small but v
2 may be neglected compared with e'/eo, then

tan ^ = tan 26
,

cos y?,

sin (23)

= 1

n/ 0 “ tan ' #)•

Suppose that the dielectric-filled waveguide is terminated not in a

matched impedance but in a short

circuit. The reflection may be

most conveniently expressed by

the equivalent circuit shown in

Fig. 11*3. The value of the ad-

mittance Fn of a transmission line

of length d is

Y

n

= Yo rath yd. (24)

Fig. 11*3.—Equivalent circuit of short-cir-

cuited dielectric-filled waveguide.

The characteristic admittance To is given by Eq. (15) or (16), and y is

given by Eqs. (1) and (2). The values of Vn have often been used to
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determine the values of dielectric constants at microwave frequencies. 1

For this purpose Eq. (24) must be expressed in terms of t' and tan <p

and solved. Since the equation is a complex transcendental one, it is

necessary to resort to graphical methods.

11*3. Dielectric Plates in Waveguides.—Elementary transmission-

line theory may be applied to calculate the impedance of dielectric plates

perpendicular to the axis of the waveguide. A few simple cases will be

discussed to show certain applications of dielectric materials to microwave

techniques. Let it be assumed, for the moment, that losses may be

neglected. The impedance at the face of the plate is

^ ^ 1 + jZ tan fit
** * Z +j Unfit’

where Z is the relative impedance and t the thickness of the plate. When
fit = wry where n is an integer, ZiQ = 1. Thus a plate n half-wavelengths

F io.

0.9 1.0 1.1

Wavelength ratio
Vx„

11-4.—Variation of standing-wave ratio with wavelength for a dielectric plate one-
half wavelength thick.

thick is reflectionless. The standing-wave ratio introduced by the plate

is

|(Z 2
t~ 1) tan pt\ + V4Z 2 + (Z2 + 1)« tan2

|(Z 2 — 1) tan {U\ - V4Z 2 + (Z 2 + l) 2 tan

Figure 11*4 shows the variation in r with wavelength in the neighborhood

of the wavelength X0 when the plate is a half wavelength thick. The
dielectric constant is c/e0 = 2.45, and X0/Xc = l/y/2. If the dielectric

is lossy, there is no plate thickness for which the reflection is zero. For

small values of fit

,

1 — 72
Zin = 1 — jfit—2

—
;

r = 1 +.fit
1 - Z 2

1 8. Roberts and A. von Hippel, “A New Method for Measuring Dielectric Con-

stant and Loss in the Range of Centimeter Waves,” Contribution from Department of

Massachusetts Institute of Technology Electrical Engineering, March, 1941.
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The thin dielectric plate is thus equivalent to a small shunt capacitance

across the waveguide. By means of an inductive iris placed at the face

of the plate, the circuit may be made resonant and reflectionless.

It is possible to construct a tuning device of two movable dielectric

slabs each one-quarter wavelength thick. When the two slabs are in

contact, the combination is reflectionless. When they are separated by

Fig. 11*6.—Impedance chart illustrating the use of two movable quarter-wavelength
dielectric slabs in waveguide as a tuning device.

a quarter wavelength, the reflection is a maximum and corresponds to a

resistance R
f
given by

for //-modes, at the face of the first dielectric slab. Thus, referring to

Fig. 11-5, the impedance at the face of the first slab can have values along

the boundary of the shaded circle. If the combination is moved, as a

whole, along the guide, all impedances within the larger circle can be

attained at a given point.

It is also possible to insert a quarter-wavelength transformer to match
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from an empty guide to one filled with a dielectric, the transformer sec-

tion being composed of the guide filled with a dielectric having a dielectric

constant of an intermediate value. This intermediate value, for H-modes,
is such as to make the guide wavelength the geometric mean of the guide

wavelengths in the full and empty guides. It should be noted that no

end corrections are necessary, since the junction effect is absent.

A plate composed of a lossy dielectric can be treated in a manner simi-

lar to that for the lossless plate. The expressions become much more
complicated in form, but their

Fig. 11*6.—Experimental values uf

transmitted and reflected power as a func-

tion of the thickness of a plywood plug in

waveguide.

derivation is straightforward.

The general nature of the behavior

may be seen from Fig. 1T6 which

shows some experimental values of

the transmitted and reflected
power as a function of the thick-

ness of a piece of plywood in wave-

guide. The observations were
taken at a wavelength of 10 cm in

1.5- by-3-in. waveguide.

114. The Nature of Dielectric

Phenomena.—In a homogeneous
isotropic dielectric medium, the

electric displacement differs from

its value in free space by the polar-

ization P which is the electric

moment per unit volume in the

medium;

P = D — eoE — (e — (o)E. (26 )

The electric susceptibility x* is

related to P by

If there are N molecules per unit volume and the electric moment of one

molecule is m, then P = Nm. To explain the observed value of the

dielectric constant and its variation with frequency, it is necessary to

consider the nature of the mechanisms whereby molecules can acquire an

electric moment. If a small conducting sphere of radius a is placed in

an electric field F
,
the conduction electrons will distribute themselves in

such a way that the sphere acquires an electric moment equal to 4t€0a zF.

In a similar manner the electrons in a molecule will redistribute them-

selves in such a manner that the molecule will acquire an electric moment
whose magnitude is proportional to F We write m = a xF and call a x
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the polarizability of the molecule. This polarizability will be inde-
pendent of temperature. On the other hand, the molecule may have,
by virtue of its structure, a permanent electric moment of magnitude m.
When the field is applied, the molecule will tend to turn and align itself

with the moment in the direction of the field. This alignment will be
destroyed by the collisions and other random forces that the molecule

experiences. Since the energy of the electric moment when it makes an
angle 6 with the field F is —mF cos 0, the mean value of the moment may
be calculated by means of Boltzmann’s distribution law,

f em<x>B6iF/kT) m cos 0

m = ,

/ e
mcomdtffkT) dft

where dll is an element of solid angle, k is Boltzmann’s constant, T is

the absolute temperature, and the integrals are taken over all directions.

For values of T such that kT » mF, it is found that

m 2F
rn =m . (28)

Thus a permanent electric moment results in a polarizability that is

inversely proportional to the absolute temperature. Strictly speaking,

fh should be calculated not from the classic Boltzmann law but from the

corresponding quantum-theory expression. However, it is easily shown

that for the case of high temperatures, an identical result 1
is obtained.

The expression for the total average moment per molecule is, then,

It is now necessary to find the value of F, the total field acting upon the

molecule. This field is made up of a contribution from the external

applied field E plus the contributions from the fields of the other dipole

moments in the medium. The contribution of the dipoles is very difficult

to estimate. This is evident from the fact that the number of dipoles

at a distance r from the point under consideration is proportional to

4ir

r

2 dr, and the field of a dipole is proportional to (cos 6)/r3
. Hence the

total effect is proportional to J (47t cos Q/r)dr . For large r this integral

vanishes, since there are equal contributions from those regions where

cos 6 has opposite signs. For small r, however, the integral diverges

and the value of the field is extremely sensitive to the particular assump-

tions made about the nearest neighbors of the dipole under consideration.

1 For a more complete discussion of the details of the quantum-theory calculation,

the reader is referred to J. H. Van Vleck, Electric and Magnetic Susceptibilities
,
Oxford,

New York, 1932.
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In the case of a gas, no very large error is made by neglecting the field of

the other dipoles entirely and putting F = E. For more concentrated

substances, the next approximation may be considered to be the classic

one of Clausius. Clausius assumed that the dipole could be thought of

as being within a small spherical cavity within the medium. In this

case

F = E + — • (30)

The use of this expression for F, together with the equations already

obtained, to find € results in the relation

or, as it is more usually written,

This approximation for F is not a very good one, and more exact expres-

sions have been given by Onsager 1 and Kirkwood. 2 We have, however,

established an important fact which is true regardless of the expression

for F, namely, that the polarization consists of two parts, one part that

is independent of temperature and depends on the shift of the charge

within the molecule and one part whose contribution decreases with

increasing temperature and is caused by the permanent electric moment
of the molecule. The dependence of the dielectric constant upon

temperature will be that of the temperature dependence of the polariz-

ability, in general, since the effect of the local field would not be expected

to be greatly dependent upon temperature.

The effect of frequency on the polarizability is again a twofold one.

Since, in the microwave region, the natural frequencies of the molecule

are large compared with the frequency of the radiation, the molecular

polarizability ai is independent of frequency. When the frequency of

the radiation approaches a natural frequency of the molecule, then ai

changes and gives the familiar anomalous-dispersion curve for the fre-

quency variation. The lowest natural frequencies of most molecules lie

in the infrared and do not influence the values of the dielectric constant

at microwave frequencies. The effect of the rotation of the electric

moment, however, will be strongly dependent upon frequency. This

1 L, Onsager, J. Am. Chem. Soc., 58, 1486 (1936).

* J. G. Kirkwood, J. Chem. Phys., 7, 911 (1939).
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effect was first explained by Debye, 1 who showed that the transient part

of the effect of collisions is similar in character to the effect of viscous

forces that impede rotation. At low frequencies, these viscous forces

would be small and the dielectric constant high. At high frequencies,

the forces would be so large that, effectively, the molecules would be

prevented from aligning themselves and the dielectric constant would be

low. Thus, if the viscous forces are proportional to the rate of change of

moment,

a
Oi 0

1 + JUT
(32)

where r is a “ relaxation time” that is characteristic of the material and

a0 is the value of a at w = 0, namely,

m 2

a° ~ ZkT (33)

If the Clausius hypothesis is used for obtaining the value of F, then

/ \
N

(
,

ZkT
3«0

1_ !

€0

,

OLi +

€0
+ 2

1 + j0>T)
(34 )

A rearrangement of this expression, and separation of the real and

imaginary parts of e, gives

where

i + y
2

€
" = e‘

-
6 30 y

i + y
2 y ’

8

+ 2<

(35 )

(36 )

and t $ and €« are the values of c at zero frequency (static value) and infinite

frequency (optical value), respectively. In terms of the molecular

constants,

and
2N

H + 1

= e 0

_ Naii

1
3

(37 )

1 P. Debye, Polar Molecules
,
Chemical Catalog Co., 1929.
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Thus we see that <' decreases monotonically from e, to whereas

increases from zero, passes through a maximum, and again decreases to

zero. The maximum value of e” is («, — 0/2 and occurs when y = 1.

At this frequency «' = («, + e„)/2. The quantity € is a relatively

slowly varying function of frequency, and the change from e, to takes

place over a range of at least a factor of 100 in frequency. Debye has

compared this expression with experimental determinations and finds

good agreement for substances in which Clausius’ hypothesis may be

expected to hold. He finds values of the relaxation time of the order

Fig. 11-7.—Variation of the dielectric constant of water with frequency.

of 10” 10 sec for liquids and 10~ 5 to 10~ 6 sec for a solid, ice. These values

are entirely reasonable judged from crude estimates made from the

known values of the viscous forces. A viscous force of this kind would

be expected to be strohgly dependent on the temperature at all frequencies

at which the polarity of the molecule contributes to e, and indeed this is

the case. For a strongly polar liquid, such as water, the agreement is not

exact, but the general nature of the frequency variation is unaltered.

Figures 11*7 and 11-8 show some experimental values 1 for the dielectric

1 The observations from which the curve was drawn were taken from E. L.

Younker, “Dielectric Properties of Water and Ice at K-band,” RL Report No. 644,

December 1944, A. von Hippel, “Progress Report on Ultrahigh-frequency Dielec-

trics,” OSRD Report No. 1197, December 1942, and the references cited in these

reports. Somewhat different conclusions have been reached by J. A. Saxton, “The

Dielectric Properties of Water at Wavelengths from 2 Mm to 10 Cm, and over the

Temperature Range 0° to 40°C,” Paper No. RRB/C115, April 1945. Saxton con-

cludes that the experimental evidence indicates that the Debye theory correctly

represents the facts for water. If this is the case, water is very exceptional, since

most dielectric liquids seem to possess a whole range of relaxation times.
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constant of water as a function of frequency for a temperature of 25°C.
The dotted lines show the values predicted by the Debye theory. For
higher temperatures the maximum value of e" occurs at a higher fre-

quency corresponding to a shorter relaxation time. It is seen that

although the observations on water agree qualitatively with Debye’s
theory, the quantitative agreement is rather poor. The observed
dielectric constant seems to change considerably more slowly wTith fre-

quency than the theory predicts, and this is true for the imaginary as well

as the real part. The maximum
value of e" is observed to be lower

than the theoretical value. Both

of these deviations are wdiat would

be expected if not one but many
values of the relaxation time r

exist 1 whose mean value corre-

sponds to the frequency at which

e" is a maximum. A valuable

summary of the work in this field

has been given by Kauzmann. 2

If the dielectric medium has,

in addition to the above-men-

tioned properties, a conductivity

that is not negligible, this may be described, as has been shown, by an

imaginary portion of e which varies with frequency as

e" =
CO

In all known cases, a is independent of frequency, and this introduces a

frequency variation for t" different from that caused by polar relaxation.

For most dielectrics, <r is so small that the contribution to t" from this

effect is negligible at microwave frequencies.

In Table 11 1 are given selected values of measured dielectric con-

stants for three frequencies. It will be noted that e'/eo usually decreases

slightly and that tan <p increases as v increases. This is good evidence

for the presence of permanent electric moments. Howrever, it obviously

is possible to have relatively loss-free materials even at very high fre-

quencies. Care must be taken to choose a substance that contains polar

molecules only as impurities in the dielectric. These impurities can be

removed or at least minimized by carefully controlled manufacturing

1 If there is a distribution of relaxation times, Eq. (32) is to be replaced by an

integral expression similar to that given in Eq. (68) in Sec. 11*9. Several forms of the

distribution law have been proposed, all agreeing equally well with experiment.

* W. Kauzmann, “Dielectric Relaxation as a Chemical Rate Process,” Rev . Mod.

Phys., 14, 12-44 (1942).

Frequency in Mc/sec

Fia. 11-8.—Variation with frequency of the

loss tangent of water.
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processes. It is more difficult to exclude the presence of moisture.

Water molecules have such a large electric moment that even a small

percentage of moisture is sufficient to cause an objectionable amount of

loss. Many plastic materials contain sufficient moisture to affect the

amount of dielectric loss, and this loss becomes larger the higher the

frequency. The large values of tan <p at 60 cps are caused chiefly by
the presence of a real conductivity.

Table 11*1.—Dielectric Constants
,

Substance

v — 60 cps; v
— 10 6 cps; » = 10 10 cps

i

«0
tan <?

<0

*

tan ip

«o
tan f

Steatite ceramic, ADimag 243. 6.3 0.0015 6.2 0.0004 5.4 0.0002

Ruby mica 5.43 0.005 , 5.40 0.0004 5.4 0.0003

Quartz, fused 3.85 0.0009 3.82 « 0.0002 3.80 0.0001

Corning glass—702P 4.75 0.009 4.55 0.002 4.40 0.006

Coming glass—705AO 5.00 0.03 4.75 0.004 4.70 0.007

Corning glass—7071 Hi 4.00 0.0006 4.00 0.0008 3.90 0.001

Black Bakclite 5.0 0.10 4.9 0.03 4.7 0.05

Lucite 3.3 0.07 2.6 0.015 2.5 0.005

Plexiglas 3.4 0.06 2.7 0.015 2.5 0.005

Polystyrene 2.51 0.0002 2.51 0.0003 2.45 0.0005

Polyethylene 2.25 0.0001 2.25 0.0001 2.25 0.0002

Apiezon W 2.80 0.022 2.65 0.0025 2.62 0.002

Paraffin 2.25 0.0002 2.25 0.0002 2.20 0.0002

Mahogany plywood, dry 2.4 0.01 2.4 0.02 2.0 0.02

Water, 25°C 79. (3000) 79. 0.03
i

59. 0.46

11*6. Ferromagnetism at Microwave Frequencies.—Most substances

are characterized by #,a value of the magnetic permeability that is inap-

preciably different from the permeability of free space, the ratio being

1 ± lO^6
. For nearly all purposes this small difference can be neglected.

However, the ferromagnetic substances, iron, nickel, the Heusler alloys,

and a few others, have permeabilities relative to free space that are large

compared with unity. In addition, all these substances are characterized

by hysteresis, and no simple relation such as B — till obtains. Never-

theless, for small amplitudes of a sinusoidally varying field it can be said

that the amplitude of B is proportional to the amplitude of H. Because

of the energy loss caused by hysteresis, it is necessary to have a perme-

ability that is complex, exactly analogous to a complex dielectric con-

stant. This may be written

M = m' — Jm", ~r = tanf. (38)



Sec. 11-51 FERROMAGNETISM AT MICROWAVE FREQUENCIES 383

Likewise the expression for the propagation constant and wave imped-
ance in a ferromagnetic medium is more complicated;

72

Z H

k\ — 0>V' +
juji' + ton"

7

(39)

It is seen that y has a real part and Z H an imaginary part, both of which

are representative of the energy loss from hysteresis. Since, however,

most ferromagnetics are metals or at least semiconductors, an imaginary

part of the dielectric constant must also be included. The result is

7
2 = *2 - <o

2(«V - «V') + ja 2(*V + «V').

It is found that

a = « (tan V5 + tan f)/£"*»,

« - - *»,

(40)

(41)

where

ft = 1 — tan v? tan f - 0 -, 7
are /A

fc
2 kA T“

sec 2 sec 2
f — 2(1 — tan <p tan f) —3-7-7 H TTTn. *

are n a>V>
_

In terms of the other variables,

where

2tt €
/V + cV

\/2 €0M0 (42)

« - " - fcY + fMfec _ 2 (*)* + (;••)•
|€ 0/i 0 \Af/ LUoMo)** « 0M 0 \Ac/ \Ac/ _

The wave impedance can be calculated from

Zh =
a 2 + P

2 (43 )

r

rhe denominator in Eq. (43) can be written
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For a ferromagnetic metal, may be neglected in comparison with

e", and the wave impedance reduces to

Zm =
^2a (V'R + m" - 3 VIm! - m")- (44)

The losses in a ferromagnetic metal can thus be expressed in terms of a

skin depth 8 as in the case of ordinary metals,

V,
(45)
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£
3
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M«rt is

Mod = |m| + m' (4G)
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Frequency in cps
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Fig. 1 1-9,—Effective permeability of iron and
nickel vh. frequency.

been measured was ‘approximately 50

frequency of 3000 Mc/sec, it was found that

Few experimental investigations

of the properties of ferromagnetic

metals have been made, and very

little is known about them. 1 In

Fig. 11-9 are reproduced some
observations of Arkadiew 2 and
Mohrning 3 of the values of ^c{[ for

iron and nickel.

An example of a nonconduct-

ing ferromagnetic substance is a

finely powdered iron dust bound
together by an insulating plastic

such as is frequently used for cores

in high-frequency transformers.

The sample

4

of material that has

per cent iron by volume. For a

= 20
,

1.4,

to

€"

to

tan <p = 0.07,

M

Mo

m"

Mo

tan f = 1.3.

3.2,

= 4.2,

1 A recent summary has been prepared by J. T. A llan.son, “The Permeability of

Ferromagnetic Materials at Frequencies Greater than 10 6 cps,” Central Radio Bureau
2545, WR-1157, JEIA 4281, Apr. 21, 1944. *

* W. Arkadiew, Physik Z., 14, 561 (1913).

* N. Mdhming, Hochfrequenztechnik u. EleJctakua, 53, 196 (1939).
4 The material in question was an experimental sample of polyiron furnished by

H. L. Crowley and Co., Inc., West Orange, N. J.
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These values were calculated from measurements of the impedance of

small pieces of the material placed in a coaxial transmission line, as

described earlier in this chapter for dielectric plates. The value of

e'Ao is high because of the presence of the conducting iron particles which
are polarized under the influence of the field. The point corresponding

to these observations is plotted on Fig. 11 -9 for comparison with the

results for the solid material.

It may be seen by reference to the expression for Z H in Eq. (43) that

mixtures of this sort can be compounded to make ZH have any arbitrary

real value. If the imaginary part of Z I{ is set equal to zero,

|
= tan r.

From Eqs. (11), for k c = 0, is found the condition that must equal f.

If this is true, then

= yjf (47)

« + jfi = l*J— (tan + j). (48)
AO \ eo/io

11*6. Guides Partially Filled with Dielectric.—Let us consider the

case of a waveguide containing two dielectric mediums, the boundary

between the mediums being along the axis of the guide. The propaga-

tion constant and the impedance relative to that of empty waveguide

specify completely the properties of such a configuration, and the method
of calculating these quantities will be shown. Let us consider only

rectangular waveguide in the lowest II-mode. It would be possible to

follow the usual procedure, described in Chap. 2, of choosing the solution

of the wave equation for //, that satisfies the boundary conditions.

These conditions include not only the usual one that the normal deriva-

tive of // * vanish on the wall but also an additional condition which must

be satisfied at the boundary of the two dielectric mediums. This

procedure is straightforward, but there is an easier method of obtaining

the propagation constant. As has already been shown, any one of the

three directions may be regarded as the direction of propagation of the

waves in rectangular guide. Then an equation for the propagation con-

stant in the ^-direction can be found from the condition that a standing

wave must exist, for example, in the j-direction. Since expressions for

the impedance of a guide completely full of dielectric have already been

obtained, it is possible to write down this condition immediately if the

direction perpendicular to the dielectric interface is chosen. This

method of approach was first devised by Frank, 1 and some numerical

results obtained by him will now be discussed.

1 N. H. Frank, RL Report No. T-9, 1942.
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Let us consider the configuration shown in Fig. 11-10. Here a longi-

tudinal slab of dielectric of thickness d is placed in the center section of a

rectangular guide of width a. The electric field E is a maximum at the

center of the guide. The admittance looking from the center of the guide

in the x-direction must therefore be zero. If the losses in the dielectric

are negligible, the admittance at the center will be

Fin = IT
y + jY? tan (k?0
n2

’ + }Y' tan 0
where F' is the admittance looking to the left, at the left boundary of the

Fig. 11*10.—Variation of X\/XQ with a/X i for various values of d/a, when a/t ~ 2.45.

Case I: Dielectric in center of guide.

dielectric. Just as in the case of a guide completely filled with dielectric,

a small amount of loss produces only a second-order change in X^. If

Fin = 0, then

Y' = in1’ tan (k<"
d ~

~y

where Y$’ and Fj,
S) are the characteristic admittances of portions (1)

and (2), respectively. Setting Kin = 0, we have
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„<i>
d a = — tan <4S) s -

We know, however, that

(O 2 =
=
C:)' - (?:)'

= L2 (?zrV - faX
1

€l\Xi/ \X 0 /

where Xi is the wavelength of a plane wave in medium (1). Equation (49)

is thus a transcendental equation for X
ff
and can be solved numerically.

® Denotes cutoff value— Ac
for next higher mode (TE20 )

4 = i.o=^ 0.8

Fio. 11*11.—Variation of Ai/A„ with a/'Ai for various values of d/a, when = 2.45.

Case II: Dielectric at edge of guide.

The results are given in Fig. 11 TO, which shows Xi/Xp as a function of a/Xi

for a series of values of d/a for the case where = 2.45. It is to be

noted that for small values of d/a there is a large change in \g whereas the

change in X„ between d/a = 0.75 and d/a = 1.0 is very small. This is

obviously because, for small d
,
dielectric has been added where the field

is high and the effect is much larger than when the dielectric is added

where the field is weak.

A second simple case is shown in Fig. 11T1. The equation for \ 0
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now represents the condition that the impedance looking to the left

vanish on the right-hand boundary of the waveguide. We have

yc2>

tan K^hl — — taiiK (

x
l)

(r/ — a), (51)

where <c
(

x
1) and #c

(

x
2) are defined by Kqs. (50) and

z

^

= ni}

z? n2)
‘

For €2/^1 = 2.45 the results of the calculation are as shown. It is seen

from the curves that for small values of d the effect is small. As the

dielectric interface approaches the center of the waveguide, the effect

becomes much larger and then decreases again as the region of weak

Fiq. 11-12.—Variation of X/X a with b/X. Case III: Dielectric at bottom of guide.

fields near the right-hand wall of the guide is approached. The circles

on the curve indicate the values of a/X for which the next H-mode can

propagate. The losses have again been neglected.

Figure 11T2 shows a somewhat more interesting example. The pre-

ceding cases involved a mode of transmission that was transverse-electric

both in the direction normal to the dielectric interface and in the direction

of propagation. In the present case, if the interface normal is chosen as

the reference direction, the field configuration may be considered to be

that of an Z?-mode. The field has components EX1 EUf Eg ,
HV1 and Ht .

Hence, with respect to the z-axis, the mode is neither a pure 2?-mode

nor a pure H-mode but must be a combination of the two. The
impedance method of calculation is still valid, but now the E-mode
impedance [Eq. (11)] is used as the characteristic impedance of the lines.
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The results for a particular case are shown in Fig. 11*12, for the values

€ 2/*! = 2.45 and b/a = 0.45, for a guide half full of dielectric. Figure
11*13 shows the variation with d/b

for two values of 6/X. This case

has been treated in a more general

fashion by Pincherle, 1 who dis-

cusses other modes in rectangular

guide. Pincherle also examines a

waveguide of circular cross section

with a dielectric rod down the

center. This case can be con-

sidered from an impedance point of

view by the methods of Chap. 8.

11*7. Dielectric Post in Wave-
guide.—If there is a cylindrical

dielectric post of circular cross

section in rectangular guide
operating in the 7/i 0-mode, which

extends in the direction of E at

the center of the guide, the rela-

d_

b

Fig. 111S. -Variation of X/\0 with d/b for

two values of b/X.

tive admittance Y can be expressed by the simple formula of Frank, 2

F-^,[ in
s +,775 ?-2;(*)’ - H'

where R is the radius of the post and a the width of the waveguide. This

expression was derived for the case for which |e/€ 0
|

(27rR/X) 2
<3C 1 and

the scries arms of the equivalent T-network have a negligibly small

impedance. The expression is valid to within 3 per cent for the range of

wavelengths given by ^ < a/X < 1, provided that the radius of the post

is small enough.

The expression holds for a complex e as well as for real values. It is

possible to solve for e in terms of a measured Y and in this way measure

dielectric constants. For example, it was found for a = 0.420 in. and

X — 1.25 cm, a column of water for which R was 0.009 in. had a measured

admittance of 1 — j. The value of e €o deduced from this was

- = 39 - j 17.
€o

For real values of €, Y = jB, where B is positive and hence a capacitance.

It is evident from an inspection of the formula that the frequency

1 L. Pincherle, Phys. Rev., 66, 118 (1944).

1 N. H. Frank, RL Report No. T-9, 1942, Sec. V, p. 32.



390 DIELECTRICS IN WAVEGUIDES [Skc. 11-8

variation of the admittance is not at all that of a capacitance in the low-

frequency approximation. For posts of larger radius the above expres-

sion is not accurate and a much better formula is given in Vol. 10 of this

series.

11*8. Cavities Containing Dielectrics.—When a resonant cavity is

filled with a dielectric material, both the resonant frequency and the Q
of the cavity are changed. Conversely, if it is desired to maintain the

same value of the resonant frequency, the dimensions of the cavity must

be altered. If the losses are assumed to be small, then it is easy to see

what this change in size must be. The form of the fields should remain

the same under such a change, with the result that if t is altered, the

operator V2 + 72 + c*>
2eg must change only by a constant factor. If

€ is changed by a factor/2
,
then all the linear dimensions must evidently

be changed by a factor 1// if w is to be kept constant. The losses in

the metal walls will be proportional to 1/Q or to 8/1
,
where 8 is the skin

depth and l some dimension of the cavity. Thus it is seen that Q also

changes by a factor 1//.

If the loss in the dielectric is to be included, then to the value of

1/Q for the metal losses must be added a quantity 1/Qi corresponding to

the dielectric loss. However, the dielectric loss per cycle is propor-

tional to the square of the electric field and so is the stored energy. The
conclusion is, therefore, that l/Qi is independent of the mode and of the

size of the cavity and is equal to €"/«' = tan <p. Thus, for the cavity

and dielectric

S - qL + ta" *

This equation is correct as long as the losses in the dielectric are not

large enough to alter the resonant frequency of the cavity. From the

table of dielectric constants given above, it is seen that the Q of the

dielectric can be as large as several thousand at microwave frequencies.

In general, the metal losses may be neglected in comparison with the

dielectric loss.

Consider now a cavity only partially filled with dielectric. The cases

that can be treated simply are those in which the surface of the dielectric

is perpendicular to an axis of the cylindrical cavity and parallel to the

end plates. The wavelength in waveguides partially filled with dielec-

tric have already been dealt with, and the results are immediately

applicable here. Thus Figs. 11 TO to 11T3 inclusive make it possible

to find the resonant frequency in these cases by direct utilization of the

condition that the length l of the cavity must be
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where n is an integer. The information given in these figures does not

make it possible to find the Q of the cavity. We notice that Qi, the

dielectric Q, will depend on the mean value of E2 in the dielectric, relative

to the mean value of E2 in the whole cavity, and hence Qi, as well as

the resonant frequency, depends on the position of the dielectric within

the cavity.

To find an expression for Qi it is convenient to regard as the direction

of propagation the direction of the

normal to the dielectric interface as

before and let this be the 2-axis.

The metal losses will be neglected.

Let the cavity walls be located at z =0 25 =a Z= J

2=0 and 2 = Z and the dielectric Fig. 11*14-Field distribution in a cavity

containing a dielectric material.

interface at z = a, as shown in big.

1114. The tangential electric field in region (1) is A sin 0 xz; and in region

(2), B sin j

8

2 (l — z)* At the interface

A sin a = B sin 0 2 (l
— a). (52)

The condition of resonance is determined from the continuity condition

of the derivatives, or

0iA cos 0ia = — 0 2B cos 02 (l — a). (53)

If the value of B from Kq. (52) is inserted, then

cot 02(1 — a) = — cot 0\a. (54)
P2

The Q of the cavity is then given by

c' [
a
A 2 sin 2 0iz dz + €2 r sin2^ ^ dz

Q — 4 h • (55)

e" f
a
A 2 sin 2 0 \Z dz + e"

Ja
B 2 sin 2

0 2 (l
- z) dz

Substitution for B from Kq. (52) and the use of Kq. (54) reduces this to

e\M + t'2N
e['V +

where

M = a — ~ 008 /he*

pi

= (Z — a) sin 2 0\a + (Z — a) ^ a>
20i

a

+ s*n & l(l cos ^ lCt *

P 2 P 2

A calculation similar to this may be made for radial cavities. F01

this problem, it is convenient to employ the radial transmission-line
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theory, a discussion of which is found in Chap. 8. Feenberg 1 has made

accurate calculations for the case of a cylindrical rod of dielectric in

the center of a pillbox-shaped cavity operated in the mode in which the

electric field is perpendicular to the end plates. The results are expressed

in tables and curves for convenient use.

One other important example of the use of dielectrics in cavities

remains to be discussed, namely, a dielectric material filling a hole that

is used for coupling to the cavity. For example, a glass window sealed

to the metal cavity might be employed as a pressure seal in the coupling

aperture. Unfortunately, little is known in detail about such con-

figurations, and the discussion must be confined to a few general remarks.

The somewhat simpler case of a diaphragm, the opening of which is

filled with dielectric, placed across a rectangular

waveguide operated in the dominant mode may
be considered. The loss in the dielectric is pro-

portional to the total electric field in the aper-

ture. A portion of this field, namely, the
dominant-mode portion, is given by the equiva-

lent-circuit arguments. The circuit, shown in

Fig. 11T5, is driven by the constant-current

being represented by the admittance Y. The

Fig. 1115.—Equiva-
lent circuit for the domi-
nant-mode current in a
dielectric-filled iris.

generator /, the iris

current through Y will be

IY
(2F 0 + Y)

and the voltage, across Y will be

/

(2Fo + Y)

This quantity is proportional to the

dominant-mode field; therefore its

square is proportional to the dielec-

tric loss. It is evident that the loss

decreases monotonically as Y is

increased. To this must be added

the loss produced by the higher-

mode fields. If the aperture is com-

pletely open, no higher-mode fields

are excited. This is also true when the aperture has no opening. Thus
the dielectric loss caused by the higher modes will be zero when Y is zero;

and as Y increases, the loss will increase, pass through a maximum, and
then decrease again, approaching zero as Y approaches infinity. The
total loss may then be represented as in Fig. IT 16.

1 E. Feenberg, “Use of Cylindrical Resonator to Measure Dielectric Properties at

Ultrahigh Frequencies, 7

,

Sperry Gyroscope Co., July 1942.

Fig. 11*16.—Loss vs. admittance for a
dielectric-filled coupling aperture.
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lo obtain quantitative values, it is necessary to find the exact value
of the field at all points in the aperture. This will, of course, depend on
the shape as well as on the admittance of the diaphragm.

11*9. Propagation in Ionized Gases.—In the preceding sections, the
effects of a complex dielectric constant or a complex permeability were
considered. The problem can equally well be formulated in terms of a
conductivity of the medium, this conductivity being a complex quan-
tity. For certain applications the formulation in terms of conductivity
has a more direct physical interpretation and is often useful. A case in

point is the problem of the effect of an ionized gas on the passage of

electromagnetic waves through it. The general expressions for 7 and
Z n will first be derived, then specific application to ionized gases will be
made.

For simplicity let us consider the dominant mode in rectangular

waveguide, where kc = ir/a. The propagation constant 7 takes the form

7
2 = + junv - oj

2
e/x, (57)

when the medium filling the waveguide has a conductivity a. If a is a

complex quantity, it may be written

<r = <r' — ja". (58)

The propagation constant is then

7
2 = (59)

Thus <r"/a is the contribution to the dielectric constant of the con-

ductivity of the medium. It will be assumed that e and ju are real. If

it is remembered that 7 — a + j/3 ,
then

+ Wj\jl<t'2a 2 —
| j

+co/lict"--co 2
€/x

2(S
2 =

|

+ a>^<7 — ar€/ii

If the substitution of

2

1

+«*<*v*

1

'+

1

•> •» /•>

-r to M “<T “

;

+co/i<r" —

is made, then

= (y)

2“ 2 = {[«'*'" ~ (x;) 1
+ 0

o /•>

!

fe)T + "vvf -[•

- (£)’]•



394 DIELECTRICS IN WAVEGUIDES [Sec. 11-9

It should be pointed out that X and X, are the wavelengths in the medium
and in the waveguide, respectively, when the conductivity a is zero.

The expression for /3 may be written as

2
/
8* = ioixa

-
Or)

+ -
1

^" - (£)

}

(62)

In the special case that <r' = 0,

20s = K" ~ Or;)
|

“
[
U,M" ~

Or) }
Thus if

and if

fey

s2

fey

- fe)
- > 0i

< Ufur
,

P = 0 .

In the latter case, the waveguide is beyond cutoff. The cutoff wave-

length in the waveguide is

= _2t

y/

The following approximate expressions are useful. If

„ /2rV
UfllT — I — J » a>IKT ,

(X,). (63)

“-V"-rfe)| +
^p--

(g)7
+ (04)

and

co/lur

If the opposite situation is true and

atfijur

WfJLC

then

v-- fey
and

-i*®'

m (65)

co/iur
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0 = +
l

[©--I
+

In all the above expressions, the corresponding formulas for uniform
plane waves may be obtained by the substitution \g = X.

The wave impedance Zh can be found by making substitutions in

Eq. (15),

When 0—0,

Z H
40HhV'V m

z H
a (57)

To illustrate the application of these formulas, let us consider a gas

containing positive ions and electrons and having a net charge of zero.

The complex conductivity has been calculated by Margenau 1 by kinetic-

theory methods. Margenau finds

4 c 2 ln [~ t^e-'dt

3 (2ttmkT)'* Jo i'* + jp*
(58)

where l is the mean free path, n the density of charged particles of charge

e and mass m, k is Boltzmann’s constant, and Tf
is an effective tempera-

ture defined by

V T +
Me2E 2

6m 2
a>

2
fc’

(59)

where M is the mass of the heavy particles and E is the amplitude of

the electric fields. The quantity p is a mean free time, and

If only small fields are considered, the difference between T and T* may
be neglected. It is seen immediately that the effects of the positive ions

may be neglected compared with those of the electrons because of the

occurrence of m in the denominator of the expression for a. This expres-

sion reduces to simple form when the frequency is very low or very high.

For low frequencies, that is, for

<r

a>
2 « ml2

2kf
4 e 2 In . a>e2l

ln

3 (2*mkT)»
~ 3 ~WF

’

(71 )

1 H. Margenau, Phys. Rev., 69, 508 (1946); RL Report No. 836, Oct. 26, 1945.
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The real part of a is the Langevin formula usually written in terms of the

mobility. The imaginary part corresponds to a change in dielectric

constant that is independent of o>. For high frequencies, w 2» ml2/2kT>

16 e?n_ / kT\i

_ .

3 muH \2irm) ^ mu (72)

The imaginary portion of a is the familiar expression for entirely free

electrons. Since cr" is inversely proportional to co and <r' is inversely

proportional to co
2

,
at sufficiently high frequencies <r « —jcr". The

effective dielectric constant € — cr"/co [see Eq. (59)] may be positive or

negative depending on whether n is small or large. The behavior of the

ionosphere may be explained in terms of these expressions. As the

altitude is increased, n increases, and there is a cutoff condition if <r' is

sufficiently small. From Eqs. (63) and (72),

For this wavelength

&

(73)

If the losses, as represented by <r', cannot be neglected, the exact theory

must be utilized. No true cutoff phenomenon occurs, because energy is

lost in the medium.

A similar situation exists in the action of a gas-discharge switch (TR
switch) in a waveguide circuit. During the discharge proper the above

formula for a does not hold, because ionizing collisions were neglected in

the derivation. However, during the period of recovery after a discharge

has taken place, the formula is valid. At microwave frequencies and

for the gas pressures used, cx" » a'. The attenuation is therefore of the

nature of attenuation in a waveguide beyond cutoff.

11*10. Absorbing Materials for Microwave Radiation.—An interest-

ing example of the application of the principles discussed in this chapter

is afforded by certain materials that absorb electromagnetic radiation

without producing much reflection. Such materials were developed by

the Germans during the war for radar camouflage. 1 They were used

principally to cover the breathing tubes that extended above the surface

of the ocean from submerged submarines. Two principal varieties were

developed, one employing poorly conducting materials, the other using

lossy dielectric materials that have also a complex permeability.

An absorbing material of the first type consists of alternate layers of

dielectric and thin sheets of poorly conducting material. The structure

1 G. G. Macfarlane, “ Radar Camouflage, Research and Development by the

Germans, 1” T. 1905, M/99, TRE, July 23, 1945.
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is shown schematically in Fig. 1M7. The dielectric material is a foam of

polymicrylchloride with the low value of 1.3 for e/co and a negligible loss

tangent. Each layer of dielectric is about 7 mm thick. The conducting

sheets, each about 0.1 mm thick, are made of paper impregnated with

lampblack. The whole structure is

glued together, and the outside is

coated with a thin layer of water-

repellent wax.

The design of a reflectionless struc-

ture is equivalent to the problem of

matching from free space to a short

circuit by means of a lossy transmis-

sion line. It is obviously impossible

to obtain a perfectly reflectionless

matching transformer, and an approx-

imation must be chosen. The approx-

imation employed here is to use a

number of lumped elements to intro-

duce the loss instead of a continuous lossy line. The equivalent circuit

of the arrangement is shown in Fig. 11-18. The lossy line is made
to behave in the manner of an exponentially tapered line 1 by using sheets

Dielectric spacers

T T "f T~ "1“ 1 T-

5. 9 mm 9 mm 9 mm 9 mm 9 mm 9 mm 9 mm

I

Metal

Conducting sheets

Fig. 11*17.—Construction of absorbing
sheet containing conducting layers.

Flu. Il ls. Equivalent circuit of absorbing sheet in Fig. 11-17.

of conducting material whose surface resistivity varies by a constant

factor from one sheet to the next.

Table 1T2 gives the values of the resistivities of the conducting layers.

Table 11-2.

—

Surface Resistivities of Conducting Sheets of Multilayer
Absorber

Sheet number (from front

surface) 1 2 3 4 5 6 7

Surface resistivity, ohms
per square 30,000 14,000 6500 3000 1400 650 300

Equivalent conductance

relative to dielectric line. 0.011 0.024 0.051

i

0.110 0.24 0.51 1.10

1 J. C. Slater, Micrmvave Transmission
,
McGraw-Hill, New York, 1942, Chap. 1,

p. 75.
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The behavior of the absorber may be easily calculated from the

equivalent circuit. Even without calculation the approximate action is

readily seen. At long wavelengths the absorber acts as a large inductive

susceptance with a very small conductance. At shorter wavelengths the

conductance is larger and the susceptance smaller, and the admittance of

the combination traces out on an admittance diagram a spiral approach-

ing the center. The admittance makes one revolution on the diagram

each time the phase change through the absorber is 180°. When the

Fio. 11*19.—Impedance chart for the absorbing sheet of Fig. 11*17. The wavelengths
are indicated on the curve.

spacing between the layers becomes an appreciable fraction of a wave-

length, the spiral expands until the conducting layers are a half wave-

length apart. At this frequency the conductances are short-circuited

by the metal surface, and the admittance is pure imaginary. This

behavior is illustrated in Fig. 11*19 where the points on the spiral are

labeled with the wavelength in centimeters. Figure 11*20 shows the

calculated reflection coefficient as a function of wavelength. The actual

absorbers do not give as good results as calculated because of variations

in the various parameters in manufacture. The reflection coefficient was
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observed to have a variation of 5 to 10 per cent in the wavelength range

of 7 to 15 cm.

A second variety of absorber, composed of a synthetic rubber impreg-

nated with iron powder, makes use of both dielectric and magnetic losses.

For uniform plane waves, the equations of Sec. 11*5 are considerably

simplified. The wave impedance may be written

7 - K ~W - /
m'(1 - l tanT) _ 17 COS <p

H
\ (' — jt" \«'(1 — j tan <pj \ cos f

and depends, therefore, for loss angles that are not too large, essentially

Wavelength in cm
Fig. 11-20.— Reflection coefficient of absorbing sheet.

on the difference f — <p. The propagation constant from Eqs. (41)

becomes

.
/" «y

e
-f-f

^ ^
\ cos <^> COS f

y

which depends upon the sum of the loss angles. An efficient ferro-

magnetic absorber should have large and equal values of <p and f and large

values of c' and n
f
subject to the condition that fi'/e' be nearly equal to

Mo/€o.

The construction of an absorber utilizing these principles is shown in

Fig. 11*21. The synthetic rubber is impregnated with iron powrder,

prepared from iron carbonyl, of particle size less than 10m- The material

has a specific gravity of about 4. At a wavelength of 10 cm the dielectric

constant «'/«<> is approximately 25, mVmo varies from 3 to 4, tan <p is

approximately equal to tan f, and tan f and tan <p lie between 0.3 to 0.4.

The intrinsic impedance is therefore real but rather small, and a resonant

construction has been adopted to match into the absorbing material.

The waffle construction, at wavelengths long compared with the grid
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spacing, acts as a shunt inductance. A thin layer of low-loss dielectric

acts as a spacer between the rubber and the metal to be camouflaged.

The equivalent circuit of the absorber is shown in Fig. 11-22. The
resonant nature of the device indicates that it is effective only over a

Fig. 11-21. —Absorbing sheet with resonant construction.

Li

Grid A

*o=l f HIM
Short

circuit

Fia. 11-22.—Equivalent circuit of absorbing sheet of Fig. 11-21.

Fig. 11-23.-— Reflection coefficient of three samples of absorbing sheet of Fig. 11*21.

narrow frequency band. Some observations showing the effectiveness

of this material are shown in Fig. 1T23. Other materials with values of

y/n'/e
f more nearly equal to the impedance of free space can probably

be obtained. Experiments with iron oxide (Fe 208, y-phase) and mag-

nesium ferrite (Mg0Fe20 8), both of which are ferromagnetic, show

promise in this direction.



CHAPTER 12

THE SYMMETRY OF WAVEGUIDE JUNCTIONS

By R. H. Dicke

In this chapter the properties of symmetrical junctions of two or more
transmission lines will be investigated. As these junctions will be

assumed to be lossless, all the results found for lossless junctions (Chap.

5) will be assumed to apply here. In particular a junction will be repre-

sented by an impedance, admittance, or scattering matrix of a lossless

generalized waveguide junction. Terminal voltages and currents will

be normalized in such a way as to make the characteristic impedance of

all transmission lines unity.

Symmetry about a single plane

Symmetry about two planes

(h)

Complete symmetry

Fio. 12*1.—Junctions having reflection symmetries only. Symmetry of one or more planes.

12*1. Classes of Symmetry.—A number of symmetrical junctions are

illustrated in Figs. 12T to 12*3, inclusive. It is evident that this col-

lection is by no means complete and that there is an unlimited number

of possible symmetrical junctions. Nearly all junctions of transmission

401
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lines encountered in practice have some sort of symmetry. Because, of

symmetry, a junction may have rather unusual properties. This will

be brought out later when examples are discussed.

'A symmetrical junction is characterized by the fact that it is left

unchanged by a symmetry operation. For example, in Fig. 12*2a

the symmetry operation is a rotation of the structure by 180° about the

symmetry axis. This operation turns the figure back into itself. The
junction is said to be “invariant ” under this symmetry operation./

In Fig. 12* 1 the junctions are characterized by their invariance under

reflection in one or more planes. When there are two and only two

(a)

One axis

Symmetry about one or more axes

Symmetry about a point an axis, Symmetry about a point

apd a plane

Fio. 12-2.—Junctions having reflection symmetries only, continuation.

symmetry planes, they must intersect normally. Their intersection is a

symmetry axis, as may be seen by reflecting first in one plane and then in

another. This is an example of the interrelation between symmetry
operations. This matter will be discussed later in more detail.

Since space has no preferred directions, it is evident that there is

nothing unique about the choice of the x-, y-, and z-axes in Maxwell's

electromagnetic equations. In fact, a rotation of the coordinate frame

and field quantity to a new position is an operation under which Maxwell's

equations should be invariant. This rotation is again a symmetry
operation.

Although Maxwell's equations are invariant under a symmetry
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operation, any given solution need not be. For instance, a wave moving
to the right can be transformed under a reflection into a wave moving to

the left. However, a standing wave with the symmetry plane at a node
or loop is left unchanged by the reflection. Such a solution is said to be
invariant under the symmetry operation.

Symmetrical junctions will be investigated by looking for symmetrical

solutions of Maxwell's equations that satisfy the boundary conditions of

the junction. Any solution can then be expressed as a linear combination

Three-fold symmetry axis

Fig. 12*3.— Higher-order symmetries.

of these symmetrical solutions. A detailed solution of the boundary-

value problem is outside the scope of this book. 1 Instead, general condi-

tions which result from symmetry will be investigated.

A useful method for obtaining the properties of symmetrical junc-

tions is found in the theory of eigenvalue equations. This theory

is developed sufficiently to make the subsequent treatment of special

problems intelligible. However, before the general theory is developed,

a simple special case will be considered as an illustration of the type of

problem to be considered.

12*2. Symmetry of the Thin Iris.—An iris across a rectangular wave-

guide is a geometrical configuration with a single plane of symmetry and

ri ~T~

( 2 ) (2)

Fig. 12-4.—The thin iris.

represents one of the simplest examples of a symmetrical junction. Such

a junction is represented in Fig. 12*4. Let terminal planes be chosen as

indicated in the figure. The region between the two terminal planes

1 J. Schwinger has treated these aspects of many of the problems in detail. This

work is as yet unpublished.
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may be regarded as a part of the lossless junction, and an impedance

matrix Z (pure imaginary) may be defined such that

Cl = Znii + Z 1212,

62 ~ Z 2l2*l Z 22t 2 .

where the e’s and i’s are the currents and voltages at the junction.

The first observation that can be made from symmetry is that

Z22 = Z 11 . This is evident because a reflection of the waveguide through

the plane of symmetry leaves the guide unchanged. However, this

reflection interchanges the field quantities at terminals (1) and (2).

Thus an interchange of (1) and (2) in the elements of the impedance matrix

should leave it unchanged. This is possible only if

Z 12

Z 22
(2 )

The first of conditions (2) will be recognized as the usual impedance-

matrix symmetry condition and is valid independently of the existence of

geometrical symmetry. The second condition is imposed by the geo-

metrical symmetry.

Equation (1) is valid for any choice of i\ and t 2 . In particular, it

holds for = — ii. If this substitution is made in Eq. (1),

Ci = »i(Z„ — Z 12), I

c2 = *2(^11 — Z12), / (3 )

e2 = —e\.
j

For this particular antisymmetrical solution the impedance seen looking

into terminals ( 1 ) or (2 ) is

Z = 7 = " Z "- (4 )

ft C2

*

If 61 = — c2 ,
the electric field at the terminals (1) is opposite in sign to

that at the terminals (2 ). It is easily seen that this solution of Maxwell's

equations has an electric field which is an odd function of position along

the axis of the guide (see Fig. 12*5)

.

'T Tj
.

j

Note that the field becomes zero

4 j 1 I t t 4 t t 1 1 1 t
at the symmetry plane; and since

(1) (2) the iris is thin and effectively

Fiq. 12*5. Field distribution for antisym- embedded in this plane, the field
metrical solution.

J . . ..

distribution is exactly the same

as though the symmetry plane had become an electric wall.

As the field distribution is that" which would be produced by a metal

wall at the symmetry plane, the impedance Z is that of a short circuit

transformed down the line a half wavelength; that is, Z = 0. Therefore,
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from Eq. (4), Zn = Z X2 . This is just the condition that the iris be a

shunt susceptance at the symmetry plane. Perhaps the easiest way to

see this is from the T-equivalent of the impedance Eq. (1) (see Chap. 4).

If Zn = Z 2

2

= Z 12 ,
the circuit becomes a pure shunt element of imped-

ance Z 12 across the junction.

The odd distribution in electric field of Fig. 12-5 is one symmetrical

solution of Maxwell's equations. It is evident that the even solution is

another.

e x = e2 ,

% = 2Zn . (5)

These are the only two solutions which are symmetrical about the sym-

metry plane. It is evident that any other solution of Eq. (1) can be

obtained as a linear combination of the solutions given in Eqs. (5) and (3).

MATRIX ALGEBRA

12*3. The Eigenvalue Problem.—The problem just considered was so

simple that it could be seen by inspection that an odd or even distribution

of fields about the symmetry plane was a symmetrical solution of Max-
well’s equations. In more complicated cases involving many waveguides

in complicated configurations the intuitive approach may not be sufficient

to obtain a correct solution. It is the purpose of the next sections to

develop formal methods that are applicable to these more complicated

cases.

A formalism that is useful in the discussion of symmetrical junctions

is that provided by the theory of the eigenvalue equations. This theory

is developed here only to the point actually needed in the subsequent

problems. A more complete treatment can be found in any of the stand-

ard works on matrix algebra. There are also introductory treatments

for the reader unfamiliar with this field.
1

The Eigenvalue Equations .—For a square matrix P, a column vector a,

and a number p, the equation

Pa = pa, (6)

is called an eigenvalue equation. The quantity p is called an eigen-

value, and a an eigenvector. As an example of an eigenvalue equation,

with reference to Eq. (4), Eq. (3) may be written as

Zi - zi, (7)

1 Birkhoff and Mac-Lane, A Survey of Modern Algebra
,
Macmillan, New York,

1941; H. Margenau and G. M. Murphy, The Mathematics of Physics and Chemistry
,

Van Nostrand, New York, 1943.
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where

i = *>(_})• (8 )

Equation (6) can be satisfied only for certain discrete values of p.

To see this, Eq. (6) may be written as

(P - p|)a = 0, (9)

where I is the unit matrix. Equation (9) is a homogeneous set of n

equations in n unknowns and has a nonvanishing solution for a only if the

determinant of the coefficient vanishes, 1

det (P — pi) = 0. (10)

By expansion of this determinant, a polynomial in p of degree n is

obtained. This polynomial, called the characteristic polynomial, has n

roots, some of which may be equal. When m of these roots are equal,

the eigenvalue is said to have a degeneracy of order m. Equation (10)

is called the characteristic equation of P.

Nondegenerate Eigenvalues .—The vectors 3ii . . . a* are said to be

linearily independent if for numbers c, there is no solution of the equation

;

other than the trivial one, = 0 for all j.

Theorem 1.—The n eigenvectors of P corresponding to the n non-

degenerate eigenvalues are linearily independent. Let the eigenvalue

equation be

Pa, = p,a„ (12)

where the n eigenvalues p;
are all different. Let

Multiply Eq. (13) by

(P - p2l)(P - p 3 l)
• •

• (P - p„l). (14)

From Eq. (12) the result is

Ci(pi — P2XP 1 — p3)
* *

• (pi ~ Pn)ai = 0. (15)

All other terms in the sum vanish. Equation (15) can be satisfied only

by Ci « 0. In a similar way each of the other c
y

s can be shown to vanish,

and the n eigenvectors are linearily independent.

1 Margenau and Murphy, op. cit ., Chap. 10, p. 299.
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There can be no more than n linearily independent n-dimensional

vectors. To show this let a 0 be any n-dimensional vector. Then the

equation

n

; = 0

must have a nonvanishing solution for c„ since it consists of n equations

in n + 1 unknowns. Also in such a nontrivial solution c0 ^ 0; for if

c0 = 0, all the c’s must vanish.

Theorem 2.—Any n-dimensional vector may be expressed as a linear

combination of n linearily independent vectors,

H

y- i

The proof of this theorem is immediately evident if Eq. (16) is divided

through by c 0 .

From Theorems 1 and 2 it can be seen that there is only one linearly

independent eigenvector for each eigenvalue of P. Any other eigenvector

can be obtained from this eigenvector by multiplying by a constant.

Degenerate Eigenvalues .—If m of the n roots of the characteristic

equation are equal, then there are rn linearly independent eigenvectors

associated with this eigenvalue. An easy way to see this is to form the

matrix

P + *Q = T, (18)

where e is a number and Q is a matrix so chosen that T has no degeneracies.

Therefore Theorem 1 applies to T. In the limit, as c — 0, T — P and m
of the roots coalesce. The m eigenvectors associated with these roots

become associated with this degenerate eigenvalue. It is evident that

any linear combination of these m eigenvectors is also an eigenvector.

Hence by taking linear combinations of the eigenvectors a new set of

linearly independent eigenvectors can be obtained. Therefore the basic

set of eigenvectors associated with a degenerate eigenvalue is not unique.

There is an infinite number of possible sets.

12*4. Symmetrical Matrices.—The transpose of a matrix is obtained

by changing rows into columns keeping the order the same. Note that

the transpose of a column vector a is the row vector 3. The transpose

of the product of two matrices is

P“Q - o • P. (19)

This is easily seen from the definition of the product. A symmetrical
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matrix is by definition one that is equal to its transpose. Symbolically,

P - P. (20)

Two column vectors a, and a
;
are said to be orthogonal when

a,a, = a,a< = 0. (21)

Theorem 3.—If P is symmetrical, the eigenvectors associated with

different eigenvalues are orthogonal to each other. Let

Pa, = pfo (22)

Taking the transpose of Eq. (22) and changing the index,

= P*a* = a*P. (23)

Multiplying Eq. (23) on the right by a„ Eq. (22) on the left by a*, and

subtracting,

(Pk
- P;)a*a, = 0. (24)

If Pk 5* Pi y
the two eigenvectors are orthogonal. If p, = pk) then the

linearly independent eigenvectors need not be orthogonal. However,

it is possible to choose a set that is orthogonal. In fact this can be done

in an infinite number of ways.

Real Symmetrical Matrices .—A matrix is pure real or imaginary if all

its elements are pure real or imaginary.

Theorem 4.—If P is real and symmetrical, all its eigenvalues are real

and the eigenvectors may be so chosen as to be real. For if

Pa, = pa, (25)

then

Pa* = pfa*, (26)

since

P = P*.

Also

a*P = p*a*, (27)

since

p = P.

Multiplying Eq. (27) on the right by a, and Eq. (25) on the left by a*

and subtracting,

(p* - py)a,*a/ = 0.
(28)

Since afa, is nonvanishing,

Pi = Pr (29)

Thus all eigenvalues are pure real. If Eq. (29) is substituted in Eq. (26),

it is seen that both a, and a* are eigenvectors of the same eigenvalue.
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The eigenvectors with some eigenvalue p fc may be divided into two
classes, those for which a* and a* are linearly independent and those

for which a fc and af are linearly dependent. If a
fc and a£ are linearly

dependent, then a fc + a* is a real eigenvector. Ifa* and a* are linearly

independent, then a* + a? and j(a* — aJ) are^ linearly independent and

real eigenvectors. Thus it is always possible to pick a complete set of

real linearly independent eigenvectors.

Corollary .—The eigenvalues of a pure imaginary symmetrical matrix

are pure imaginary, and the eigenvectors may be so chosen as to be pure

real. An example of the corollary is afforded by the problem of the thin

iris. The odd and even solutions of Eqs. (3) and (5) may be written

Za
,
= z,a„

where

and
Z\ = 0, Zo = 2Z 12 .

It should be noted that Z\ and z 2 are pure imaginary and ai and a 2 are

real and orthogonal.

12*6. Rational Matrix Functions, Definitions.—Any expression of the

form

/(P) = c 0(P - Cil)(P - r2 l)
• • •

(P - c«il)- ! (P - c_ 2 l

)

—

1

*
•

, (30)

where the c’s are constants, is called a rational function of P.

Two matrices P and Q are said to commute if

PQ QP = o.

It can be shown easily that any two factors in Eq. (30) commute, and thus

the factors may be taken in any order.

Theorem 5.—If

Pa, = p,a„ (31)

then

/(P)a, = M)a,, (32)

where /(P) is a rational function of P. This theorem is proved by adding

the identity c*la, = cka, to Eq. (31), where ck is a constant,

(P + cjtl)ay = (p, + Ck)<ir (33)

If Eq. (33) is multiplied by (P + c*!)” 1

,
the result is

(P + ck\)~% = (Pi + cJ-'&j. (34)

The product

/(P)a, = c0(P - cil)
• •

* (P - c_J)- la*
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may be evaluated by taking the product of a* by the last factor, then the

product by the second last factor and so on. The result is, using Eqs. (33)

and (34),

/(P)a, = /(p,)a,.

An application of this theorem may be found in the scattering and

impedance matrices that are connected by the equation

S = (Z — l)(Z + l)-i. (35)

Therefore, if Za/
= 2,a„ then from Theorem 5

where

Sa
;
— s,a„

S; = *±-\
z, + 1

*

The general result has been proved that the impedance, admittance and

scattering matrices have common eigenvectors. It should be noted that

since zf = — z»

?,-l
2 = zi

- 1 zf ~ 1

Zi + 1 zf + 1

= 1 .

12*6. Commuting Matrices.—An important theorem may be proved

regarding the eigenvectors of two matrices that commute.

Theorem 6.—If P and 0 commute and Pa, = p,a„ where p, is non-

degenerate, then a, is an eigenvector of Q. To prove this theorem, it

should be noticed that

QPa, = p,Qa,

or

P(Qa,) = p,(Qa,).

The vector Qa, is therefore an eigenvector of P corresponding to the

nondegenerate eigenvalue p,. Therefore Qa
;
can differ from a, at most

by a multiplicative constant, or

Qa, - qfir

Hence a> is an eigenvector of Q. In a similar way it can be seen that if

p, is degenerate, Qa, is a linear combination of all the linearly inde-

pendent eigenvectors of this eigenvalue.

12*7. Cayley-Hamilton’s Theorem.—The characteristic equation of a

matrix was defined by Eq. (10) of Sec. 12 3.

Theorem 7.—Every matrix satisfies its characteristic equation. To
prove this, let the characteristic equation of P be

, p
n + c\pn ~~ l +•••* 0,
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and let the n roots of this equation be pk . Form the matrix

M = Pn + dP"- 1 + • •
• + Cn.

Any nth-order vector can be expanded in terms of eigenvectors a* of P.

Let

Then

a

Ma

s
k

l

dk&k .

dkivi + exptr 1 *
• + Cn)dLk .

The expression in parentheses on the right of this equation vanishes.

Therefore

Ma = 0,

for any vector a. Therefore M = 0, and P satisfies its characteristic

equation, which proves the theorem.

The spur or trace of a matrix is defined as the sum of its diagonal

elements. The last theorem needed for the discussion to follow will now
be stated.

Theorem 8.—The spur of a matrix P is equal to the sum of its eigen-

values pk . Let the characteristic equation of P be

p
n + Cipn

~ l + • • • = 0 .

The sum of the roots of the polynomial is equal to C\. The characteristic

equation is the expansion of det (P — pi). In the expansion of the

determinant, the coefficient multiplying p
n~ l

is S Pnn . Therefore

Pk.

SYMMETRIES OF MAXWELL’S EQUATIONS

As pointed out earlier, the fact that there are no preferred directions

in space indicates that a particular choice of the x-, i/-, and z-axes in

Maxwell’s equations is not unique. It should be possible to introduce a

rotation in the geometrical axes and a transformation in the field quan-

tities such that the new coordinates and field quantities satisfy Maxwell’s

equations. In such a case Maxwell’s equations are said to be “ invariant”

under the transformation.

Rotations are not the only transformations that leave Maxwell’s

equations invariant. Reflections are also permissible transformations.
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Then again several transformations may be applied in succession. The

resulting transformation is also one under which Maxwells equations

are invariant. The general transformations will not be needed for the

examples to be discussed. The transformations that will be needed are

the reflections of various kinds and rotations about a single coordinate

axis by fractional parts of 360°. The reflections are the transformations

that will be required most often, and their theory will be developed in

detail.

12*8. The Symmetry of a Reflection in a Plane.—Under a reflection

in the yz-plane, x is transformed into — x, and the other space coordinates

are left unchanged.

x —>x' = — x, \

y y
' = 2/,

|
(36)

z — z* = z. )

A transformation on the components of electric and magnetic held that

leaves Maxwell’s equations invariant is desired. One such transforma-

tion, as can be seen from the inspection of Maxwell’s equations, is

(37)

It is well to ponder the meaning of this invariance of Maxwell’s

equations under the transformation (37). Stated in words the trans-

formation replaces the electric field at the point x
} y, z by that at the point

— x, y 7
z

y
changing the sign of the x-component. The invariance of

Maxwell’s equations implies that this new field distribution is also a solu-

tion. Thus for any one solution, another can be obtained by applying

the transformation (37). It should be noted that in general this new
solution will not satisfy the original boundary conditions. Only when
the geometrical structure is invariant under the reflection does this new
transformed solution also satisfy the same boundary conditions as does

the old. In this case, any permissible solution can be transformed int,o

another permissible solution by the transformation (37).

Let us introduce a formal operator Fx to represent the transformation

(37). F9 will be thought of as an operator that can operate on any
coordinate to change it into its transformed value. For example,

Fx

Fx x

ExiXyVyZy«) *
-x>
-Ex(-XyyyZ,0>).

(38)
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It is evident that

Fx • (CEX)) = C(FZ • Ex), (39)

where C is a constant. Also

Fx * (^ + y) = Fi * x + F x • y. (40)

An operator is said to be linear when conditions (39) and (40) are satisfied.

Information concerning general properties of the junction can often

be obtained by searching for solutions of Maxwell's equations that are

invariant under the symmetry transformation. It is desired to find

solutions of Maxwell’s equations that are left unchanged (except for a

possible change in phase) by the symmetry operator. A change in phase

can be compensated by a change in time zero, and such a change in solu-

tion is not significant.

If Ev is a symmetrical solution, then

Fx ’ Ey = fFjy , (41)

where / is a number with unit modulus. Equation (41) will be recognized

as a type of eigenvalue equation. Operating on Eq. (41) by Fxy

F\ • Kv - /** * Ev = /%• (42)

A reflection applied twice, however, leaves everything unchanged and

therefore

FI * Ey = Ey. (43)

From Eqs. (42) and (43),

(44)

Solutions with / = +1 are even functions of x. If Ev and Et are

even functions of x, the solution of Maxwell’s equation will be called

4 'even.” If / = -1 the solution will be called
4<
odd.” Note that if

Eu and E z are even functions of x, Ex is odd, and conversely. The

symmetries of the even and odd solution are summarized in Table 121.

Table 12-1.—Even and Odd Solutions of Maxwell’s Equations

Even

E,ix,y,z) - —E,(—x,y,z)

E„(x,y,z) = E„(—x,y,z)

E.(x,y,z) - E.(-x,y,z)

H,(x,y,z) - II x (-x,y,z)

Hy {x,y,z) = -Hy(-x,y,z)

11,(x,y,z) « —H,(—x,y,z)

Odd

E,(x,y,z) = Ex (—x,y,z)

Ev (x,y,z) = —Ey(—x,y,z)

E,(x,y,z) = —Et(—x,y,z)

H,{x,y,z) = x,y,z)

H„(x,y,z) = Hv(—x,y,z)

H,(x,y,z) = H.(-x,y,z)

If the solution is continuous across the symmetry plane, that is, if the
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symmetry plane does not contain a metallic sheet at the point in question,

then setting x *= 0 in Table 12T yields

Even Odd
Ex = 0, Ey = 0, \

Hv = 0, E, = 0
, (4.5)

//, = 0, //, = 0.
J

Conditions (45) for the odd case are just the ones that must be satisfied

by the field quantities at the surface of an electric wall. In other words

the field distribution is the same as though the symmetry plane were

replaced by a perfectly conducting metallic film. In a similar way the

even solutions correspond to a magnetic wall at the symmetry plane.

12-9. Symmetry Operators.—Operators Fu and Fz can be introduced

in a similar manner to represent reflections in the xy~ and the xz-planes.

All the above results follow exactly as for the operator Fx, These reflec-

tion operators may be applied in combinations to the various coordinates.

For instance a reflection in the yz-plane followed by a reflection in the

xz-plane is equivalent to a reflection in the 2-axis (or a rotation of 180°

about the 2-axis). A new operator Rz may be introduced to represent

this reflection in the z-axis. Formally,

Ri = FxFy = FVFX .

In a similar way
Rx = FyFi = F:Fyy \

Ry = F ZFX = FXFZ .

}

(46)

(47)

Another symmetry operator is

P = FJFVFZ . (48)

This is a reflection in each of the coordinate planes and is equivalent to a

reflection in the origin. There is one other symmetry operator of impor-

tance in this set, namely, the identity operator. Let I represent the opera-

tor that leaves the coordinates unchanged. A multiplication table for

these operators can now be constructed. This is shown in Table 1 2-2.

Table 12-2.—Multiplication Table for the Reflection Group

/ Rx Ry Rt Fx Fy Ft P
/ / R, Ry R. Fx Fy F. P
Rx Rx I Rx Ry P F, FV F,

Ry Ry R. I R. Fx Pr F, Fy

Rt Rx Ry Rx I Fy F, P F.

Fx Fx P Ft Fy \l Rx Ry Rx
Fy Fy Fx p Fx

!

Rx I Rx Ry

Ft Ft Fy Fx P
j

Ry Rx I Rx

P F Ft Fv Fx Rs Ry Rx I
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It can be verified from the table that a 180° rotation about the z-axis
followed by a reflection in the yz-plane is equivalent to a reflection in the
zz-plane. Symbolically,

FXRZ = Fy.
(49)

These eight reflection operators together with their rules of multipli-

cation given in Table 12-2 are an example* of a group. A group is a set

of elements with a law of multiplication such that for any three elements

of the group A, B
,
and C,

1. A(BC) = (AB)C.

2. There is an element I such that for any element A, /A = A.

3. For every element A there is an element A-1 such that AA~ l = /.

It should be noted that for the reflection group every element com-
mutes with every other element. For example

FxR2 = RZFX.

A group all elements of which commute with one another is said to be

Abelian. The elements /, R„ Ru , and Rz form a group called a subgroup
of the reflection group. The generators of a group are elements from

which any element of the group can be obtained as a product. The
elements Fzi Fy >

Fz are generators of the reflection group. Another set

is Rx ,
Rvf and P .

Table 12*2 may be used to construct a table of symmetry types.

Each symmetry type is a subgroup of the reflection group. In Table

12-3, seven types of symmetry are listed. They are illustrated by the

waveguide structures of Figs. 121 to 12-3. To illustrate how this table

was constructed, notice that there is no symmetry with two symmetry
axes. From Table 12-3, two symmetry axes automatically require a

third.

Table 12-3.

—

Symmetry Types under Reflection Group

Number of symmetry elements
Type of

i

I

i symmetry
Type Planes

|

Axes Points
i

1 1 0
!} Planar

2 1 2 1 Oj

3 3 3 1 Complete

4 0 1

Axial
f) 0 3 ()/

r> 1 1 1 Mixed

7 0 0 Point
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12.10. Field Distributions Invariant under Axial and Point Reflec-

tions.—In Table 12-2 it should be noted that R* = / and P2 = /, so the

arguments that led to even and odd field distributions as the only solu-

tions of Maxwell's equations invariant under reflection in a plane are

valid for reflection in an axis and a point.

The solutions with Rs as the symmetry operator are given in Table

12*4.

Table 12-4.

—

Solutions Symmetrical under Ra

Even
Ex (x,y,z) - -Ex(-x,—y,z)

Ey (x,y,z) - -£
v (-.r,-i/,z)

E,(x,y,z) - qj-Xy-ijyZ)

Hx (x }
y,z) = —Hx(—x } — y,z)

//v (x,t/,z)
== -Hu(-x,-y,z)

Ht(x,y }
z) = //,( —Xy —y y

z)

Odd
Ex (Xyy,z) * Ex(-Xy—y,z)

EyiXylJyZ ) - Eyi - Xy - IJyZ )

Ez(Xyy
f
z) = -EJ-Xy-yyZ)

Hx {x,\jyz) = Hx(-Xy-y f
z)

IIy (x ,y ,
z ) = H u(- x,- yyZ )

H t (x fy }
z )

= -HJ - Xy - yyZ )

Along the symmetry axis (x = 2/
= 0), therefore, the solutions are

Even Odd
£*(0,0,z) = 0,

£v (0,0,z) = 0,

#*(0,0,z) = 0,

tf*(0,0,z) = 0,

£,(0,0,z) = 0,

// 2 (0,0,z) = 0.

(50)

The solutions of Maxwell's equations symmetrical under P are given

in Table 12-5.

Table 12-5. —Solutions Symmetrical under P
Even Odd

Ex (x,y t
z) - Ex(-x t

-yy-z)

Ey{XyXJyZ) * Ey(-Xy-lJy-Z)

Et {Xyy,Z) = Ej-Xy-lJy-Z)
Hx (x,y,z) - -Hx(-Xy-y t

-z)

Hv(x f
yyZ) - -Hpi-Xy-ijy-z)

Ht(Xyy,z) = -HJ-Xy-ijy-z)

EX (Xy}fyZ) = -EX (-Xy-lJy-Z)

Ey(XytJyZ) = -Ey(-Xy-yy-Z)
EJXyXjyZ) = -EM{-Xy-y }

-z)

Hx (x,y,z) = IIx (x,y t
z)

HyiXyijyZ) - H v (x,y,z)

IfJXylJyZ

)

** HjXyXJyZ)

At the origin, x = y = z = 0, these solutions are characterized by the

vanishing of the field components, thus

Even Odd
//*(0,0,0) = 0,

£y(0,0,0) - 0,

i/,(0,0,0) - 0,

£x(0,0,0) = 0, 1

£,(0,0,0) = 0, (51)

£,(0,0,0) = 0.
j

The invariance qf Maxwell's equations under the reflection group has

been examined in some detail. These are not the only symmetry
operators which will be encountered, but other types of symmetry will

be discussed in connection with the particular problems to which they
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apply. As an example of another type of symmetry, the problem of the

symmetrical //-plane Y-junction will be considered later.

WAVEGUIDE JUNCTIONS WITH TWO OR THREE ARMS

12*11. The Thick Iris.—The symmetry of the thick iris is the same

as that of the thin iris. The main reason for presenting this type of

problem again is to introduce with a simple illustration the formal

methods of solution. The junction is shown in Fig. 12*6. The iris may
have an aperture of any shape in a

metal plate of uniform thickness d.

The junction has a symmetry

plane through the iris, and all the

results of Sec. 12*2 apply to this

problem. The junction is invari-

ant under the reflection operator

Fx \
and to any solution of Max-

well's equations satisfying the

boundary conditions imposed by the waveguide and iris, there is another

obtainable by operating with Fx on the solution.

If e and i are the voltage and current vectors

Fiu. 12-6.—The thick iris.

e =

of the junction, then €\ is a measure of Ex at junction (l) and i\ is a

measure of IIv at junction (1). Under Fzy which symbolizes the trans-

formation (37),

ci —> c[ = e 2 ,
1

c2 — Cj = e\\)

i\ —> i[ = t2, I

7*2 — tj == fl* 1

(52)

(53)

The sign convention on the junction currents (into the network) results

in no sign reversal in Kq. (53). The reflection operator Fx takes the form

when operating on i and e. Thus,

Fi = i', Fe = e'. (55)

The transformation given in Eqs. (52) and (53) may be made by per-

forming the matrix operation of Eq. (55). The matrix F is said to repre-

sent the operator Fx.
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If the impedance matrix of the junction is Z, then

e = Zi.

But the transformed voltages and currents also satisfy Eq. (66)

e' - Zi',

Fe « ZFi,

FZi = ZFi,

(FZ - ZF)i = 0.

(56)

(57)

Equation (57) is valid for any current vector i. Hence

FZ - ZF = 0. (58)

Equation (58) is important. It is a direct link between the symmetry
operator F and the impedance matrix.

The only solutions invariant under Fx are the “even” and “odd”
solutions (Table (12T). For these solutions

Even Odd

€\ — €2y

i\ = 1*2,

6l — —€2
y

i\ = — ia.
(59)

Conditions (59) can also be obtained from the eigenvalue equation

Fa = /a. (60)

The characteristic equation is [see Eq. (10), Sec. 12-3]

det
({ })

= P ~ 1 = 0.

The eigenvalues are

.
/*“-!. (61 )

[See also Eq. (44)].

Eigenvectors of Eq. (61) can be found by inspection and can be written

Note that ai and a2 are linearly independent (Theorem 1), orthogonal

(Theorem 3), and pure real (Theorem 4) and are normalized to unity.

From Eq. (58) and Theorem 6, ai and a2 are also eigenvectors of Z.

Thus the eigenvalue equations of Z can be written as

Za* - 2*a*; (62)

Zk is pure imaginary (corollary, Theorem 4).

From Theorem 5, ai and a2 are also eigenvectors of Y and S.
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As was discussed previously (Sec. 12 8) the even and odd solutions

are those for which the symmetry plane becomes a magnetic and an
electric wall respectively. Figure 12-7 is a cross section of Fig. 12-6 for

these two cases, showing one side

only.

Nothing very much can be said

about the eigenvalue Z\ for the even

case without a solution of the bound-

ary-value problem. However, it is

clear that the obstacle for the odd

case will reflect in such a way that an

effective short circuit lies somewhere
between the symmetry plane and the

left side of the iris. The eigenvalue

z2 will be capacitive, because the

short circuit lies between one-quarter

and one-half guide wavelength from

the terminals. If the thickness of

the iris, d
,
is small compared with the

0 < jz2

of short circuit

Fia. 12-7.—Boundary conditions for

symmetrical and antisymmetrical solu-

tions for the thick iris.

guide wavelength \0 ,
then

The impedance matrix can be written down directly in terms of z x and z2 .

However, it may be obtained formally by the following procedure.

Equation (62) may be combined to form the single equation

where

ZA = AZd, (63)

Note that A has ai and a2 as columns. The matrix A has columns that

are orthogonal and normalized to unity. Such a matrix is said to be

orthogonal. It has the property that

A = A~ l
.

The fact that A is symmetrical is not very significant. If Zi and z% were

interchanged, the new A would not be symmetrical. From Eq. (63),

Z * AZrfA- 1 = AZrfA.
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If this equation is multiplied out,

(Zi + Z2) (zi — 2s)'

Z = i . (64)

,(Zl - Zi) (Zi + Zi),

If a T-section equivalent is made for Eq. (64), it takes the form of Fig.

12 -8 .

2

2

2*

Fig. 12*8.—Equivalent circuit of a thick iris.

12*12. The Symmetrical Y-junction.—Figure’ 12*9 shows an H-plane

symmetrical Y, and Fig. 12* 10 is a diagram to illustrate its symmetries.

There are three symmetry planes F i, F 2 ,
and Fs intersecting in a threefold

symmetry axis. The structure is invariant under rotations of 120°

and 240° about the symmetry axis.

Fig. 12*9.— //-plane Y-junction. Fig. 12*10.- -Symmetries of the //-plane
Y-junction.

The symmetries illustrated in Fig. 12T0 are not the only ones. The
plane containing the axes of the three guides is a symmetry plane, and
the intersection of this plane with the other planes (that is, the z-axes of

the guides) are symmetry axes. However, these symmetries do not play

an important role in the properties of the Y-junction. In fact, these

extraneous symmetries will later be removed by placing a post, along the

three-fold axis, that does not extend completely across the guide.
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The unit operator together with Ru R2 ,
Fu F2 , and F8 form a group

whose multiplication table is Table 12-6. It should be emphasized that

# Table 12 -6 .—Symmetry Group
I Ri F\ Ft F>

/ I Ri 1R, Ft F2 Ft

Ri Ri R* I f2 F, Fi

/?2 R* I Ri F, F l f2

Fi Fi Fz F2 / R* Ri

F2 F2 F i Ft Ri I R2

F 3 F* F2 F i R2 Ri /

this table states that, for example,

F3F\ = Ri.

Stated in words, a reflection in the plane Fi (Fig. 12-10) followed by a

reflection in F3 is equivalent to the rotation Ru
Note that

F3F1 ^ F\Fz

and the group is noncommutative. The operators I, R lf and R2 form an

Abelian subgroup.

Note that any element of the group may be generated as a product of

one or more terms in R 1 and Fu For instance,

Fs = F,R\. (05)

Therefore R 1 and F 1 are generators of the group.

The rotation Ri rotates the junction by 120°. The currents and

voltages at a terminal plane become replaced by those at another ter-

minal. We shall always use the convention that the terminal number
is fixed in space but that the structure itself is transformed. Thus the

currents and voltages at terminal 1 are replaced by those at terminal 3.

Let

Ri

0 0 r
1 0 0

0 1 0

(60)

Then the terminal currents and voltages i and e are transformed into

R,i = i\

Rie = e'.
(67)

This may be compared with the result given in Eq. (56).

Since the transformed currents and voltages are permissible solu-

tions, one obtains in the usual way [see Eq. (58), for example]

RiZ - ZR, = 0. (»*>
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with similar relations for the admittance and scattering matrices. In a

similar way a matrix may be introduced to represent each of the other

symmetry operators. However, for reasons that will be indicated below,

it is necessary to introduce a matrix for only one more such operator,

namely, F i, the remaining generator of the group. Let

1 0 o'

Fi - 0 0 1 • (69)

,0 1 0,

Note that Eq. (69) interchanges fields at terminals 2 and 3 without

affecting terminals 1. The impedance matrix must also commute with

that given in Eq. (69) because of the symmetry of the junction. Thus

F XZ - ZF! = 0. (70)

The commutation of the generators Ri and Fi with the impedance,

admittance, or scattering matrix automatically guarantees the commuta-
tion of every symmetry matrix. To see this, note that from Eq. (68),

R?Z = RiZRi = ZR5 (71)

and

FiR’Z = FiZR? = ZF^?. (72)

From Eqs. (72) and (65),

F 3Z - ZF 3 = 0. (73)

In a similar way each of the symmetry operators can be shown to com-

mute with Z.

Note that the commutation relation [Eq. (73)] is the only connection

between the impedance and symmetry operators. Thus if the generators

of the symmetry grqup commute with Z, then every symmetry operation

commutes and all the conditions that symmetry imposes on Z are fulfilled.

The Eigenvalue Problem .—Introduce the eigenvalue equation for

Ri,

Ria, = r
y
ay. (74)

From Table 12-6 it can be seen that

RJ-i; (75)

physically, it is clear that three rotations of 120° return the figure to

its initial position. Combining Eqs. (74) and (75),

RJa> = lay - rjay.

Thus
i. (76)
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n = 1,

1
,
V3n = —

2 2j

r 8
= i V3

2 2j

(77)

The three eigenvalues of Ri are all different and therefore nondegenerate.

The three eigenvectors of Ri can be found by inspection (remembering
that ot\ = a2 , <*2 = ah a i°

Let

1).

\l)

ai = l

l

\

*

a2 = OL2

•r
a3 — ot\

a-2

(78)

Since Ri commutes with Z, Y, and S, the eigenvectors given in Eqs. (78)

are, by Theorem 6, eigenvectors of Z, Y, and S. Thus, for instance,

Zajt — z^ak» (79)

By Theorem 4 it must be possible to choose eigenvectors of Z that are

pure real. This is possible only if z 2
= z 3 . This can be seen in another

way. Operating on Eq. (79) with F*, remembering Eq. (70),

Z(Fiay) = Zj{Fiay).

Thus Fia, is an eigenvector of z,-.

But
F ia2 = a 3 ,

F ia 3 = a2 *

Therefore

z2 — z 3 .

By taking ai and linear combinations of a2 and as, three linearly inde-

pendent, orthogonal, real eigenvectors can be obtained. Let

b

b

b

1
®

2 = a 2 + a 3 ,

V3
i(3s — 3s).

(80)
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Note that b2 and b 3 are eigenvectors of Z. Also,

F ibi = bi,

F ib 2 = b 2 ,

Fib 3 = — b 3 .

(81)

Thus the b/s are simultaneously eigenvectors of Z and Fi. By Theorem

3, since Z and Fi are symmetric, bi, b 2 , and b 3 are mutually orthogonal.

By Theorem 4, bi, b 2 , and b 3 must be, except for a possible multiplicative

constant, pure real,

bi =

b 2 =

b 3 =

It can be seen by inspection that the b’s are real, orthogonal, and linearly

independent.

By Theorem 5 (see example at end) the a’s and b’s are also eigenvec-

tors of S and Y. Let

where

Sa,- — Sj&jy Ya, — t//a,y

kl = i, Vi = *r
l

-

Field Distribution .—Note that the eigensolutions always have stand-

ing waves in all of the joining waveguides, since \s
} \

= 1 . However, in

connecting guides that are part of the junction or in the interior of the

junction, there may be running waves. As an example of this a2 and

a3, as can be seen by inspection, are solutions with a different time phase

at .each of the junctions. In the case of a2 the voltage is a maximum
first at terminals (1), then (2), then (3). In the vicinity of the symmetry
axis the electromagnetic field rotates about the axis once per cycle. The
solution aa is the same except for the opposite direction of rotation.

These solutions might be called three-phase solutions because they are

analagous to the types of field distributions obtained in three-phase a-c

machinery.

Since these rotating fields have a time phase that varies with the angle

of rotation, the components of E and H parallel to the symmetry axis

must vanish along that axis [see Eq. (50) for the analogous twofold
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symmetry axis]. Since the other components of E vanish anyway, E
must completely vanish along the symmetry axis.

The field distributions for bi, b 2 , and b 3 can be easily obtained. It

is to be noted that from Eq. (80), bi is an eigenvector of Fi for which the

eigenvalue is +1. It is also an eigenvector of F2 and of F3 . For all

three reflection operators the solution bi is an even solution, and therefore

the field distribution is characterized by a magnetic wall along each of

Solution b
t

Solution b 2 Solution b 3

Fig. 12*11.—Boundary conditions for the various eigensolutions.

the symmetry planes. Thus arm (1) is terminated in a V-shaped

magnetic wall. The solutions b 2 and b 3 are eigensolutions of Fi, even

and odd respectively, and are therefore characterized by a magnetic

and an electric wall in the symmetry plane (see Fig. 12T1).

The Scattering Matrix .—The eigenvalue equations

SbJ. = Sk b£.

where the eigenvectors b^ are the b’s normalized to unity,

can be written

[see Eq. (63)] where

and

SB = BSrf,

Vs \As
0

i _ 1 1

vt \/6 V2
1 1 1

V3 \/6 V2.

I

si 0 O'

0 s2 0

0 0 s2
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The matrix B is orthogonal. Hence,

S = BS<*6.

If S is multiplied out, there is obtained

S =

where

<* fi 0

P a P

l# P oc

ot = £(si + 2s 2 ),
|

P = i(*i ~ *2). J

(83)

(84)

(85)

Equation (84) also gives the impedance and admittance matrices Z and Y,

provided that in Eqs. (85) s, is replaced by Zj and yj respectively, where

yj =
1 - *j

1 + «/
(86)

Note that the sum of the diagonal elements, or spur, of the matrix given

by Eq. (84) is equal to the sum of the eigenvalues (Theorem 8).

Power Division .—A junction is said to be matched when all the

diagonal elements in the scattering matrix are zero. Clearly a necessary

condition for a matched junction is that the sum of all eigenvalues of S be

zero. In Eqs. (85) the phases of si and s 2 can never be of such values

that a = 0. Hence the symmetrical Y-junction can never be matched.

This property is much more general than appears above. In fact

no junction of three transmission lines can be matched. To show this,

assume that such a junction has been matched. Its scattering matrix is

$ ,

$12 $13

0 $23

$32 0
>

(87)

But S is unitary and symmetrical
;
the product of any column by the com-

plex and conjugate of any other column is therefore zero. If the first

column is multiplied by the complex conjugate of the second, the result is

$ 3 I
$*2 ~ 0 .

In a similar way the other two products give

$ 12$13 = 0
,

$21$23 = 0 .

These three equations cannot be satisfied unless two of the three

quantities $ J2 , $23, $13 are zero. But in this case there is a column of

the matrix that is zero. This is impossible, since the product of every

column by the complex conjugate of itself is unity. Thus it is impossible

to match a T-junction or any other junction of three guides.
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It is to be noted that the best match which can be obtained with the
symmetrical Y-junction is when

si = — **. (88)

In this case the scattering matrix of Eq. (84) becomes

' -

1

2 2

S = is*, 2-1 2- (89)

2 2-1
With two of the waveguides terminated in their characteristic imped-
ances, eight-ninths of the power entering the third arm goes into these

terminating loads. The remaining ninth is reflected back to the genera-

tor. In order to satisfy the condition (88), it is necessary to adjust the

phases of Si and s2 relative to each other. One way in which this can be

done is to insert a pin in the guide along the symmetry axis. It will be
remembered that the electric field is zero along the axis for the modes
whose eigenvalue is s2 . The pin does not affect these modes at all. The
electric field is a maximum at this point for the eigenvector ai with the

eigenvalue s i. Hence as the pin is extended across the guide, the phase

of Si would be expected to change without altering s2 . It does not neces-

sarily follow that by such an adjustment, the phase of Si can be made to

have any desired value, but it is to be expected that a sizable variation

can be obtained in this way.

12*13. Experimental Determination of s, and s>.—If plungers are

inserted in two of the arms in symmetrical positions, then power entering

the third arm will set up standing waves in the system. The plungers

are adjusted until the nodal points come in the same place in each of the

three arms; then the position of the nodal point is measured. The
phase determined in this way is the phase of one of the eigenvalues.

The procedure just outlined is correct in principle but would be very

difficult in practice. A procedure that involves a single plunger is much
better in many ways. It is to be noticed that the eigenvector bs has no

fields in one of the arms. If there are no fields, the plunger can be omitted

in this arm. In fact, the condition of no power in this arm is a convenient

test for determining when the remaining plunger is in the correct position.

To see this algebraically, let a plunger be placed in arm (3) of the Y-junc-

tion and let a matched load terminate arm (1). Then the scattering

equation is

Sa = b,

where

a, = 0,

a s = 6sc~;>
(90)
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and <f> depends upon the position of the plunger. If it is assumed that

the reflection coefficient in arm (2) is s 2 ,
then

Q2S2 = 62.

Combining Eqs. (90) and (91), using the notation of Eq. (84),

bi = Pa2 + Paz ,

62 == OLd2 P&Z == 0*2S2 ,

b z = pa2 + aa 8 = a 3e
7*.

Equations (93) have a solution only if

(a — $2) ft

P (a — &+)

0.

Solving Eq. (94) for using Eq. (84),

eJ* = 52 .

(91)

(92)

(93)

(94)

(95)

Thus if the reflection coefficient in arm (2) is s 2 ,
the plunger is in such a

position that Eq. (95) holds. The ratio of a2 to a 3 is the ratio of the

minors of a column of the determinant in Eq. (94).

a2 _ a — ei4> _ 1
^"3 ” ’

a2 + == 0.

Substituting in Eq. (92),

61 = 0 .

Under these conditions, therefore, no power enters the load on arm (1).

Conversely, if the plunger is adjusted until no power enters arm (1),

then s2 is given by relation (95).

The determination of Si is the next step. One way in which it can be

determined is to measure a by measuring the reflection coefficient atone

of the arms with the other arms matched. Then, making use of Eqs.

(85), 8\ can be determined. Another method, which is capable of greater

accuracy, will now be outlined.

It is to be noted that the eigenvector b 3 is odd with respect to F but

that bi and b 2 are even. The eigenvectors bi and b 2 have different eigen-

values with respect to S, and the positions of nodes are therefore different

for bi and b 2 . A linear combination of bi and b 2 with the same time phase

is a new standing-wave solution. However, the nodes occur at different

places. In particular, by taking the right combination, the nodes in

arms (2) and (3) can be made to occur i\g away from the nodes of b 3. A
linear combination of this standing-wave solution with b 3> since the time

phase of b 3 is in quadrature and its amplitude is equal to the other solu-
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tion, can be made such that there are pure running waves in arms (2)

and (3).

To recapitulate, there is a solution that corresponds to running waves
in arms (2) and (3) and a standing wave in (1). This solution can be set

up by a plunger in arm (1). The position of this plunger can be adjusted

until there is no reflection by the Y-j unction. The position of the plunger

is then an accurate measure of a combination of si and s2 - Since s2

is known accurately, Si can be determined.

It will now be shown that the linear combination

9 = 1

S 1 + $2
bi + x— b 2 +

2$2

S‘2 ~~ Si

2s 2 ($l + $2)
(96)

s a set of incident waves which results in pure running waves in arms (2)

and (3). The components of Eq. (96) are, from Eqs. (82),

_ 2$ 2 "4“ Si

^ 1
$2 (si + £2)

82 — Si

S 2 ($1 + So)

(J 3
= 0.

Thus this solution corresponds to waves incident upon the junction from

arms (1) and (2). After scattering by the junction, the waves are given

by
h = Sg,

where

u
1

1

Si

Sl

So
bl+

fi
b’+

So(s 2 — S 1) .

2s2 («i + So)
3>

since bi, b 2 ,
and b 3 are eigenvectors with eigenvalues su s 2 ,

components of h are

2,Si + _ 26*i + s-2

lt ~ ~
2s2 -p *i

S~^v

h'2 = 0,

-Si — s2

Si + S2

— s2g •>.

and s2 . The

It should be noted that h2 = 0 and there is no reflected wave in arm (2).

In other words, power enters by arms (1) and (2) and leaves by arms (1)

and (3). It should be noticed also that

N « \g il-

Thus there is a pure standing wave in arm (1). If this standing wave

set up by a plunger in the correct position, the position of this plunger is a
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measure of the eigenvalues of S. If a plunger in arm (1) is in such a

position that its reflection coefficient is

** = £ = +
h i 2s i

+* s2

then power is matched through the Y-junction. In practice the Y-junc-

tion might be measured on an impedance bridge to obtain an adjustment

of this plunger for which Eq. (97) holds. Since s2 is known from other

measurements, Eq. (97) can be solved for si in terms of eJ* and $2 .

To recapitulate, it is found that for a plunger in one of the arms of the

Y-junction, there is one position for which there is no coupling between

the remaining two arms and there is another position for which the power

is matched through the Y-junction without reflection. Both of these

conditions are more general than appears here. Consider the second

part: The symmetry of the Y-junction can be partially removed by includ-

ing, as part of the Y-junction, a transformer in arm (1). The resulting

junction has only a single plane of symmetry, namely, the plane including

arm (1). However, this arm backed up by a plunger is still effectively

a pure reactance. There is now a new position of the plunger for which

power is matched through the Y-junction. A three-armed junction

with a single plane of symmetry is usually called a T-junction. Thus
power can be matched through a T-junction by means of a plunger placed

at the proper position in the symmetry arm.

A property of all three-armed junctions, symmetrical or not, concerns

the stopping of transmitted power. Let us consider a plunger to be

placed in one of the arms in such a position that there is no coupling

between the two remaining arms. If transformers are inserted in these

arms, there will still be no coupling but the symmetry has been completely

destroyed. Thus wq have the result that for any junction of three trans-

mission lines, there te a position of a plunger in any arm for which the

remaining two arms are decoupled.

12*14. Symmetrical T-junctions.—Figure 12T2 is an illustration of

three different types of symmetrical T-junctions. Two of the T-junc-

tions have a single symmetry plane; the third has an axis of symmetry.

It should be noted that the series T-junction is a special case of the axial

T-junction.

The terminal planes in each of the arms are illustrated and numbered
in the figure. The reflection operator applied to the shunt T-junction

has the form

'0 1 0

F * 1 0 0

0 0 1



Sec. 1214 ]
SYMMETRICAL T-JUNCTIONS 431

Since F commutes with the scattering matrix,

S = FSF- 1 = FSF. (99)

If Eq. (98) is substituted in Eq. (99) and the matrix product performed,

the elements of S must satisfy

$n = $22 ,

$13 — $23 -

( 100)

In a similar way the reflection operator applied to the series T-junc-

tion takes the form

0 1 0

F = 1 0 0

0 0-1
The rotation operator applied to the axial T-junction takes the form

0 1 O'

R - 1 0 0 .

0 0-1
v

Thus the rotation operator is quite equivalent to the reflection

operator applied to the series T-junction, and the properties of the axial

(a) Series (c) Axial

Fio. 12-12.—Symmetrical T-junction.

T-junction will be essentially the same as those of the series T-junction.

Note that

RSR = S.

This condition leads to

$11 = $22 ,

$13 = $23 *

These relations, except for the change of sign, are the same as Eqs. (100).

For this reason the properties of all the T-junctions will be very similar.

In order to avoid duplication, only the shunt T-junction will be discussed

in detail.
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12*15. The Shunt T-junction.—The symmetry operator of the

shunt T-junction is the reflection operator given in Eq. (98). The

eigenvalue equation of F is

Fa* = fka*.

Since

F 2 = I,

the only eigenvalues are ±1. If the characteristic equation of F,

det (F — /I) =0,

is solved, the roots are

/l = +1, /‘2 = +1, f3
= “1.

Thus there are two positive eigenvalues and one negative. The negative

eigenvalue is nondegenerate; its eigenvector is therefore unique, except

for the usual multiplicative constant. The eigenvectors of the degenerate

positive eigenvalue are not unique, but the following set of eigenvectors

are orthogonal and real :

i

'

i
'

' r
a t

= i
,

a 2 = i

-V2
,

a 3
— -i

0

Let the eigenvalue equation for the scattering matrix of a shunt

T-junction be

Sb
;
= s

;
b

;
.

It must be assumed that the three eigenvalues of S are unequal unless

there is some symmetry operator that requires equality. Since S and F
commute, the b’s are also eigenvectors of F (Theorem 6). Thus bx must
be a linear combination of ai and a 2 ,

n
{V2a}

Note that a is real by Theorem 4. By Theorem 3, b 2 must have the form

1

a )

By Theorem 6, b* = a 8 . The form -of the b’s is not particularly simple,

because the positions of the reference planes in the arms 1, 2, and 3 have
been chosen in an arbitrary way. We shall now indicate how these planes

may be chosen so that a * 1.
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As was pointed out previously, eigensolutions are always standing-

wave solutions. A linear combination of two standing-wave solutions

with equal time phase is again a standing-wave solution. It is desired to

take a linear combination of bi and b 2 to produce a standing-wave solu-

tion in which the amplitude of the wave in guide (3) is \/2 times that in

guides (1) and (2). This is always possible, and we shall assume, without

going into details, that it has been done. New reference planes are now
chosen to occur at the voltage loops in guides (1), (2), and (3). The
reference planes in (1) and (2) are, of course, symmetrically placed. The
standing-wave solution obtained is, with respect to these new reference

planes, an eigensolution with voltage loops at the reference planes. Its

eigenvalue is clearly

Si = 1.

Its eigenvector may be either

or the same thing with the opposite sign for the third element. It is

always possible to choose the original linear combination in such a way
that ai is the correct eigenvector. A comparison with bi shows that

a = 1. Thus for these new reference planes,

Say = Syay,

where s i
= 1.

gonal matrix

Then

where

The eigenvectors a, may be combined to form an ortho-

1 1 V2]
A = £ 1 1 — \/2 . (101)

y/2 -\/2 0

SA = ASdy

si 0 0

Sd = 0 S 2 0

0 0 s 3>

From Eq. (101)

s = asA (102)

If the product on the right of Eq. (102) is formed, the result is

a 8 y
S = $ ay

,7 7

(103)
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where

Note that

a = i(l + $2 + 2sa),

0 “ i(l + $2 ),

7 = ^- 0 - «2),

5 = i(l + S 2 — 2s 3).

2a + 0 — 1 + $2 + *s3

(104)

as it should (Theorem 8).

It will be remembered that it is impossible to match a T-junction.

As a check on this, for a matched T-junction,

a = 0 — 0.

This is clearly impossible as an inspection of Eqs. (104) will show.

It will now be shown that if a = 0, the trivial case for which guide

(3) is completely decoupled is obtained. If

a = 0,

then

s2 = —s 3 = 1. (105)

Substituting Eq. (105) in Eq. (104),

a = 0
,

0 = 1
,

7 = 0,

<5 = 1.

This result is more general, applying to unsymmetrical junctions as well.

To see this let the scattering matrix be

#
0 A$>21 *831

S = $21 0 $32 •

v
$ 3 1 $32 $33,

Since S is unitary, the product of the first column by the complex conju-

gate of the second vanishes;

$31$32 = 0 .

Either $31 or $32 must vanish. In either case,

|
$21

1

= 1,

since the square of each column must be unity.

$31 = $32 = 0,

I
$21

1

=
1
$ 9 3*

I

= 1-

Then
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The guide (3) is completely decoupled. Note that it is consequently
impossible to have all three diagonal elements vanish.

* 12*16. The Use of the T-junction as an Element of a Tuner.—It will

now be shown that if a plunger is inserted in guide (3) to short-circuit it,

the remainder of the guide acts as a line with a shunt susceptance at

the symmetry plane. The electrical distance to this susceptance will

not, in general, be the same as the geometrical distance.

A shunt susceptance in a transmission line sets up equal waves travel-

ing in opposite directions. This can be seen from the scattering-matrix

analogue of Eq. (64).

where

$n = i(si + s 2),

$21 = £($1 ~ $•>).

(Reference planes are assumed to be chosen as in Fig. 12-6.) For a thin

iris, so = — 1. When the iris is completely absent, si = +1 and a = 0;

S becomes

S = 0

1
(107)

With the iris present, S is given by Eq. (1(H)) which, it is to be noted, can

be obtained from Eq. (107) by adding *(si + s2 ) to every element of

Eq. (107). Thus a pure susceptance generates waves of equal amplitude

in either direction. Another way of expressing this relation is

|$ 1 1
— $21

1

— 1 (108)

provided the junction is a pure susceptance.

In order to check this relation for the T-junction with a plunger in

guide (3), it is necessary to obtain a solution with a pure standing wave

A

a A 5A

+
yA

a A+7

1

Fig. 12-13.—Operation of a T-junction as a stub tuner.

in (3) but with traveling waves in the other guides. To be more explicit,

let a solution with power entering guide (1) be combined with a solution

with power flowing into guide (3). This is illustrated in Fig. 12T3, in

which the small Greek letters have the same meaning as in Eq. (103).
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The amplitude A has to be chosen in such a way that there is a standing

wave in arm (3). The condition for this is

yA + 0 = e’+,

where <t> is a phase determined by the position of the plunger in guide (3).

If the junction acts as a shunt susceptance at the symmetry plane, Eq.

(108) must be satisfied; therefore

from which

j

(OtA + 7 ) (5/1 + 7) _ J

I

A A

|ac — 5| = 1.

It is apparent from Eq. (104) that this relation is correct. Hence the

junction acts as a shunt susceptance. From Eq. (103),

a — 8 = s 3.

Thus the electrical length of line between the twq terminals is s 3 - This

electrical line length may be deter-

mined experimentally by inserting a

plunger in arm (2) and adjusting until

there is no coupling between (1) and

(3) . Under these conditions the plung-

er is electrically an integral number of

half wavelengths from the effective

susceptance. Another method that can

be used to determine this length will be

It should be noted that the reflection coefficient of the junction is

!» = “ + ;1
- “ +

This reflection coefficient is zero when

I . Magnetic wall

Eigenvectors a
2
and a 2

Fiq. 12-14.—Boundary conditions for

eigenvectors ai and a 3.

taken up in the next section.

e>* = 0 - a

It may be verified, by substituting from Eq. (103), that this equation has a

solution with real <f>.

The eigenvectors ai and a2 are also eigenvectors of F with eigenvalue + 1

.

This is the usual even solution which is equivalent to the field distribution

when the symmetry plane is replaced by a magnetic wall (see Fig. 12*14).

The magnetic wall reduces the junction to a two-terminal junction for

which there are two eigenvectors ai and a2 . The eigenvector a3 is odd

about the symmetry plane. The fields are those with the symmetry
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plane replaced by a metal wall (see Fig. 12*15). To measure the proper-

ties of a right-angle bend with a magnetic wall, it would be necessary to

apply equal incident waves to the symmetrical arms of the T-junction.

The right-angle bend of Fig. 12*15, how-

ever, can be constructed, and its prop-

erties measured directly. Note that the

eigenvalue of S for a3 (Fig. 12*15) is s 3

which is also the distance along the line to

the effective position of the susceptance Eigenvector a 3

when the junction is used as a tuner. Fig. 1215.—Boundary condi-

This, then, is another way in which this tlons f°r eigenvector a* showing

line length can be determined. The series

T-junction is analyzed in a similar way. If a plunger is inserted in guide

(3), it acts as a series reactor in the line.

12*17. Directional Couplers.—Most of the directional couplers in use

have a symmetry such that their scattering matrices have the form

a 0 y 8

(3 a .8 y
S = (109)

7 5 a 0
8 7 \0 a

It will now be shown that if this junction is matched (a = 0), it is also a

directional coupler; and conversely if it is a directional coupler (say

0 = 0), then it is matched. First let a = 0. Then, since S is unitary,

Re (08*) = Re (75*) = Re (y0 *) = 0. (110)

Equation (110) states that plotted in the complex plane, the three vectors

7, 8
,
and 0 are mutually at right angles. This is possible only if one of

them vanishes. If one vanishes, however, the device is a directional

coupler.

The converse of this theorem is also easily proved. If the device is a

directional coupler, then either 0, 7, or 5 must vanish. Assume that

0 = 0. The three remaining complex quantities must again be at right

angles to one another, and one must vanish. Assume first that a 5* 0.

In this case either 7 or 8 must vanish, but this corresponds to the limiting

case of a directional coupler with zero coupling. Except for this case,

a = 0 and the coupler is matched. Thus a directional coupler with a

nonvanishing amount of coupling and with the symmetry given by Eq.

(109) is automatically matched.

12*18. The Single-hole Directional Coupler.

—

The single-hole direc-

tional coupler is an example of a junction having three symmetry axes

but no symmetry planes.
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In Fig. 12*16 the symmetry axes are designated by R\
y
R iy and R 8 .

The terminal planes are numbered (1), (2), (3), and (4), and the direction

of positive electric field in each plane is indicated by an arrow. Figure
12*17 is a representation of the common metal wall between the two

waveguides. The coupling hole is shown as well as the symmetry axes.

The coupling hole may have any shape consistent with the symmetry
conditions.

Symmetry Operators .—Designate the operation of 180° rotation about

the various symmetry axes by the

three symmetry operators R\
y
R2y and

# 3 . These three operators have the

multiplicative properties

R\ = R\ = R\ = /, \

R\R'l — Rz y

RiRz —
RzR\ = R^

y

(111 )

Fio. 12- 17.—Wall common to the

two waveguides of Fig. 12-16 showing

where I is, as usual, the identity opera-

tor. It should be noted that all four operations can be generated by R\

and R2. Let these symmetries be the generators of the group.

The matrix representation of Ri can be seen by inspection to bo

Ri

The operator Ri, operating on the terminal quantities

0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

( 112 )

a =

d\

a2

dz
(113)



Sec. 1218] THE SINGLE-HOLE DIRECTIONAL COUPLER 439

interchanges the first and third as well as the second and fourth com-
ponents. In a similar way the operator R2 takes the form

R 2 =

0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

(114)

Both Ri and R 2 have doubly degenerate eigenvalues. However, it is

possible to take a linear combination of Ri and R 2 whose eigenvalues are

nondegenerate. Let

where

M = €iRi + € 2R 2 , (115)

ei = i(l + i), 1

€ 2 — — j). )

(116)

M 2 = RiR 2 ,
1

M 4 = 1. J

(117)

Note that

The Eigenvalue Equations .—The eigenvalues of M satisfy the charac-

teristic equation

and are

m 4 - 1 = 0

mi = +1,
m2 = i,

?n 3 = — 1,

m 4 = -j.

The eigenvalue equation of M takes the form

Ma
;
= ra,-a/.

(118 )

(119)

The easiest way to obtain the eigenvectors of Eq. (119) is to note that M
commutes with Ri and R 2 . Since M is nondegenerate, a* must be an

eigenvector of both Ri and R 2 (Theorem 6). The eigenvalues of Ri

and R2 are ± 1.

To illustrate the procedure for finding the eigenvectors, let ai be an

eigenvector of M with eigenvalue +1; that is, Mai = aj. Thus,

ai = (eiRi + c 2R 2)ai

= ciRiai + € 2R 2ax

= €iriai + e 2r 2ai

= (eiri + € 2r 2)ai,

where r\ and r2 are eigenvalues of Ri and R2 and must be either ±1.

From Eqs. (116), <i +«s s 1; thus for the eigenvalue mi = 1, the
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eigenvalues of Ri and R2 must be +1. Thus ai is an eigenvector of

Ri and R» with +1 as eigenvalue. From Eq. (112), the following condi-

tions are imposed on ai

:

a)
1 ’ = <4”,

|

4U = a<».
)

The matrix Rj imposes the conditions

a? = °4
l>

> 1

4" = a?’. I

Conditions (120) and (121) require that

a\1 ' = a^1’ = a^ = a(

4
n

.

Clearly a possible eigenvector is

1

= i
j

•

.1.

( 120)

(121 )

(122)

(123)

In a completely analogous way the remainder of the eigenvectors can be

shown to be

l'

-1
1

HW
IIct

1

1

-1 y a 4 = i

1

'

-1
-1

- 1
,

1-lJ 1
\

(124)

Note that M is symmetric, and by Theorem 3 the a’s are all mutually

orthogonal. They have been normalized to unity. The eigenvalues of

the three symmetry operators Rj, R2 , and R 3 for the four eigenvectors

a t . . . a< are given in Table 12 7.
«

Table 12-7.—Eigenvalues for the Single-hole Directional Coupler
Eigenvectors

Symmetry
operators

a> a2 a a a 4

/Rl 1 1 -1 -E

<r 2 l -1 -1 1

U31 1 -1 1 -1-

Eigenvalues

Since the scattering matrix must commute with Ri and R 2 , it also

commutes with M. By Theorem 6
,
the a’s are also eigenvectors of S,

Sa* = $*a&. (125)

In Eq. (124), the eigenvectors of S are pure real, a condition required by
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Theorems 4 and 5 if the sk are nondegenerate. Equation (125) can be

written in the unified form

ST = TSd , (126)

where

T = *

1 1 1 1

1 -1 1 -1

1 1 -1 -1
1 -1 -1 1

Si 0 0 0

0 s 2 0 0

0 0 s 3 0

0 0 0 Si

Since T is symmetrical and orthogonal, Eq. (126) may be written as

S = TSdT. (127)

The product on the right-hand side of Eq. (127) may be expanded to give

7 8

a 8 7

8 a

7 0 a

where

a. — t(si + s 2 + $3 + s 4),

0 = i(«l -^ + *3 - *), (129)
7 = i(»l + *2 - S3 - Si),

8 = -r(si — s 2 — S 3 + s 4). j

As a check on the correctness of Eqs. (129), note that by Theorem 8,

spur S = si + $2 + «3 + s 4 .

As another check assume that a = 0. Since the four eigenvalues s* have

unit moduli, this condition can be satisfied only if the four s’s are paired,

with each pair consisting of two eigenvalues of opposite sign. There are

three possibilities

si = —

s

2
|

s8 = —Si )

Si = —S3

s2
= Si

51 = — Si

52 = s$

7 = 0,

iff — Q,

s = o.
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Thus the general condition is satisfied: A matched junction is automati-

cally a directional coupler. The three conditions given by Eqs. (130),

(131), and (132) show that in so far as symmetry is concerned, it should

be possible to match the junction in such a way as to have guide (1 )

decoupled from any one of the other three guides.

Field Distribution of the Eigenvectors .—For this discussion, it will be

assumed that the wall between the two guides is thin (Fig. 12T7). How-
ever, there will be no assumption about the shape or size of the coupling

hole other than that it satisfy the proper symmetry requirements.

Equations (50) show the conditions that the fields must satisfy along a

symmetry axis for the “odd” and “even” solutions. These conditions

may be combined with the results of Table 12*7 to obtain information

concerning the electromagnetic field in the coupling hole.

For example, consider the eigenvector a 2. This eigenvector is even

under Ri but odd under R 2 and R 3. From Eq. (50), the field normal to

fti must vanish along the axis R\. Also the field parallel to ft 2 and ft 3

must vanish along ft2 and ft 3 . These conditions are compatible with a

field in the center of the hole in the fti direction only. The components

of the electromagnetic field at the center of the hole, for each of the

eigenvectors, are

ai —> no field,

c*2 > E 1, II 1,

a 3
—* E 3, II 3,

a 4 —* E2 ,
f/ 2 .

The subscripts of E and H correspond to components along the three

symmetry axes.

Symmetry with 6 = 0 .—Symmetry cannot be used to give quanti-

tative information concerning the relative strengths of the electric and

magnetic fields in the coupling hole except for one special case. When
0 = 0° or 180°, new symmetries appear. In fact, the symmetry of the

junction is then complete with three symmetry planes, three symmetry
axes, and a symmetry point. The plane of the coupling hole becomes

a symmetry plane. Let F represent the operation of reflection in the

plane of the hole. The eigenvectors a* are also eigenvectors under F.

The eigenvectors ai and a2 correspond to the eigenvalue + 1
,
and a 3

and a4 to the eigenvalue — 1 . It is to be remembered that for the

eigenvalue — 1
,
the field quantities satisfy the boundary conditions

of an electric wall in the plane of the hole. Thus, since the wall is

thin, the hole effectively disappears. The eigenvectors as and a4 have

field distributions characteristic of two independent waveguides. Thus
the hole has no effect on ti^e fields for these two eigenvectors for 6 = 0.

It should be emphasized that this is true independently of the size of
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the hole. Thus for 0 = 0,

53 = +1
5 4 = - 1 .

Operation as a Directional Coupler .—It will be assumed that the

coupling produced by the coupling hole is small. However, nothing will

be assumed about the shape of the coupling hole other than it have the

correct symmetry. The four terminal planes in Fig. 12T6 were chosen

to be one-half wavelength from the /£ 3-axis. For the problem of most
interest, namely, that of the small coupling hole, the effect of the hole on

the field quantities may be considered as a perturbation. The zero-order

approximation is obtained from the field distribution without the coup-

ling hole. In this case the problem reduces to two independent guides

and the eigenvalues are easily seen to be

s\
0) = + 1

,
\

= -i,

«i
0) = +1, (

5f = - 1 . /

(133)

Equations (133) will be called the unperturbed eigenvalues.

It is to be noted that the eigenvalues given in Eqs. (133) are pure real;

and for small coupling, the perturbations on these eigenvalues will be

essentially imaginary. The conditions of Eqs. (133) are independent

of the angle between the two waveguides, but the perturbations will, in

general, be a function of this angle. Let the perturbations be denoted by

s[}
)

(6). From the previous discussion of the fields associated with a 3 and

a 4 for 0 = 0 it is clear that

«!”(0) = C(0) = 0. (134)

Also for similar reasons

*3 V) = = o. (135)

The conditions of Eq. (135) can be shown formally to follow from Eq.

(134). Let us introduce the operator Re which rotates 0 through 180°.

This has the effect of interchanging the terminals (1) and (2). This

transformation, in acting on the terminals, takes the form of the matrix

0 1 0 0^

1 0 0 0

0 0 1 0

lo 0 0 1
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When operates on the a’s, the result is

R^ai = ai,

R<?a 2 = a4 ,

R*a 3 = a 3 ,

R 0a 4 — —

a

2 .

The eigenvalue equation Sa* = s^a* is transformed by Re into

ReSR^Rea* = s^R^a*,

S' (Rea*) = s*(Rea*),

where S' = RoSR^r1
is the scattering matrix of the transformed junction.

But

S'a* = (136)

where

4W = sk (ir + 9). (137)

Thus

Si(9 + *0 = Si (0), \

$2 (9 + x) = s 4 (0), (

Sz(9 + x) = s 3 (0), V

S*(9 + x) = s 2 (0)- /

(138)

Also it may be seen that

sk {9) = s*(-0),

from Eqs. (138) and (134).

Remembering Eqs. (134), (135), and (137), typical perturbations can

be plotted as a function of 9, as in Fig. 12* 18a. By adding these curves
together correctly, the values in Fig. 12-185 are obtained. It should be
noted that the two curves will always cross provided that for 6 — 0,

\*?\ > i*n (139)

Referring to Eq. (129) it can be seen that 8 = 0 at the crossover point.
Thus the device will act as a directional coupler at some angle provided
that Eq. (139) is satisfied. It should be pointed out that the device is
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not a perfect directional coupler in that, in general, a 0 at the crossover

point. This seems to contradict the results previously obtained, but
there is no real paradox. The relation 8 = 0 is only an approximation

based upon the small-coupling assumption that sp is pure imaginary,

which is, of course, not exactly correct.

12*19. The Biplanar Directional Coupler.—The structure of the

biplanar directional coupler shown
in Fig. 12T9 is characterized by two

symmetry planes F\ and F2 and a

symmetry axis that is the line of

intersection of these two planes.

The plane that contains the axes of

all four guides will not be regarded

as a symmetry plane. This partic-

ular symmetry group can be gener-

ated by the symmetry operators F i

and F 2. In operating on terminal quantities (current, voltage, incident-

wave amplitude, etc.), F i and F 2 take the form

0 0 1

\

0 0 0 0 l)

0 0 0 1

Fo =
0 0 1 0

1 0 0 0
,

12 —
0 1 0 0

lo 1 0 0 1
\

0 0 0

Note that although the symmetries of Figs. 12T9 and 12T6 are quite

different, the generators of each of the symmetry groups take exactly

the same form when written as matrices. A comparison may be made
with Eqs. (Ill) and (113). Fi and Ri are quite equivalent to each other,

and F2 is equivalent to R 2 . As a result of this fact, except for those

results connected with the symmetries of the field, namely, the field

distributions for the various eigenvectors, all the results obtained for the

single-hole directional coupler also apply to Fig. 12T9. In particular,

the eigenvectors of Eqs. (123) and (124) are eigenvectors of the scattering

matrix that takes the form of Eq. (128). Table 12*7 is still valid if

Ri and R 2 are replaced by Fi and F 2 and R 3 by the rotation R.

Fields Associated with the Four Eigenvectors .—From Table 12*7 it

can be seen that the eigenvalues of Fi and F2 for the eigenvector ai are

+ 1. From Eq. (45) it is seen that the fields at the two symmetry planes

satisfy the conditions imposed by magnetic walls along the symmetry
planes. In Fig. 12-20, these boundary conditions are shown. The
figure also shows the boundary conditions that the remaining eigenvectors

must satisfy. Note that if a thin metal plate is inserted in the plane Fi

in such a way as not to destroy the symmetry, the phases of s2 and Si

R

Fig. 12- 19.—The biplanar directional

coupler.
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will be changed but not those of $ 3 or 5 4 . Also si or s 4 can be changed by a

symmetrical metal wall in F2 . Moreover, it can be seen that a metal pin

inserted in the guide along the symmetry axis will change si but leave

the other eigenvalues of S unchanged.

The insertion of irises in the two symmetry planes and a pin along

the symmetry axis are three adjustments that can be used to obtain any

scattering matrix consistent with this symmetry, for example, that for a

directional coupler. It must be assumed, however, that these adjust-

ments have sufficient range to obtain the desired results.

In order to be a directional coupler, the junction must be matched.

The condition for a match is the vanishing of the sum of the eigenvalues

Magnetic

amptitude = s
1

a, a 4

Fig. 12*20.—Boundary conditions for eigenvector solutions ai, az, a 3 , diu

of S in Eq. (128). Let us try by means of obstacles along the plane F i

and the symmetry axis to cause a, in that matrix, to vanish. The phase

of s2 can be adjusted by means of the obstacle in F

i

in such a way that

52 = — 5 3 . Then the axial pin can be used to set Si = — s4 . These two
conditions, substituted in Eqs. (129), result in

« = 0, I

5 = 0.)
(140)

Another possible procedure is to adjust s i and s2 to satisfy

Si = -5
3 , I

$2 = —$
4 . )

These conditions, substituted in Eq. (128) yield

(141)

« = o,

0 = 0 .
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Figure 12*21 shows the form that the obstacles might take. The power
distribution is that given by Eqs. (140). Notice that the distribution is

just opposite that which one might expect from simple optics.

If in Fig. 12*19 the angle d is very small, the two eigenvalues s z and s4

are very nearly equal. This can be seen by reference to Fig. 12*20.

In this case the wall F x together with the remainder of the guide forms a
tapered waveguide that at some position reaches the cutoff width. The
amplitude of the wave dies down quickly after this. As a result there is

very little electromagnetic field at

the wall F2 . Hence, it matters

little whether is electric or mag-

netic. Thus it is seen that for

small 6 the wave incident in guide

( 1 ) goes only into guide (3) when
the junction is matched as in Fig.

12*21. This result is even more

general. In fact it can be seen by

the inspection of Eq. (129) that

if s z = s 4 ,
/3 = 5. If in addition

a ~
0, then/3 = 5 = Oand

( 7 I

= 1.

Thus independently of the mechanism used to match the junction, 7

is the only nonvanishing matrix element.

12*20. The Magic T.—The “magic T” may be defined as a direc-

tional coupler with equal power division. Clearly the scattering matrix

of a magic T may always be written in the form

Fig. 12-21.—One method of matching the
junction of Fig. 12-19.

0 0 c /
0 0 g h

e g 0 0

./ h 0 0
,

(142)

The elements e, f, <j. and h are not completely independent but must

satisfy the unitary conditions

ef* + <jh* = 0,

eg* + fh* = 0,

M 2 + \g\* = 1/1* + \h\2 = 1,

M* + I/I* = \g\
2 + I* I

2 = i.

In addition, the equal-coupling condition requires that

M = I/I = \a\ = 1*1-

By the correct choice of the positions of the terminals in three of the four

guides, three of the four parameters e, /, g< and h can be made to have any

( 143 )
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phase angle desired. The fourth argument is then determined through

Eqs. (143). For example, any magic T may, by proper selection of

reference terminals, be made to have a scattering matrix with one of the

following forms,

S =

/

0 0 3 3

1
0 0 3 ~3

V2
j i 0 0

U --j 0 0

1

0 0i 1 J

1
0 oi j 1

1 J |

0 0

J 1
j

0 0,

(144)

(145)

Biplanar Symmetry .—It should be noticed that Eqs. (145) and (128)

are of the same form, and it might be expected that the biplanar direc-

tional coupler of Fig. 12T9 could be tuned in sucH a way as to make a

magic T out of it. This tuning would require three adjustments which

could be the irises in the two symmetry planes and the pin along the

symmetry axis. The phases of s i, s2 ,
and s 4 could be adjusted until

s i = s 3 ,

$2 = $ 4 ,

Si = js 2 .

If these values are substituted in Eq. (129), the elements of the scattering

matrix are found to be

a = 0, \

0 = 0
,

y = -5Si(l - j),

S = £si(l + j).
,

(146)

Except for a phase factor, y and 5 are the same as in Eq. (145). In fact

by choosing the terminals in a new symmetrical set of positions Eqs.

(146)

become

7 =

6 =

12*21. The Synthesis Problem.—A few words regarding the synthesis

problem at microwave frequencies are necessary. At microwave fre-
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quencies there are a large number of problems in which the frequency

dependence of a device is only of incidental interest. This is because the

frequency is so high that the bandwidths are small compared with the

frequencies.

Wideband systems or junctions are of importance, but only because

it is desirable to have components that are fixed-tuned. In any case,

there is a synthesis problem regarding the attainment of certain properties

at one frequency. Additional properties may be desirable, such as power-

handling capacity or large bandwidth, but these may be regarded as

secondary in importance.

At low frequencies, lumped elements of inductive or capacitive

characteristics are used as the building blocks from which a network is

synthesized. At high frequencies this type of technique is not particu-

larly useful because of the size of the resulting components. The trans-

mission line is a convenient element for microwave circuits.

To understand how the transmission line may be used to synthesize

a network, consider the admittance matrix

2/n

2/21

2/12 • •

2/22 * * •

(H7)

This may be written as

2/u 0 0 o . . : 0 2/12

\
0 • • •

0 0 0 o . . .

2/21 0 0 - -

0 0 0 o . . •

+
0 0 0 - - •

0 0 0 . -1

0 2/22 0 • • .

+
0 0 o . . .

• ....

+ • *
•

. (148)

Each of these submatrices may be examined individually. The first

matrix has zeros in all rows and columns except the first. This implies

that if voltages are applied to all the terminals, the only terminal influ-

enced by the first submatrix is terminal (1). At this terminal a current

proportional to yu flows. In other words, the first matrix in Eq. (148)
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may be represented by a shunt susceptance yn connected to the terminals

(1). In a similar way the second matrix can be represented by a trans-

mission line one-quarter or three-quarters wavelength long depending on

the sign of yu, of characteristic admittance \yu\, connected between the

terminals (1) and (2). The remainder of the submatrices follow in a

similar way. The end result is illustrated for a three-terminal-pair device

in Fig. 12-22.

An alternative arrangement is a synthesis of the impedance matrix

This is a convenient way of syn-

thesizing a junction by means of

lengths of waveguide connected in

series at the various junctions.

In order to synthesize a par-

ticular circuit whose scattering

matrix is given, it is necessary to

solve for the equivalent impedance
or admittance matrix and then

use the above synthesis procedure.

It should be pointed out that by a

discreet choice of the location of

the reference planes the impedance matrix can often be made to take a

simplified form with a resulting simplicity in brass.

Synthesis of the Biplanar Magic T .—It will be noticed that Eq. (145)

is very closely related to the symmetry matrix M given by Eq. (115).

In fact,

in terms of lines connected in series.

(3 )

Fig. 12-22.—Synthesis of a three-terininal-

pair junction in coaxial line.

(149)

Substitution of Eq. (149) in the second of Eqs. (117) gives

S 4 + I = 0. (150)

The admittance matrix is given by

Y = (I — S)(l + S)-».

This equation may be written

Y = (I - S) 2
(l + S 2)(l + S 2)-'(l - S)-‘(l + S)- 1

= (I — 2S + 2S2 - 2S* + S 4)(l - S4)- 1
.

Substituting from Eq. (150),

Y = -S(l - S + S 2
). (151)
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Substituting from Eq. (145) in Eq. (151),

0 1 | 0 - V2]
1 0

:

_- V2 0

0 - V2i 0 1

- V2 0 j
1 0

(152)

The synthesis, by coaxial lines, of a junction whose admittance matrix is

given by Eq. (152) follows in the same way as before. Note that the

lines with a characteristic conductance of unity are one-quarter wave-

length long. Those whose character-

istic conductance is y/2 are three-

quarters wavelength long.

From a practical point of view

a three-quarter-wavelength line is

more frequency-sensitive than a

quarter-wavelength line, and it is

desirable, if possible, to choose ref-

erence planes in such a way that all

elements in the matrix of Eq. (152)

are positive. If the reference planes

are moved back one-quarter wave-

length, S in Eq. (151) changes sign

tance matrix of this new junction is

Fig. 12-23.—Synthesis of a magic T in

coaxial line.

,
as may be verified, the admit-

Y =j

0 1
j

0 + y/2
1 0 ! + y/2

0 + V2
1+ y/2 0

0 1

I o.

This junction may be synthesized by the circuit of Fig. 12*23. It should

be noticed that power entering arm (1) is split equally between arms (3)

and (4) and no power leaves arm (2).

12*22. Coupling-hole Magic T’s.—As another example of a magic T
with a scattering matrix of the form of Eq. (145), consider a directional

coupler of the type shown in Figs. 12-16 and 12-17 with 0 = 0. The

coupling hole or holes will be assumed to be large enough to produce

equal power division. One possible arrangement is a set of two holes

about a quarter-wavelength apart. Another possibility is a large slot

or oblong hole in the direction of the guide axis. As was pointed out

previously, the symmetry of the junction becomes complete for 0 = 0.

The symmetry plane containing the coupling holes becomes effectively

an electric wall for the eigenvectors a 3 and a4. Consequently the coupling
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hole has no effect upon these standing waves, and the field distributions

are identical with those of two independent waveguides. As a result,

because of the location of reference planes, the eigenvalues of the scatter-

ing matrix for these eigenvectors are (see paragraph entitled Symmetry

with B — 0, Sec. 12* 18).

<S‘ 3 =1, .S’ 4
= — 1.

The eigenvalues s i and s 2 are dependent upon the size and shape of the

coupling hole or holes. However, it is to be noted that these two eigen-

values are the only parameters of the junction left open. Thus it requires

only two adjustments to convert the junction into a magic T. For

example, if the coupling is produced by two circular coupling holes, there

may exist a particular diameter for the holes and a distance between the

holes for which the device is a magic T.

With reference to Eqs. (129), it is evident that for the matched junc-

tion for which a = 0, the conditions

of Eq. (130X require that 7 = 0.

Thus, if the junction is a magic T
(for which a = 0), it must be one for

which there is no coupling between

guides (1) and (3) or between (2) and

(4). It is to be noted that this is

just the opposite of the behavior of

the small-single-hole coupler for

which the coupling between (1) and

(4) is the least (see last paragraph

of Sec. 12- 18). Referring again to

Eqs. (129), it is evident that the conditions to be satisfied in order that

the junction be a magic T are

*1 = — *2 = ±j-

It should be noted that only one condition must be satisfied in order that

the junction be a directional coupler, namely,

si = — s2 .

A suggested means of designing such a magic T is to vary one of the

parameters of the system, for instance, the length of a wide slot, until

the device is a directional coupler (matched). The power-division ratio

is measured, and the procedure repeated with another slot width. These

two sets of data are used to predict the correct width. This procedure

is refined by successive approximations.

12*23. Magic T with a Single Symmetry Plane.—The junction of

Fig. 12*24 has a single symmetry plane. For the terminal planes num-

F
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bered as shown, a reflection in this plane can be represented by the matrix

0 1 0 0

1 0 0 0

0 0 1 0

0 0 0 -1

As F commutes with the scattering matrix and is its own inverse,

S = FSF.

Multiplying out the right-hand side and setting the product equal to the

left-hand side,

$11 = $ 22 ,

$31 $ 32 ,

$41 — ~ $ 42 ,

$34 — 0 .

(153)

It can be seen also from the field distributions in the junction that the

above conditions are correct. The junction is not yet a magic T, as

there is still coupling between (1) and (2) ;
moreover it is not matched.

Assume that matching transformers are inserted in such a way as to

make

$33 = $44 = 0 .

The scattering matrix can then be written as

a 0 7 8

0 a 7 -8

7 7 0 0

8 -8 0 0

(154)

The scattering matrix is unitary, and the absolute square of each column

must be unity; that is,

M 2 + W + M 2 + |5|
2 = i,)

2M 2 = 1, (155)

2|«|
2 = I-

j

From Eqs. (155),

|<*|
2 + W = o .

This is possible only if both a and (3 vanish. Thus with a — f3
= 0 the

scattering matrix of a magic T is given by Eq. (154). If the positions of
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the reference planes in guides (3) and (4) are chosen correctly, the scat-

tering matrix can be made to take the form

/
0 0 1 ]

0 0 1 -1

1 1 0 0

1 -1 0 0

(160)

which is, except for sign, identical with Eq. (144).

It should be emphasized that the lack of coupling between guides (1)

and (2) results from the matching of the device into arms (3) and (4).

However, the zero coupling between arms (3) and (4) results from sym-

metry. It is this symmetry property which makes the junction shown in

Fig. 12-22 a particularly desirable type of magic T.

Matching Conditions .—It should be noted that it takes four conditions

to match the junction of Fig. 12-24. Two conditions are required for

each of the terminals (3) and (4). The biplanar magic T required three

adjustments, and the large-hole type only two. Thus the greater the

number of symmetries of a junction, in general, the fewer conditions

required for a match.

If power enters guide (3) only, the field distribution is even about the

symmetry plane. This may be seen from Eqs. (153). If power enters

guide (4) ,
the field is odd about the symmetry plane. These distributions

are eigenvectors of F. Thus at the symmetry plane the fields satisfy the

boundary conditions of a magnetic or an electric wall.

It is highly desirable to have methods of adjusting for match that are

independent for guides (3) and (4). One way in which this could be done

is to introduce magnetic and electric conductors in the symmetry plane.

Each of these materials would affect only one of the field distributions.

For instance, a metal sheet in the symmetry plane has no effect on the odd

field distributions or on the power entering arm (4).

Of course, the lack of a good magnetic conductor is a difficulty, and

it is necessary to use some other method. In practice, the junction has

been matched by a combination of a metal object in the symmetry plane

and an inductive iris in guide (4). This iris is far enough inside the junc-

tion so that fringing fields from the even distribution are negligibly small.

12*24. Synthesis of Magic T with a Single Symmetry Plane in Coaxial

Lines.—Before proceeding, it should be noticed that there are several

possible locations of a symmetry plane that lead to a scattering matrix of

the form given by Eq. (156). For instance, instead of the plane's cutting

terminals (3) and (4), it could have cut terminals (1) and (2). Another

possibility is a symmetry plane that reflects (1) and (4) into each otheV
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and (2) and (3) into each other. It will be this type of symmetry which
will appear in the coaxial magic T.

Notice that the matrix of Eq. (154) is pure imaginary. Therefore,

since S is unitary,

S 2 =-l. (157)

The relation between the admittance and scattering matrix becomes

Y = (1 - S)(l + S)- 1

= (1 - S) 2 (l - S)->0 + S)" 1
(158)

= (1 - 2S + S 2)(l - S 2)- 1
.

Substituting from Eq. (157), Eq. (158) becomes

Y = -S. (159)

Using the methods outlined previously, the junction whose matrix

has the form of Eq. (159) would be synthesized by three quarter-wave-

length lines and one three-quarter-wavelength line. This is illustrated

in Fig. 12-25.

h*- Symmetry R P
I plane

1

sTT

3

Fig. 12*25.—Ring-circuit synthesis of a Fig. 12*26.—Star,

magic T in coaxial line.

12*26. The Star.—The junction illustrated in Fig. 12*26 has a five-

fold axis of symmetry and five symmetry planes. The plane including

the axes of all five guides will not be regarded as a symmetry plane.

Let a rotation of 72° counterclockwise be designated by R i, one of

144° by R 2} and so forth. Then the five rotations are /, Ru R 2} Rs> and

Ra. The five symmetry planes (see Fig. 12-26) are designated by

Fi . . . F h .

These ten symmetry operators form a group with the following multipli-

cation table:
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Table 12-8.—Multiplication Table for the Group of Symmetry Operators
for a Star Junction

/ Rx Rt R Z RiFx Ft Ft Fi Ft

I / Rx R 2 Rz RiFx Ft F3 Fi Ft

Rx Rx *2 R » Ri i ;^ 3 Fi Ft Fx Ft

R2R* Rz Ri I Rx\Ft F x Ft Ft Fi

Rz Rz Ri / Rx Rt'F t Ft Fi Ft Fx

Ri Ri I Rx Rt RJFi Ft Fx Ft Fz

Fv Fi Fi Ft Ft Fz\l Rt Ri Rx Rz

F2 Ft F 5 Ft Fx Fi'Rz I Rz Ri Rx

F* Ft Fx Fi Ft Ft\Rx Rz I Rz Ri

Fi Fi Ft F b Ft Fx\Ri Rx Rz / Rz

Ft Ft Ft Fx Fi F2|/?2 Ri Rx Rz /

It may be seen by inspection of Table 12-8 that R i and F i are genera-

tors of the group. In matrix form the operators R x and F x are

0 0 0 0 l'

1 0 0 0 0 .

Rx = 0 1 0 0 0 , (160)

0 0 10 0

0 0 0 1 0,

1 0 0 0 o'

0 0 0 0 1

Fi = 0 0 0 1 0 . (161)

0 0 10 0

0 1 0 0 0
,

By referring to Table 12-8 it may be seen that Ri satisfies the equation

RJ = 1.

It also can be seen bv inspection of the characteristic determinant that

the characteristic equation of Ri is

r6 - 1 = 0

and that the eigenvalues of Ri are the five fifth roots of 1 (see Theorem 7).

Let

r\ = 1,

r2 = e»*', <t> i = hr,

n = e>*\ <h = fcr,

Let the eigenvalue equation for Ri be

Ria* = rka*.
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The five eigenvectors can be written by inspection

Y| (l) (i) i]

1 r 5 r 4 r 3

ai = 1 ,
a2 = r 4 ,

a 3 = r 2 ,
a 4 = r 5 ,

a 5

1 r 3 r 6 r2

Since the eigenvalues of Ri are nondegenerate, the eigenvectors of

Eqs. (162) are, by Theorem 6, eigenvectors of the scattering matrix S.

From Theorem 4 the eigenvalues of S associated with a2 . . . a6 are

degenerate, since the r’s are complex numbers. The nature of these

degeneracies can be found from Eq. (161). If

Sak
= Sk&kj

S(Fiajb) = sk (Fia*). (163)

Thus F la* is an eigenvector of S with an eigenvalue sk . But

F 4a 4 = aii \

F 4a2 = a 5 , /

Fia 3 = a 4 , > (164)

F ia 4 = a 3 , \

F ia 5 = a 2 . /

Substituting Eqs. (164) in Eq. (163), we have

s 2 = s5

S3 — S4

There are only three independent eigenvalues of S. Since one of these

can always be adjusted by location of the terminal planes, there are only

two important independent parameters of the star which may be

adjusted by matching transformers.

Field Distributions of Eigenvectors .—The field distributions are very

similar to those of the symmetrical Y-junction. The components of the

electric and magnetic fields perpendicular to the symmetry axis vanish

along the axis for a\. All the remaining eigenvectors are characterized

by fields rotating about the axis. The electric and magnetic fields

parallel to the axis must vanish along the axis.

It is apparent that a pin along the symmetry axis will affect s\ but not

82 or 83.

The Scattering Matrix .—The scattering matrix may be obtained from

the three eigenvalues in the usual way. Since the eigenvectors a* are

not all orthogonal to each other, it is convenient to pick an orthogonal

set. It may be verified that the set

(162)
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bl
V5

t>2 = -^7— (a2 + a&)>
<

bs =
^TlB

(a ’ + a<) ’

b4 =^ (a3_a4) ’

be = —7= ( 3-2
— 35)

V 10

(165)

is orthogonal, real, and normalized to unity.

The eigenvalue equation for S may as usual be written

SB = S^Bj

where B is a matrix with the eigenvectors of Eq. (165) as columns and

where

Sd

Since B is orthogonal,

s, 0 0 0 O'

0 s2 0 0 0

0 0 s3 0 0

0 0 0 S3 0

0 0 0 0 s2

S = BSdB.

If this equation is multiplied out, it is found that

where

a (3 y y
13 a /3 y

y P a 0

y 7 0 a

J3
y y P

13

y

y >

0
a

oc = £(si + 2$2 + 2sa),

0 = i[«i + (r2 + rb)s 2 + (r8 + r4)s 3],

7 = i[si + (r 8 + ri)s2 + (r2 + r 6)$ 3].

(166)

(167)

It should be noticed that a is one-fifth of the sum of the eigenvalues, in

accordance with Theorem 8. As another check on the correctness of

Eqs. (167) note that if

then

Sl = $2 = $3 = 1
,

<* = 1,

0 = 0,

7 = 0 .
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The star may be adjusted in such a way as to be matched. This

may be done by inserting any obstacle that does not ruin the symmetry,
for instance, a cylindrical rod along the symmetry axis. In general, this

will change the phases of all three eigenvalues with respect to one another.

The second adjustment could be a pin along the symmetry axis. This

changes the phase of si only. Thus
these two adjustments are independ-

ent; and if there is sufficient range in

the adjustments, the junction can be

matched. If a = 0,

101 = M,

and 0 and y are at an angle of 120°

with respect to each other. Thus
the matched junction distributes the

power equally among the remaining

four guides. Thus if the five star is

matched, power entering one of the

arms is split equally among the other

four arms.

12*26. The Turnstile Junction.—The turnstile junction shown in

Fig. 12*27 is a six-terminal-pair device. The two polarizations in the

round guide furnish two of the terminal pairs. Figure 12*28 shows the

numbering scheme of the terminal planes.

Fig. 12-27.—Turnstile junction.

Fig. 12-28.—Symmetry properties of the turnstile junction. The symmetry planes

are Fi, F2 , Fa, Fa ; the terminal planes in the rectangular waveguide are 1, 2, 3, 4; the

terminals in the round wavoguide for the two polarizations are 5 and 6. A rotation of

90° about the symmetry axis is Ri.

The junction has a fourfold symmetry axis and four symmetry planes.

The symmetry planes in Fig. 12*28 are designated by F 1, F2, F3, and F4.

Let a counterclockwise rotation of the fields by 90° be designated by

Ri. Let l?2, R*y and I represent rotations of 180°, 270°, and 0° respec-
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tively. Terminal numbers are kept in a fixed position under any sym-

metry operation.

The rotations and reflections form a group with the following multipli-

cation table.

Table 12 -9 .—Multiplication Table of the Symmetry Operators for the

Turnstile Junction

/ Ri Rz Rz F i F, Fz Fi

/ I Ri Rz Rz Fi F t Fz Fi

Rr Ri Rz R 3 I Fi f3 Fx Ft

Rz R2 Rz / R\ Ft Ft Fi F*

*3 Rz I Rx Rz Ft Fi Ft Fi

F,k F* F 2 Fi I Rz Ri Rz

Ft f2 Fi Fi F* Rz I Rz Ri

Ft F* f 2 Fi Fi Rz Ri I Rz

F< Fi F i F* F2 Ri Rz r 2 I

It may be seen by inspection of Table 12-9 that any rotation (other

than T) and any reflection are generators of the group. In particular,

Ri and F i are generators of the group. In operating on the terminal

quantities, Ri and F i take the form

0 0 1 0 O')

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 -1
0 0 0 0 1 0

'1 0 0 0 • 0 o'

0 0 0 1 i
0 0

0 0 1 oj 0 0

0 1 0 Oj 0 0

0 0 0 oj 1 0

0 0 0 Oj 0 -1

It should be noticed that both Ri and Fi can be divided, as shown by the

dotted lines, into two square submatrices. The rectangular sections

contain only zeros. The determinant of such a matrix is the product of

the determinants of the submatrices. •

Let the eigenvalue equation of Ri be

Riel*. = VhSt,
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where r* is a root of the characteristic equation

det (Ri — lr) = 0
or

(r
4 _ l)(r2 + 1) « 0.

The roots of this equation are

ri = 1,

r2 = j (doubly degenerate)

Tz = - 1
,

A set of eigenvectors is

i

i

i
>

0

oj

'

ll

j

-1
-j
0

OJ

(doubly degenerate).

i)

-i -i
-l

j
,

a 3 —
+i
-i

0 0

0
.

\

0 o’

0 0

0 0

0 ,
a 6 —

0

1 1

~3. J.

The eigenvectors a 5 and a 6 are eigenvectors of the eigenvalues r2 and r 4

respectively. It may be seen by inspection that

F iai = ai,

F xa2 = a 4 ,

Fia 3 = a 3 ,

Fia4 = a 2 ,

Fia 5 — ae,

Fiae — as.

Since the scattering matrix S commutes with Ri, the eigenvectors a 4

and a 3 are also eigenvectors of S (Theorem 6). Linearly independent

eigenvectors of S can be formed by taking linear combinations of a2 and

as and of a 4 and a6. Let

S(a2 + ct&b) = s 2 (a 2 + a<ib)i
| (169)

S(a 2 + jSa B)
= s 4 (a2 + /5as),

J

where a and 0 are numbers. If Eqs. (169) are multiplied by Fi, then

using the conditions of Eqs. (168),
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S(cU 4“ ~ ^‘2(^4 4*

S(a 4 4- 0a 6 )
= s 4(a 4 4- /3a«).

It is seen that the eigenvalues s 2 and s 4 are both doubly degenerate. It

should be possible to take linear combinations of the eigenvectors of both

so and Si in such a way that the resulting eigenvectors are pure real. It

may be readily verified that the set

bi = Hi,

b 2 = i(a2 4“ su) 4- 5 4- a 6),

ba = as,

b 4 = i(a 2 4" a 4 ) 4* 4~ ae),

b& = |
(a 2 — a 4 )

4" — ae),

be = ^
(a2 — a4 ) 4" ^/3(as — ae)

is pure real if a and fi are real. Written as column vectors, this set

becomes

Y r r
1 0 -1

1 -1 1

1
,

b 2 =
0

»
b 3 — -1

0 a 0

0, 0
,

o,

' f o'
/

0

0 1 1

-

1

0
,

b s =
0

-

1

,
bn — 0

-1
IS 0 0

o
t

ft.

The eigenvectors by satisfy the eigenvalue equations

where

Sby — 8jbj,

S6 — 5 2i

S 6 = 84.

It should be noted that b 2 and b 4 are eigenvectors of different eigen-

values (namely, s2 and $ 4 ) and consequently must be orthogonal to each

other, by Theorem 3. Therefore

af3 = —2.

In b2 and b 4 only three of the elements do not vanish. If the vanish-

ing terms are disregarded, b 2 and b 4 are similar to the bi and b2 of Sec.
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12*15 and are those of a series T-junction. It is possible to choose the

position of the reference planes in such a way that a = a/2. Actually,

for any symmetrical position of the planes in guides (1) to (4) there is

some reference position in the round guide such that a has this value.

Assume that this has been done.

The above eigenvalue equation for S can be written

SB = BS,/, (170)

where

Si 0 0 0 0
\

0

0 s 2 0 0 0 0

0 0 S 3 0 0 0

>d
— 0 0 0 Si 0 0

'

0 0 0 0 0

t<)
0 0 0 0

1 I 1 1 0 0

A 0 --1 0 1 1

1 -•1 1 -1 0 0

1 0 •-1 0 —1 -1

0 V2
0 0

0

0

- V2
0

0

V2 -

0

- V2,

The columns of B are the eigenvectors b fc ;
therefore B is orthogonal.

Solving Eq. (170) for S,

S = BSjB,

or

where

a 7 8 7 € o'

7 a 7 8 0 €

6 7 a 7 — e 0

7 5 7 a 0 — €

€ 0 — e 0 0 0

0 € 0 0

a = t(s i 4~ So 4“ + s 4 ),

13 — -

ff ($2 4~ $ 4),

7 = Hsi — s 3),

8 — t(si — So 4- s 3 — s4),

V2
* ~ ~T (s2 - S 4 ).

The spur of S is

4a 4- 2/3 = si 4- 2s2 4" S3 4- 2s 4 ,
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as is necessary to satisfy Theorem 8. If the turnstile is matched,

Jill ILL

Eigenvector b
x

nr
Eigenvector b 2

a = = 0 .

The conditions for this are

51 =
|

52 = —54, J

which lead to

5 = 0,

-TfTK- -tPW-
=^

I
j

j

>•
//

J

|\ Therefore, if the turnstile is

Eigenvector b3 Eigenvectors b0 and b
f

0
matched, power entering guide

(1) leaves by guides (2), (4), and

Electric wall (5) . One-half of the power leaves
Magnetic wair by the r0und guide; the remainder

Fia. 12-29. Eigenvector solutions bo and bo',
diyides equally between guides (2)

and (4).

Field Distributions .—The eigenvalues of the four reflection operators

are indicated in Table 12T0 for the six eigenvectors b*.

— Electric wall— Magnetic waif

Table 1210.—Eigenvalues for the Reflection Operators of the Turnstile

bi b 2 ba

Junction

b« bs b«

Fr+i 4-1 4-1 4-1 -1 -1

F2 4-1 -1 4-1 -1 + 1 4- 1 eigenvalues

F, 4-1 - -1 - - -

Fa 4-1 - -1 - - -

Note that only bi and'b 3 are eigenvectors of Fa and F4. As the boundary

conditions on the symmetry planes are determined by the eigenvalues of

the symmetry operators, Table 12T0 can be used to verify the correctness

of the diagrams in Fig. 12-29. The remainder of the eigenvectors satisfy

boundary conditions similar to those of b2.

As and b & are eigenvectors of S with the same eigenvalue s2 ,
any

linear combination is also an eigenvector. Let

l)

1

-1
-1

V2
V2J

bo = bj + b fi
— (172)



5ause i

>r b 6 (

Lowest mode
propagates
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junction into separable parts, it is possible to illustrate the results in a

more graphic form. This is done in Fig. 12-30. It should be noted that

although the structures shown in parts b and d of this figure look very

different, they have the same eigenvalues; this means that they are

electrically equivalent. This equivalence, depending as it does only on

symmetry, is independent of frequency. Figure 12-30a is the only

structure that does not have at least one electric wall passing through the

symmetry axis. If a pin is inserted along the symmetry axis, the only

eigenvalue affected thereby is $i.

Matching. the Turnstile .—It should be noted that there are four

parameters associated with the turnstile, namely, the four eigenvalues.

Positions of reference planes are not important in the consideration

of power division; and since reference planes can always be chosen in

such a way as to make one of the

eigenvalues +1, only three para-
meters of importance remain.

The matching of the turnstile

requires the adjustment of three of

the parameters until the conditions of

Eqs. (171) are satisfied. In practice

this might be done by inserting a triple

plunger in the bottom of the junction

along the symmetry axis. A turnstile

junction containing such a plunger is

Yio. 12-31.—Turnstile junction showing shown in Fig. 12*31. The plunger
triple plunger in position.

. , . .

°
consists of a thin pin and two concen-

tric sleeves. The matching procedure consists of inserting the two sleeves

into the guide and adjusting them until a match is obtained looking into

arm (5). The conditions for this are

0 = 0
,

s2 = —s^

After this the pin is inserted. It will be remembered from the previous

discussion that this affects only s\. Its position is adjusted until

si = — $3. Then a = 0, and the junction is completely matched.

12*27. Purcell’s Junction.—The device shown in Fig. 12-32 is a junc-

tion of six rectangular guides. It is completely symmetrical in the sense

that all the waveguides are equivalent. The junction may be regarded

as one generated by a cube, each guide being mounted on a face of a cube.

The terminal planes are shown as. dotted lines in Fig. 12*32 and are

numbered according to a rule that allows a regular progression from one

number to the next. Each terminal plane has an arrow assigned to it

that represents the direction of positive electric field. The way in

which the arrows are assigned is evident from the figure.
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It may be seen by inspection of the figure that a rotation of 180° about

the axis marked Ri turns the figure back into itself. Hence the rotation

Ri is a symmetry operator. The effect of the rotation R\ on the terminal

voltages may be seen from the figure. First it is seen that the voltage

Fig. 12-32.— Purcell’s junction.

of terminal (1) goes into that of terminal (6) without a change in sign.

This, together with the other permutations of the terminals, are

(1) —> (G)
\

(2) -> (5) I

(3) —> (4) f Symmetry operator

(4) -> (3)
(

‘

Ri.

(5) -> (2) \

(fi)->(D
/

This permutation may be induced by the matrix

0 0 f

0 0 1 0

1 0 0

0 0 1

0 1 0 0

0 0

operating on a current or voltage column vector.

In a similar way the 180° rotations about the axes Ri and R» are

symmetry operators and have, as matrices representing the corresponding

jiermutations of the terminal pairs,
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0 0 0 1 0 0

0 0 1 0 0 0

0 1 0 0 0 0

1 0 0 0 0 0

0 0 0 0 0 1

0 0 0 0 1 0)

0 1 0 0 0 o'

1 0 0 0 0 0

0 0 0 0 0 1

0 0 0 0 1 0

0 0 0 1 0 0

0 0 1 0 0 0

At first glance it might be thought that these three rotations are the

only symmetry operators, except for the identity operator I. If this were

true, however, the product of any two ought to yield the third matrix.

It is found that, on the contrary, the product of two of them, Fh and R 2

for example, yields new permutations

and

where

and

Mi = RiRo

M2 = R2RU

Mi =

Mo

0 0 0 0 1
0^

0 0 0 0 0 1

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

[o 0 0 1 0 oj

(0 0 1 0 0 o'

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

1 0 0 0 0 0

[0 1 0 0 0 0

These two operators are rotations about a symmetry axis designated in

the figure.by or The operator Mi represents a rotation clock-
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wise (looking out along the arrow) of 130°. The operator M 2 is a rota-

tion of 240°.

The four symmetry axes of Fig: 12-32 are also symmetry axes of the

cube upon which the junction is built. Rh R 2,
and R$ are symmetry

axes of the cube passing through midpoints of two opposite edges. The
fourth axis is a threefold axis of the cube which passes through diagonally

opposite comers of the cube.

It is evident from an inspection of the figure that there are no sym-

metry planes in the junction. Hence the symmetry operations are the

six rotations /, Ru R2y Mi, and M2 . The multiplication properties

of these operators are summarized in Table 12-11. Note that the group

Table 12- 1 1.- -Multiplicative Properties of the Operators for Purcell’s

Junction

/ K, Ri Rz \Mi Ml
*1 I Mx M2\R 2 Rz

*2 at 2 I Mx\R% Ri

*3 Aft m2 I \Ri
•

R 2

Mi Rz Ri
l

/?2 \Mi /

m2Rz Rz Rx\i Mt

whose multiplication table is Table 12-11 is of order 6 and has three sub-

groups of order 2 and one of order 3. It is a subgroup of the symmetry

group of the cube.

As may be seen from Table 12-11, the group may be generated by

the elements Ri and Mi. Since Mf = I, the eigenvalues of Mi are the

three cube roots of 1 . Each of these roots is a doubly degenerate eigen-

value. Thus

Mia/.. = mka*,

where

mi, o = 1,
_ _ l + V3j

a 2 = a\m 3 ,4 = «i,

m r,.B = a 2 , aia 2 = 1.

1 - VZ

j

(175)

The eigenvectors a* are not uniquely determined because of the degen-

eracy of the eigenvalues. However, a set may be easily written down.
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Let

m 5 = me = a 2

If S is the scattering matrix of the junction,

IVUS = SMl

Multiplication of Eq. (175) by S gives

Mi(Sa /; )
= mk (Sa*).

Thus Sak is an eigenvector of Mi with the eigenvalue mk . But this

implies that Sa* is a linear combination of the two eigenvectors in Eqs.

(176) that have mk as eigenvalues. In particular

t Sai =
<7

1

13. i + 012&2

and (177)

Sa* = g^icii +

where the g’& are numbers.

Equations (177) may be combined to produce eigenvalue equations

for S. Multiply these equations by the numbers k i and k 2 respectively,

and add

S(A*iai + k 2a2) = (guki + g2ik 2)&i + (gvik\ + g2Jc2)&2* (178)

Assume that this is an eigenvalue equation for S. Then

S(A*iai + k&2) = «(A*iai + A* 2a2), (179)

where 8 is the eigenvalue. Equating the right-hand sides of Eqs. (178)
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and (179) results, because of the linear independence of ai and a2> in the

two equations

gnki + 02i/f2 = ski
,

02lA*l + <722^2 = sA*2.

The permissible values of s are the two roots of the equation

0n ~ s

021
= 0.

Let these roots be S\ and $2 . There are two linearly independent solu-

tions for A*i and /r 2 corresponding to each root. Let these solutions be

kn and ku for s = 8\ and Zr 2 1 and Zr 2 2 for s = s2 . Then

Sbi = sxbx, (180)

whore

bi = A*i iUi + A-i 2a2 . (181)

Since S and R t commute, Eq. (180) may be multiplied by Ri to give

S^Ribi) = si(Ribi).

However, as may be seen from Eqs. (176) and (174),

Ribi = A*nai — A*i 2a 2.

Thus both the sum and the difference of the terms in ai and a2 are eigen-

vectors of S with eigenvalue s if and each of the terms Zrnai and kn&i

must be independently an eigenvector of S. Therefore, because kn
and kn may not both vanish, either ai or a 2 is an eigenvector. If neither

A*a nor kn vanishes, both ai and a2 are eigenvectors, which implies that

Si is degenerate or that Si = s2 . It will be assumed, without information

to the contrary, that Si and $2 are nondegenerate, in which case kn or

A* 12 must vanish. Without loss in generality it may be assumed that

A* 12 in Eq. (181) vanishes; thus

In a similar way,

Siai — siUi«

S 2a2 — s2a2 .

In a completely analogous way, there are linear combinations of a8 and

a 4 and of a& and a 6 that are eigenvectors of S. Thus let

b? = 033&S 4“ 034&4>

b 4 = 043&3 + 044^4,

bfi = 055a5 4” 056^6)

be = 065^5 4" 066<*6>

(182)

where

Sbjt — s*b*. (183)
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Then
S(Rib*) = sjb(Ribib). (184)

Thus Rib* is an eigenvector of S of eigenvalue s* . However
Ria s

== cti&Q)

R1&4 = aia&,

Rl&5 = «2a 4 ,

Ria 6 “ a^as.

Therefore

Ribs = ai(^33ae + 034&5)>

Rib 4 = ai(g4s<i<i + 044&5)>

Rlbfi = Ot2(gbb&A + QbbAb) >

Rlbe = <*2(065^4 + 066&3)*

Equations (185) are compatible with Eqs. (183)

that
a 3 = Ss and/or s 6 ,

s 4 = s B and/or s 6 .

As has always been done, it will be assumed that the degeneracy in S
is the minimum consistent with symmetry conditions. Without loss in

generality, therefore, it may be assumed that s 3 = «6 and that s4 = «s 6 .

It requires only a renumbering of the s ’s to put them into this form.

By Theorem 4, it is possible to choose linear combinations of b 3 and

b 5 and of b 4 and b 6 that are pure real. It may be seen by inspection of

Eqs. (182) and (176) that this is possible only if

'

(185)

i

and (184) only provided

However,

and

Q 33 __ 055 '

9 34 056

043 _ 065

044 066 ,

'Rib 3 = «i033 (
Se + —

\ 0 33 /

be = 056 i&b + —
\ 056 /

(186)

are eigenvectors of S with the same eigenvalue. Either a 6 and a« are

independently eigenvectors of S, which implies that

or else

8% — S 4 — 8ft — 8e f

056 _ 038

056 034
(187)

As usual the minimum condition on the eigenvalues is the one that

will be assumed. Combining Eqs. (186) and (187),
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In a similar way,

033 — ± 034 ,

055 ~ ± 056 -

043 = + 044 ,

065 = + 066 -

(188)

(189)

By the utilization of Eqs. (188) and (189), the b’s may be redefined,

without loss in generality, as

bi = an
b2 = &2y

b3 = 3 3 + 3.4,

b 4 = a 3 — 34 ,

b 5 = a 5 + 3e,

bg = 3 b — 3e,

where

Sbfc = Skbk,

S3 — S5,

s 4 — s g

.

(190)

The eigenvectors given in Eqs. (190) are not pure real,

pure real set may be chosen. Let

e 1
= bi = ai y

©2 = 32 ,

63 = b 3 + bs = a 3 + 34 + 3s + 3g,

e 4 = b 4 + be = 3 3 — 3 4 + a 5 — 3e,

e 5 = "~
7— (b 3 — b 5) — (a 3 4- 3 4 — 35 — ae),

However a

(b 4 - b 6) = (a 3 - a 4 - a 6 + a«).

From Eq. (176) the e’s may be seen to be
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It may be seen by inspection that the e’s are mutually orthogonal. The
eigenvalue equation

Se* =
may be written as

where

ST = TS,

S„ =

00<0

>

0 $2 0 0

0 0 s 8

S4 0 0

0 0 S3 0

0 0 s 4

The matrix T has the vectors e i e 6 (normalized to unity) as columns.

Since its columns are all mutually orthogonal, T is an orthogonal matrix

and
T-1 = T.

Therefore,

S _ TS„T =

a P 7 8 7 5]

p a 5 7 5 7

7 8 a p 7 8

8 7 p a 5 7

7 5 7 8 a p
8 7 8 7 p a

s2 + 2s 3 + 2s,),

S2 + 2s 3
- 2S4),

82 - S3 -- »«),

where

ot = i(si

P = i(*i

7«= i(«i

5 = i($l — $2 — $3 + S 4).

It is seen that the spur of S is the sum of the eigenvalues, in compliance

with Theorem 8. It should be noted that

Su = S 16,

a condition that can hardly be said to be obvious from an inspection of

Fig. 12-32. That condition

Siz = Sn

is necessary can, however, be seen by inspection of the figure.

There are several special cases of interest. First assume that the

junction is matched (i.e., a = 0). This requires that

+ 82 + 2(«g + 8 a) = 0.
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It is apparent that this condition is not sufficient to determine com-
pletely the power division. Consider then the following cases.

Ca,ei: (£1°:
This requires that si = 2

s

3 ,
which is impossible, since \sk\ = 1.

Case 2: l
a

^
\
7 = 0 .

This requires that

P = i(si + 2s 3),

^ = i(s i
~ s 3),

or clearly

1 ^ \P\ ^ h
0 ^ \8\ ^ f,

or clearly

since |si| = |s3
|

= 1.

Case 3:
{“

=

This requires that

2s2 + 3s 3 + 54 = 0,

2si + S 3 + 3^4 = 0
,

which is possible only if

S\ — S3 —

7 = 0
,

101 = 1 .

P = * 1 ,

Stated in words, if the junction is matched in such a way that there is no

coupling between terminals (1) and (6), then all the incident power is

transmitted out the arm opposite the one into which it is injected.

Case 4: For this case, relax the condition that the junction be matched,

but let

7 = 0.

This requires that

Si + S2 — S3 — Si = 0 .

This equation can be satisfied in three distinct ways:

1 . Si = -*1 a = 0

S3 = — S
4

]

7 = 0 .

2. Si = •*
1

5 = 0

S2 = S4
j

7 = 0 .

3. Si = S4
1

i

5 = -
s» = **

]
i

7 = 0 .
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Cas& 5: 5 = 0.

This requires that

Sl — $2 — S 3 + «4 = 0.

This equation, too, can be satisfied in three distinct ways

1. Si = s2 \ (3 = 0

s 3 = s 4
|

5 = 0.

2. si = s 3
|

5 = 0

s2 = s 4
j

y = 0.

3. Si = — Si
|

5 = 0

So = — s 3
|

7 = —2a.

FREQUENCY DEPENDENCE OF SYMMETRICAL JUNCTIONS

12*28. The Eigenvalue Formulation.—From Eq. (5T26), the rate of

change of impedance or admittance matrices with respect to angular

frequency is given by

iZ'i = 4j\V (191)

or

gY'e = 4jW,
where

cIZ
Z dJ

d\
Y

do>’

and W is the total average electromagnetic energy in the junction when
excited by i or e which are assumed to be pure real. In a similar way
the rate of change of the scattering matrix S is given by

aS*S'a = -2jJF, (192)

subject to the condition*,that the incident wave vector a satisfy

a = e*S*a* (193)

for some real 0.

The application of these equations directly to the impedance, admit-

tance, or scattering matrices leads to rather complicated results but the

eigenvalue formalism greatly simplifies everything. Assume that

Za* = Zh&ky \

Ya* = y*a*, ?

Sa* = Sleeky j

where

1 ^ 1 + **

* Vk 1 — 8k

and a* are pure real, orthogonal, and normalized to unity.

(194)

(195)

It should be
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noted that a* is a permissible wave column vector for Eq. (192), since Eq.

(193) is satisfied by a* with

eifi = sk .

Substituting in Eq. (192) and making use of Eqs. (194),

a*S*S'a fc
= -2jWk ,

SUS'a* = —2jWhsk . (196)

If Eq. (194) is differentiated with respect to frequency, the result is

S'a fc + Sal = sk3ik + ska'k . (197)

Many of the junctions that have been considered have enough symmetry
so that ak is completely determined by symmetry. In this case ak is

independent of frequency and Eq. (197) becomes

S'a* = s'kak . (198)

Equation (198) is satisfied in the case of the symmetrical Y-junction

but is not satisfied in the case of the shunt T-junction. Only those

examples for which Eq. (198) is satisfied will be considered in this section.

Since S' and S have the same eigenvectors, they commute. This may
be seen as follows

Sa fc
= skaky

S'Sa* = skS'a^ = skskak

— skskak — skSak = Ss'kak = SS'a*,

(S'S - SS')ak = 0.

Since the a^s form a complete set, Ecp (199) is satisfied for any vector

and hence

S'S - SS' = 0.

If Eq. (198) is substituted in Eq. (196), it is seen that

s' = -2jWksk . (200)

This equation is important. It can be written

/ins*. = -2jWk
a co

or

(201)

where

sk - e’*k
.

Since Wk is the stored energy associated with the eigenvector a* and is

positive, the phase angle 4>k always decreases with frequency. Since ak

is normalized to unity, the total incident power on the junction is

P — ia^a* - h watt.
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Equation (201) may be written

= _ /ILA
da \P

)'

Equations (194) and (196) may be written as

SA = AS,i, 1

S'A = ASi, |

where A as usual has the vectors a* as columns and

Si 0 0

0

0

v

s( 0 0

0

0

(202)

(203)

Equation (200) becomes

where
Si = — 2j\NdSd ,

Wi 0 0 • •• •

0

0

(204)

W,
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Substituting Eq. (204) in Eq. (203), there results

S'A = — 2jAW<jSd,

S' = -2jAW,AAS rfA (205)
= -2jWS,

where

W = AWrfA.

It should be noted that S', S, and W all have the same eigenvectors

and hence commute with each other.

In a completely similar way Eq. (191) becomes

ajtZ'a* = 4jWk . (206)

Again assuming that symmetry is sufficient to make a fc independent of

frequency, a* is an eigenvector of Z' and Eq. (206) becomes

4 = 4jwk ,
(207)

where 4 Is the eigenvalue of Z'. Note that — is always positive.

Z' is obtained in a way completely analogous to that of Eq. (205) as

Z' = 4jAWdA = 4jW. (208)

It should be pointed out that the W

k

of Eq. (207) is different from the

WT of Eq. (200), since an eigencurrent normalized to unity is physically

different from a unity eigenwave. The rate of change of Y may be

determined in a completely analogous way.

12-29. Wideband Symmetrical Junctions.—A junction is said to be

wideband when the power distribution by the junction is insensitive to

frequency. The wideband junction is an ideal that is seldom achieved.

It is possible, however, to state the conditions under which a junction is

wideband. If, in Eq. (205), W has the form

W = Wo(o))\ y (209)

then the modulus of each element of S is independent of frequency, or

the junction is wideband. The necessary and sufficient condition for W
to have the form of Eq. (209) is for Wk of Eq. (196) to satisfy

Wk = IFo(co).

Stated in words, this requires that the electromagnetic energy stored in

the junction be the same for all the various eigensolutions.
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TMn-mode in, 59

width of, change in, 188

Waveguide circuit elements, 162-206

Waveguide junctions, 130-132

with four arms, 298-317

with several arms, 283-333

symmetry of, 401-478

Waves, circularly polarized, 350

uniform cylindrical, 26-28

Weissfloch, Albert, 206

Wells, C. R, 43

Whinnery, J. R., 172, 252

Wideband symmetrical junctions, 479

Woodruff, L. F., 335

Y

Y-junction, symmetrical, 420-427

Younker, E. L., 380

f (x,y), 259








